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EXCERPTS FROM THE PREFACES 
TO THE FIRST AND SECOND EDITIONS 


This book is devoted to the presentation of the theory of the electromagnetic and gravita¬ 
tional fields, i.e. electrodynamics and general relativity. A complete, logically connected 
theory of the electromagnetic field includes the special theory of relativity, so the latter 
has been taken as the basis of the presentation. As the starting point of the derivation of 
the fundamental relations we take the variational principles, which make possible the 
attainment of maximum generality, unity and simplicity of presentation. 

in accordance with the overall plan of our Course of Theoretical Physics (of which this 
book is a part), we have not considered questions concerning the electrodynamics of con¬ 
tinuous media, but restricted the discussion to ‘'microscopic electrodynamics”—the 
electrodynamics of point charges in vacuo. 

The reader is assumed to be familiar with electromagnetic phenomena as discussed in 
general physics courses. A knowledge of vectoi analysis is also necessary. The reader is 
not assumed to have any previous knowledge of tensor analysis, which is presented in 
parallel with the development of ihe theory of gravitational fields. 

Moscow, December 1939 

Moscow, June 1947 L. Landau, E. Lifshitz 
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PREFACE TO THE 
FOURTH ENGLISH EDITION 


The first edition of this book appeared more than thirty years ago. In the course of reissues 
over these decades the book has been revised and expanded; its volume has almost doubled 
since the first edition. But at no time has there been any need to change the method proposed 
by Landau for developing the theory, or his style of presentation, whose main feature was 
a striving for clarity and simplicity. I have made every effort to preserve this style in the 
revisions that I have had to make on my own. 

As compared with the preceding edition, the first nine chapters, devoted to electrodyna¬ 
mics, have remained almost without changes. The chapters concerning the theory of the 
gravitational field have been revised and expanded. The material in these chapters has 
increased from edition to edition, and it was finally necessary to redistribute and rearrange 
it. 

I should like to express here my deep gratitude to all of my helpers in this work—too 
many to be enumerated—who, by their comments and advice, helped me to eliminate 
errors and introduce improvements. Without their advice, without the willingness to help 
which has met all my requests, the work to continue the editions of this course would have 
been much more difficult. A special debt of gratitude is due to L. P. Pitaevskii, with whom 
I have constantly discussed all the vexing questions. 

The English translation of the book was done from the last Russian edition, which 
appeared in 1973. No further changes in the book have been made. The 1994 corrected 
reprint includes the changes made by E. M. Lifshitz in the Seventh Russian Edition 
published in 1987. 

I should also like to use this occasion to sincerely thank Prof. Hamermesh, who has 
translated this book in all its editions, starting with the first English edition in 1951. The 
success of this book among English-speaking readers is to a large extent the result of his 
labor and careful attention. 

E. M. Lifshitz 


PUBLISHER’S NOTE 

As with the other volumes in the Course of Theoretical Physics, the authors do not, as a 
rule, give references to original papers, but simply name their authors (with dates). Full 
bibliographic references are only given to works which contain matters not fully expounded 
in the text. 



EDITOR’S PREFACE TO THE 
SEVENTH RUSSIAN EDITION 


E. M. Lifshitz began to prepare a new edition of Teoria Polia in 1985 and continued his 
work on it even in hospital during the period of his last illness. The changes that he 
proposed are made in the present edition. Of these we should mention some revision of 
the proof of the law of conservation of angular momentum in relativistic mechanics, and 
also a more detailed discussion of the question of symmetry of the Christoffel symbols in 
the theory of gravitation. The sign has been changed in the definition of the electro¬ 
magnetic field stress tensor. (In the present edition this tensor was defined differently than 
in the other volumes of the Course.) 


June 1987 


L. P. PiTAEVSKII 



NOTATION 


Three-dimensional quantities 

Three-dimensional tensor indices are denoted by Greek letters 
Element of volume, area and length: dV, df, dl 
Momentum and energy of a particle: p and 
Hamiltonian function: Jif 

Scalar and vector potentials of the electromagnetic field: </> and A 

Electric and magnetic field intensities: E and H 

Charge and current density: p and j 

Electric dipole moment: d 

Magnetic dipole moment: m 


Four-dimensional quantities 


Four-dimensional tensor indices are denoted by Latin letters /, . and take on the 

values 0, 1, 2, 3 

We use the metric with signature (H-) 

Rule for raising and lowering indices—see p. 14 

Components of four-vectors are enumerated in the form A) 

Antisymmetric unit tensor of rank four is where e^^^^ = 1 (for the definition, see 
p. 17) 

Element of four-volume dQ. = dx^dx^dx^dx^ 

Element of hypersurface dS' (defined on pp. 19-20) 

Radius four-vector: x' = (ct, r) 

Velocity four-vector: = dx^jds 
Momentum four-vector: p = (<^/c, p) 

Current four-vector: j^^{cpj pv) 

Four-potential of the electromagnetic field: A' = (</>, A) 


dA dA 

Electromagnetic field four-tensor (for the relation of the components of 


Fii, to the components of E and H, see p. 61) 

Energy-momentum four-tensor T** (for the definition of its components, see p. 78) 


xiii 



CHAPTER 1 


THE PRINCIPLE OF RELATIVITY 


§ 1. Velocity of propagation of interaction 

For the description of processes taking place in nature, one must have a system of 
reference. By a system of reference we understand a system of coordinates serving to indicate 
the position of a particle in space, as well as clocks fixed in this system serving to indicate 
the time. 

There exist systems of reference in which a freely moving body, i.e. a moving body which 
is not acted upon by external forces, proceeds with constant velocity. Such reference systems 
are said to be inertial. 

If two reference systems move uniformly relative to each other, and if one of them is an 
inertial system, then clearly the other is also inertial (in this system too every free motion will 
be linear and uniform). In this way one can obtain arbitrarily many inertial systems of 
reference, moving uniformly relative to one another. 

Experiment shows that the so-called principle of relativity is valid. According to this 
principle all the laws of nature are identical in all inertial systems of reference. In other 
words, the equations expressing the laws of nature are invariant with respect to transforma¬ 
tions of coordinates and time from one inertial system to another. This means that the 
equation describing any law of nature, when written in terms of coordinates and time in 
different inertial reference systems, has one and the same form. 

The interaction of material particles is described in ordinary mechanics by means of a 
potential energy of interaction, which appears as a function of the coordinates of the inter¬ 
acting particles. It is easy to see that this manner of describing interactions contains the 
assumption of instantaneous propagation of interactions. For the forces exerted on each 
of the particles by the other particles at a particular instant of time depend, according to this 
description, only on the positions of the particles at this one instant. A change in the position 
of any of the interacting particles influences the other particles immediately. 

However, experiment shows that instantaneous interactions do not exist in nature. Thus a 
mechanics based on the assumption of instantaneous propagation of interactions contains 
within itself a certain inaccuracy. In actuality, if any change takes place in one of the inter¬ 
acting bodies, it will influence the other bodies only after the lapse of a certain interval of 
time. It is only after this time interval that processes caused by the initial change begin to 
take place in the second body. Dividing the distance between the two bodies by this time 
interval, we obtain the velocity of propagation of the interaction. 

We note that this velocity should, strictly speaking, be called the maximum velocity of 
propagation of interaction. It determines only that interval of time after which a change 
occurring in one body begins to manifest itself in another. It is clear that the existence of a 
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2 THE PRINCIPLE OF RELATIVITY § 1 

maximum velocity of propagation of interactions implies, at the same time, that motions of 
bodies with greater velocity than this arc in general impossible in nature. For if such a motion 
could occur, then by means of it one could realize an interaction with a velocity exceeding 
the maximum possible velocity of propagation of interactions. 

Interactions propagating from one particle to another are frequently called “signals”, 
sent out from the first particle and “informing” the second particle of changes which the 
first has experienced. The velocity of propagation of interaction is then referred to as the 
signal velocity. 

From the principle of relativity it follows in particular that the velocity of propagation 
of interactions is the same in all inertial systems of reference. Thus the velocity of propaga¬ 
tion of interactions is a universal constant. This constant velocity (as we shall show later) is 
also the velocity of light in empty space. The velocity of light is usually designated by the 
letter c, and its numerical value is 

c — 2.998 X 10*® cm/sec. (1.1) 

The large value of this velocity explains the fact that in practice classical mechanics 
appears to be sufficiently accurate in most cases. The velocities with which we have occasion 
to deal are usually so small compared with the velocity of light that the assumption that the 
latter is infinite does not materially affect the accuracy of the results. 

The combination of the principle of relativity with the finiteness of the velocity of propaga¬ 
tion of interactions is called the principle of relativity of Einstein (it was formulated by 
Einstein in 1905) in contrast to the principle of relativity of Galileo, which was based on an 
infinite velocity of propagation of interactions. 

The-mechanics based on the Einsteinian principle of relativity (we shall usually refer to it 
simply as the principle of relativity) is called relativistic. In the limiting case when the 
velocities of the moving bodies are small compared with the velocity of light we can neglect 
the effect on the motion of the finiteness of the velocity of propagation. Then relativistic 
mechanics goes over into the usual mechanics, based on the assumption of instantaneous 
propagation of interactions; this mechanics is called Newtonian or classical. The limiting 
transition from relativistic to classical mechanics can be produced formally by the transition 
to the limit c oo in the formulas of relativistic mechanics. 

In classical mechanics distance is already relative, i.e. the spatial relations between 
different events depend on the system of reference in which they are described. The state¬ 
ment that two nonsimultaneous events occur at one and the same point in space or, in 
general, at a definite distance from each other, acquires a meaning only when we indicate the 
system of reference which is used. 

On the other hand, time is absolute in classical mechanics; in other words, the properties 
of time are assumed to be independent of the system of reference; there is one time for all 
reference frames. This means that if any two phenomena occur simultaneously for any one 
observer, then they occur simultaneously also for all others. In general, the interval of time 
between two given events must be identical for all systems of reference. 

It is easy to show, however, that the idea of an absolute time is in complete contradiction 
to the Einstein principle of relativity. For this it is sufficient to recall that in classical 
mechanics, based on the concept of an absolute time, a general law of combination of 
velocities is valid, according to which the velocity of a composite motion is simply equal to 
the (vector) sum of the velocities which constitute this motion. This law, being universal, 
should also be applicable to the propagation of interactions. From this it would follow 
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§2 

that the velocity of propagation must be different in different inertial systems of reference, 
in contradiction to the principle of relativity. In this matter experiment completely confirms 
the principle of relativity. Measurements first performed by Michelson (1881) showed 
complete lack of dependence of the velocity of light on its direction of propagation; whereas 
according to classical mechanics the velocity of light should be smaller in the direction of the 
earth’s motion than in the opposite direction. 

Thus the principle of relativity leads to the result that time is not absolute. Time elapses 
differently in different systems of reference. Consequently the statement that a definite time 
interval has elapsed between two given events acquires meaning only when the reference 
frame to which this statement applies is indicated. In particular, events which are simul¬ 
taneous in one reference frame will not be simultaneous in other frames. 

To clarify this, it is instructive to consider the following simple example. 

Let us look at two inertial reference systems K and K' with coordinate axes XYZ and 
X' Y' T respectively, where the system K' moves relative to K along the X(X') axis (Fig. 1). 



Fig. 1. 

Suppose signals start out from some point A on the X' axis in two opposite directions. 
Since the velocity of propagation of a signal in the K' system, as in all inertial systems, is 
equal (for both directions) to c, the signals will reach points B and C, equidistant from A, 
at one and the same time (in the K' system; 

But it is easy to see that the same two events (arrival of the signal at B and C) can by 
no means be simultaneous for an observer in the K system. In fact, the velocity of a signal 
relative to the K system has, according to the principle of relativity, the same value c, 
and since the point B moves (relative to the K system) toward the source of its signal, 
while the point C moves in the direction away from the signal (sent from A to C), in the K 
system the signal will reach point B earlier than point C. 

Thus the principle of relativity of Einstein introduces very drastic and fundamental 
changes in basic physical concepts. The notions of space and time derived by us from our 
daily experiences are only approximations linked to the fact that in daily life we happen to 
deal only with velocities which are very small compared with the velocity of light. 

§ 2. Intervals 

In what follows we shall frequently use the concept of an event. An event is described by 
the place where it occurred and the time when it occurred. Thus an event occurring in a 
certain material particle is defined by the three coordinates of that particle and the time 
when the event occurs. 

It is frequently useful for reasons of presentation to use a fictitious four-dimensional 
space, on the axes of which are marked three space coordinates and the time. In this space 
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events are represented by points, called world points. In this fictitious four-dimensional space 
there corresponds to each particle a certain line, called a world line. The points of this line 
determine the coordinates of the particle at all moments of time. It is easy to show that to a 
particle in uniform rectilinear motion there corresponds a straight world line. 

We now express the principle of the invariance of the velocity of light in mathematical 
form. For this purpose we consider two reference systems K and K' moving relative to each 
other with constant velocity. We choose the coordinate axes so that the axes X and X' 
coincide, while the Y and Z axes are parallel to Y' and Z'; we designate the time in the 
systems K and K' by t and t'. 

Let the first event consist of sending out a signal, propagating with light velocity, from a 
point having coordinates Xj jFj Zj in the K system, at time in this system. We observe the 
propagation of this signal in the K system. Let the second event consist of the arrival of the 
signal at point X 2 >^ 2^2 moment of time / 2 - The signal propagates with velocity c; 

the distance covered by it is therefore c(ti — t 2 ). On the other hand, this same distance 
equals [(x 2 —Xi)^-h0'2“".)'i)^ + (^ 2 “"^i)^]^- Thus we can write the following relation 
between the coordinates of the two events in the K system: 

(x2-Xiy+(y2-yiy + (z2-Ziy-c\t2-ti)^ = 0 . ( 2 . 1 ) 

The same two events, i.e. the propagation of the signal, can be observed from the K' 
system: 

Let the coordinates of the first event in the K' system be x\ y[ zi ti, and of the second: 
^2 >^ 2^2 ^ 2 - Since the velocity of light is the same in the K and K' systems, we have, similarly 
to (2.1): 

{x'2-x\yHy'2-y\yHz'i-Ay-c\t’^-t[? = o. (2.2) 

If Xiyi Zi ti and X 2 J 2 Z 2 (2 arc the coordinates of any two events, then the quantity 

^12 = [c^02-(iy-(x2-xiy-(y2-yiy-(z2-ziy]* ( 2 . 3 ) 

is called the interval between these two events. 

Thus it follows from the principle of invariance of the velocity of light that if the interval 
between two events is zero in one coordinate system, then it is equal to zero in all other 
systems. 

If two events are infinitely close to each other, then the interval ds between them is 

ds^ = c^dt^ — dx^ — dy^ — dz^. (2.4) 

The form of expressions (2.3) and (2.4) permits us to regard the interval, from the formal 
point of view, as the distance between two points in a fictitious four-dimensional space 
(whose axes are labelled by x, y, z, and the product ct). But there is a basic difference 
between the rule for forming this quantity and the rule in ordinary geometry: in forming the 
square of the interval, the squares of the coordinate differences along the different axes are 
summed, not with the same sign, but rather with varying signs.f 

As already shown, if = 0 in one inertial system, then = 0 in any other system. On 
the other hand, ds and ds' are infinitesimals of the same order. From these two conditions 
it follows that ds^ and ds'^ must be proportional to each other: 

ds^ = ads'^ 

where the coefficient a can depend only on the absolute value of the relative velocity of the 

t The four-dimensional geometry described by the quadratic form (2.4) was introduced by H. Minkov/ski, 
in connection with the theory of relativity. This geometry is called pseudo-euclidean, in contrast to ordinary 
euclidean geometry. 
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two inertial systems. It cannot depend on the coordinates or the time, since then different 
points in space and different moments in time would not be equivalent, which would be in 
contradiction to the homogeneity of space and time. Similarly, it cannot depend on the 
direction of the relative velocity, since that would contradict the isotropy of space. 

Let us consider three reference systems K, A’,, A 2 , and let K, and V 2 be the velocities of 
systems and K 2 relative to K. We then have: 

ds^ = a(\\)ds^, ds^ = a(V2)dsl. 

Similarly we can write 

d^l — u( 1 12 

where V 12 is the absolute value of the velocity of K 2 relative to Aj. Comparing these relations 
with one another, we find that we must have 


^(^ 2 ) 


^(^ 12 ). 


(2.5) 


But V 12 depends not only on the absolute values of the veetors Vj and V 2 , but also on the 
angle between them. However, this angle does not appear on the left side of formula (2.5). 
It is therefore clear that this formula can be correct only if the function a{V) reduces to a 
constant, which is equal to unity according to this same formula. 

Thus, 

ds- = ds'\ (2.6) 


and from the equality of the infinitesimal intervals there follows the equality of finite 
intervals: s = s'. 

Thus we arrive at a very important result: the interval between two events is the same in all 
inertial systems of reference, i.e. it is invariant under transformation from one inertial 
system to any other. This invariance is the mathematical expression of the constancy of the 
velocity of light. 

Again let and ^^2 3 * 2^2 ^2 t)e the coordinates of two events in a certain 

reference system K. Does there exist a coordinate system K', in which these two events 
occur at one and the same point in space? 

We introduce the notation 


r2-ri = ri 


• 12 . (-V 2 --’fl)- + (3'2-3l)’+(2 

Then the interval between events in the K system is: 

2 _ ..2.2 _i 2 

^12“^ M2 M2 

and in the K' system 

^12 — ^ M2 M2» 

whereupon, because of the invariance of intervals, 

rtl2-lu = c^t'A-l'A^ 


= I 


2 

12 - 


We want the two events to occur at the same point in the K' system, that is, we require 
l \2 = 0. Then 

5 ^^ = — > 0 . 

Consequently a system of reference with the required property exists if 5^2 > 0, that is, if 
the interval between the two events is a real number. Real intervals are said to be limelike. 

Thus, if the interval between two events is timelike, then there exists a system of reference 
in which the two events occur at one and the same place. The time which elapses between 
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the two events in this system is 


1 


^12 “ - *” ^12 ~ 


5i2 
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(2.7) 


If two events occur in one and the same body, then the interval between them is always 
timelike, for the distance which the body moves between the two events cannot be greater 
than cti 2 , since the velocity of the body cannot exceed c. So we have always 

/,2 < 

Let us now ask whether or not we can find a system of reference in which the 
two events occur at one and the same time. As before, we have for the K and K' systems 
We want to have t \2 = 0, so that 

s?2 = -/;i<o. 

Consequently the required system can be found only for the case when the interval Si 2 
between the two events is an imaginary number. Imaginary intervals are said to be spacelike. 

Thus if the interval between two events is spacelike, there exists a reference system in 
which the two events occur simultaneously. The distance between the points where the 
events occur in this system is 

/ i 2 = V / J 2*“^^^12 = ^^ 12 * ( 2 . 8 ) 

The division of intervals into space- and timelike intervals is, because of their invariance, 
an absolute concept. This means that the timelike or spacelike character of an interval is 
independent of the reference system. 

Let us take some event O as our origin of time and space coordinates. In other words, in 
the four-dimensional system of coordinates, the axes of which are marked x, y, z, t, the 
world point of the event O is the origin of coordinates. Let us now consider what relation 
other events bear to the given event O, For visualization, we shall consider only one space 
dimension and the time, marking them on two axes (Fig. 2). Uniform rectilinear motion of a 
particle, passing through jc = 0 at r = 0, is represented by a straight line going through O 
and inclined to the t axis at an angle whose tangent is the velocity of the particle. Since the 
maximum possible velocity is c, there is a maximum angle which this line can subtend with 
the t axis. In Fig. 2 are shown the two lines representing the propagation of two signals 


t 



Fig. 2 
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(with the velocity of light) in opposite directions passing through the event O (i.e. going 
through a: = 0 at r = 0). All lines representing the motion of particles can lie only in the 
regions aOc and dOb. On the lines ab and cdy x = ± ct. First consider events whose world 
points lie within the region aOc. It is easy to show that for all the points of this region 
> 0. In other words, the interval between any event in this region and the event O 
is timelike. In this region t > 0, i.e. all the events in this region occur “after” the event O, 
But two events which are separated by a timelike interval cannot occur simultaneously in 
any reference system. Consequently it is impossible to find a reference system in which any 
of the events in region aOc occurred “before” the event O, i.e. at time t < 0. Thus all the 
events in region aOc are future events relative to O in all reference systems. Therefore this 
region can be called the absolute future relative to O. 

In exactly the same way, all events in the region bOd are in the absolute past relative to 0 \ 
i.e. events in this region occur before the event O in all systems of reference. 

Next consider regions dOa and cOb. The interval between any event in this region and 
the event O is spacelike. These events occur at different points in space in every reference 
system. Therefore these regions can be said to be absolutely remote relative to O. However, 
the concepts “simultaneous”, “earlier”, and “later” are relative for these regions. For any 
event in these regions there exist systems of reference in which it occurs after the event 
0 , systems in which it occurs earlier than O, and finally one reference system in which it 
occurs simultaneously with O. 

Note that if we consider all three space coordinates instead of just one, then instead of 
the two intersecting lines of Fig. 2 we would have a “cone” — = 0 in the 

four-dimensional coordinate system Xy y^ z, /, the axis of the cone coinciding with the t axis. 
(This cone is called the light cone,) The regions of absolute future and absolute past are then 
represented by the two interior portions of this cone. 

Two events can be related causally to each other only if the interval between them is 
timelike; this follows immediately from the fact that no interaction can propagate with a 
velocity greater than the velocity of light. As we have just seen, it is precisely for these events 
that the concepts “earlier” and “later” have an absolute significance, which is a necessary 
condition for the concepts of cause and effect to have meaning. 


§ 3. Proper time 

Suppose that in a certain inertial reference system we observe clocks which are moving 
relative to us in an arbitrary manner. At each different moment of time this motion can be 
considered as uniform. Thus at each moment of time we can introduce a coordinate system 
rigidly linked to the moving clocks, which with the clocks constitutes an inertial reference 
system. 

In the course of an infinitesimal time interval dt (as read by a clock in our rest frame) the 
moving clocks go a distance \Jdx^ + dy^ dz^. Let us ask what time interval dt' is indicated 
for this period by the moving clocks. In a system of coordinates linked to the moving 
clocks, the latter are at rest, i.e., dx' = dy' = dz' = 0. Because of the invariance of intervals 

ds^ = c^dt^-dx^’-dy^^-dz^ = c^dt'^^ 


dt' = dt 



dx^-\-dy^ + dz^ 

■ 


from which 
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dx^ + dy^ + dz^ , 

-- = '^’ 

where v is the velocity of the moving clocks; therefore 

ds / 

Integrating this expression, we can obtain the time interval indicated by the moving clocks 
when the elapsed time according to a clock at rest is / 2 ““^ • 





The time read by a clock moving with a given object is called the proper time for this object. 
Formulas (3.1) and (3.2) express the proper time in terms of the time for a system of reference 
from which the motion is observed. 

As we see from (3.1) or (3.2), the proper lime of a moving object is always less than the 
corresponding interval in the rest system. In other words, moving clocks go more slowly 
than those at rest. 

Suppose some clocks are moving in uniform rectilinear motion relative to an inertial 
system K, A reference frame K' linked to the latter is also inertial. Then from the point of 
view of an observer in the K system the clocks in the K' system fall behind. And con¬ 
versely, from the point of view of the K' system, the clocks in K lag. To convince ourselves 
that there is no contradiction, let us note the following. In order to establish that the decks 
in the K' system lag behind those in the K system, we must proceed in the following fashion. 
Suppose that at a certain moment the clock in K' passes by the clock in K, and at that 
moment the readings of the two clocks coincide. To compare the rates of the two clocks in 
K and K' we must once more compare the readings of the same moving clock in K' with the 
clocks in K. But now we compare this clock with different clocks in K —with those past 
which the clock in K' goes at this new time. Then we find that the clock in K' lags behind the 
docks in K with which it is being compared. We see that to compare the rates of clocks in 
two reference frames we require several clocks in one frame and one in the other, and that 
therefore this process is not symmetric with respect to the two systems. The clock that appears 
to lag is always the one which is being compared with different clocks in the other 
system. 

If we have two clocks, one of which describes a closed path returning to the starting point 
(the position of the clock which remained at rest), then clearly the moving clock appears to 
lag relative to the one at rest. The converse reasoning, in which the moving clock would be 
considered to be at rest (and vice versa) is now impossible, since the clock describing a 
closed trajectory does not carry out a uniform rectilinear motion, so that a coordinate 
system linked to it will not be inertial. 

Since the laws of nature are the same only for inertial reference frames, the frames linked 
to the clock at rest (inertial frame) and to the moving clock (non-inertial) have different 
properties, and the argument which leads to the result that the clock at rest must lag is not 
valid. 
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§ 4 THE LORENTZ TRANSFORMATION 

The time interval read by a clock is equal to the integral 

a 

taken along the world line of the clock. If the clock is at rest then its world line is clearly a 
line parallel to the t axis; if the clock carries out a nonuniform motion in a closed path and 
returns to its starting point, then its world line will be a curve passing through the two points, 
on the straight world line of a clock at rest, corresponding to the beginning and end of the 
motion. On the other hand, we saw that the clock at rest always indicates a greater time 
interval than the moving one. Thus we arrive at the result that the integral 

J 

a 

taken between a given pair of world points, has its maximum value if it is taken along the 
straight world line joining these two points.! 

§ 4. The Lorentz transformation 

Our purpose is now to obtain the formula of transformation from one inertial reference 
system to another, that is, a formula by means of which, knowing the coordinates x, y, z, r, 
of a certain event in the K system, we can find the coordinates x\ y\ z\ t' of the same event 
in another inertial system K\ 

In classical mechanics this question is resolved very simply. Because of the absolute 
nature of time we there have t = /'; if, furthermore, the coordinate axes are chosen as usual 
(axes X, X’ coincident, T, Z axes parallel to Z', motion along Z, Z') then the co¬ 
ordinates y, 2 clearly are equal to y\ z\ while the coordinates x and x' differ by the distance 
traversed by one system relative to the other. If the time origin is chosen as the moment when 
the two coordinate systems coincide, and if the velocity of the Z' system relative to K is K, 
then this distance is Vt. Thus 

x = x'+Kr, y = y\ z = z', t = t'. (4.1) 

This formula is called the Galileo transformation. It is easy to verify that this transformation, 
as was to be expected, does not satisfy the requirements of the theory of relativity; it does 
not leave the interval between events invariant. 

We shall obtain the relativistic transformation precisely as a consequence of the require¬ 
ment that it leave the interval between events invariant. 

As we saw in § 2, the interval between events can be looked on as the distance between the 
corresponding pair of world points in a four-dimensional system of coordinates. Conse¬ 
quently we may say that the required transformation must leave unchanged all distances in 
the four-dimensional x, y, z, ct, space. But such transformations consist only of parallel 
displacements, and rotations of the coordinate system. Of these the displacement of the co¬ 
ordinate system parallel to itself is of no interest, since it leads only to a shift in the origin 
of the space coordinates and a change in the time reference point. Thus the required trans- 

t It is assumed, of course, that the points a and h and the curves joining them are such that all elements ds 
along the curves are timelike. 

This property of the integral is connected with the pseudo-euclidean character of the four-dimensional 
geometry. In euclidean space the integral would, of course, be a minimum along the straight line. 
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formation must be expressible mathematically as a rotation of the four-dimensional 
X, }\ z, ct, coordinate system. 

Every rotation in the foiir-dirnensional space can be resolved into six rotations, in the 
planes xy, zy, xz, tx, ty, tz (just as every rotation in ordinary space can be resolved into three 
rotations in the planes xy, zy, and xz). The first three of these rotations transform only the 
space coordinates; they correspond to the usual space rotations. 

Let us consider a rotation in the tx plane; under this, the y and z coordinates do not 
change. In particular, this transformation must leave unchanged the difference 
the square of the “distance” of the point {ct, x) from the origin. The relation between the 
old and the new coordinates is given in most general form by the formulas: 

X = x' cosh ij/ -f ct' sinh ij/, ct = x' sinh if/ + ct' cosh ij/, (4.2) 

where ij/ is the “angle of rotation”; a simple check shows that in fact c^t^ — x^ = c^t'^ — x'^. 
Formula (4.2) differs from the usual formulas for transformation under rotation of the co¬ 
ordinate axes in having hyperbolic functions in place of trigonometric functions. This is the 
difference between pseudo-euclidean and euclidean geometry. 

We try to find the formula of transformation from an inertial reference frame K to sl 
system K' moving relative to K with velocity V along the x axis. In this case clearly only the 
coordinate x and the time t are subject to change. Therefore this transformation must have 
the form (4.2). Now it remains only to determine the angle \l/, which can depend only on the 
relative velocity K.f 

Let us consider the motion, in the K system, of the origin of the K' system. Then x' = 0 
and formulas (4.2) take the form: 

X = ct' sinh ij/, ct = ct' cosh \l/, 
or dividing one by the other, 

~ = tanh ij/. 
ct 

But x/t is clearly the velocity V of the K' system relative to K. So 


V 

tanh ^ 

c 


From this 


sinh ij/ = 

Substituting in (4.2), we find: 

x+Vt' 


X = 




y = y 


cosh ij/ = 






Z = Z 




(4.3) 


This is the required transformation formula. It is called the Lorentz transformation, and is of 
fundamental importance for what follows. 


t Note that to avoid confusion wc shall always use V to signify the constant relative velocity of two 
inertial systems, and v for the velocity of a moving particle, not necessarily constant. 
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The inverse formulas, expressing x', z\ t' in terms of x, y, z, t, are most easily obtained 
by changing V to -V (since the K system moves with velocity — V relative to the K' 
system). The same formulas can be obtained directly by solving equations (4.3) for x', y', z', t'. 

It is easy to see from (4.3) that on making the transition to the limit c oo and classical 
mechanics, the formula for the Lorentz transformation actually goes over into the Galileo 
transformation. 

For F > c in formula (4.3) the coordinates x, t are imaginary; this corresponds to the fact 
that motion with a velocity greater than the velocity of light is impossible. Moreover, one 
cannot use a reference system moving with the velocity of light—in that case the 
denominators in (4.3) would go to zero. 

For velocities V small compared with the velocity of light, we can use in place of (4.3) 
the approximate formulas: 

V 

x = x' + Fr', y = y\ z = z\ ^ = (4.4) 

Suppose there is a rod at rest in the K system, parallel to the X axis. Let its length, 
measured in this system, be Ax = X 2 — x^ (x 2 and Xi are the coordinates of the two ends of 
the rod in the K system). We now determine the length of this rod as measured in the K' 
system. To uo this we must find the coordinates of the two ends of the rod (x^ and x\) in 
this system at one and the same time t'. From (4.3) we find: 


x[ + Vt' X2 + Vt' 



The length of the rod in the K' system is Ax' = x^ —xi; subtracting x^ from X 2 , we find 



The proper length of a rod is its length in a reference system in which it is at rest. Let us 
denote it by /q = Ax, and the length of the rod in any other reference frame K' hy I Then 



Thus a rod has its greatest length in the reference system in which it is at rest. Its length 
in a system in which it moves with velocity V is decreased by the factor Vl — F^/c^. This 
result of the theory of relativity is called the Lorentz contraction. 

Since the transverse dimensions do not change because of its motion, the volume of a 
body decreases according to the similar formula 

where the proper volume of the body. 

From the Lorentz transformation we can obtain anew the results already known to us 
concerning the proper time (§ 3). Suppose a clock to be at rest in the K' system. We take 
two events occurring at one and the same point x', y\ z' in space in the K' system. The time 
between these events in the K' system is At' = ^2 —t',. Now we find the time At which 
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elapses between these two events in the K system. From (4.3), we have 



or, subtracting one from the other, 





in complete agreement with (3.1). 

Finally we mention another general property of Lorentz transformations which distin¬ 
guishes them from Galilean transformations. The latter have the general property of com¬ 
mutativity, i.e. the combined result of two successive Galilean transformations (with 
different velocities Vj and V 2 ) does not depend on the order in which the transformations 
are performed. On the other hand, the result of two successive Lorentz transformations does 
depend, in general, on their order. This is already apparent purely mathematically from our 
formal description of these transformations as rotations of the four-dimensional coordinate 
system: we know that the result of two rotations (about different axes) depends on the order 
in which they are carried out. The sole exception is the case of transformations with parallel 
vectors Vj and V 2 (which are equivalent to two rotations of the four-dimensional coordinate 
system about the same axis). 


§ 5. Transformation of velocities 

In the preceding section we obtained formulas which enable us to find from the coordinates 
of an event in one reference frame, the coordinates of the same event in a second reference 
frame. Now we find formulas relating the velocity of a material particle in one reference 
system to its velocity in a second reference system. 

Let us suppose once again that the K' system moves relative to the K system with velocity 
V along the x axis. Let = dxjdt be the component of the particle velocity in the K system 
and = dx'Idt' the velocity component of the same particle in the K' system. From (4.3), 
we have 


dx = 


dx Vdt' 



dy = dy\ 


dz = dz\ 



Dividing the first three equations by the fourth and introducing the velocities 


we find 






V. 


= 


(5.1) 
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These formulas determine the transformation of velocities. They describe the law of com¬ 
position of velocities in the theory of relativity. In the limiting case of c oo, they go over 
into the formulas = + V, Vy = i;'., of classical mechanics. 

In the special case of motion of a particle parallel to the X axis, = v, Vy = = 0. 

Then = i?' = 0, = v\ so that 


V = 


r'-f V 

1 -f r -T 


(5.2) 


It is easy to convince oneself that the sum of two velocities each smaller than the velocity 
of light is again not greater than the light velocity. 

For a velocity V significantly smaller than the velocity of light (the velocity v can be 
arbitrary), we have approximately, to terms of order V/c\ 


V, = V 



Vy = Vy-V^Vy-^, 




These three formulas can be written as a single vector formula 


V = v'-fV-: (V- V')V'. 


(5.3) 


We may point out that in the relativistic law of addition of velocities (5.1) the two 
velocities v' and V which are combined enter unsymmetrically (provided they are not both 
directed along the x axis). This fact is related to the noncommutativity of Lorentz trans¬ 
formations which we mentioned in the preceding Section. 

Let us choose our coordinate axes so that the velocity of the particle at the given moment 
lies in the XY plane. Then the velocity of the particle in the K system has components 
= V cos 0, Vy = V sin 0, and in the A" system = v' cos O', v'y = v' sin 0' {i\ v', 6, 0' are 
the absolute values and the angles subtended with the X, X' axes respectively in the A, K' 
systems). With the help of formula (5.1), we then find 


tan 0 = 



v' cos 


(5.4) 


This formula describes the change in the direction of the velocity on transforming from 
one reference system to another. 

Let us consider a very important special case of this formula, namely, the deviation of 
light in transforming to a new reference system—a phenomenon known as the aberration 
of light. In this case v = v' = c, so that the preceding formula goes over into 


tan 6 = 



—hcos 6' 
c 


sin O'. 


(5.5) 
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From the same transformation formulas (5.1) it is easy to obtain for sin 6 and cos 0: 


n/I-TI COS0 + - 

sin 0 =- - -sin 6\ cos 6 =- - -. 

14- — cos 0' 14- — cos 0' 

c c 


In case F c, we find from this formula, correct to terms of order V/c: 


sin 0 —sin 0' =-sin 6' cos O'. 

c 


Introducing the angle A0 = 0' —0 (the aberration angle), we find to the same order of 


accuracy 


A0 = - sin 0', 
c 


which is the well-known elementary formula for the aberration of light. 


§ 6. Four-vectors 

The coordinates of an event (c/, jc, z) can be considered as the components of a four¬ 
dimensional radius vector (or, for short, a four-radius vector) in a four-dimensional space. 
We shall denote its components by x\ where the index / takes on the values 0, 1,2, 3, and 

= ct, = X, x^ = y, x^ = z. 

The square of the “length” of the radius four-vector is given by 

(x^y — (x ‘ y - (x^)^ ~ (^^)^- 

It does not change under any rotations of the four-dimensional coordinate system, in 
particular under Lorentz transformations. 

In general a set of four quantities A^, A\ A^, A^ which transform like the components 
of the radius four-vector x* under transformations of the four-dimensional coordinate 
system is called a four-dimensional vector {four-vector) A\ Under Lorentz transformations. 



The square magnitude of any four-vector is defined analogously to the square of the radius 
four-vector: 

{Ay-^{A^y^{Ay^{A^y. 

For convenience of notation, we introduce two “types’* of components of four-vectors, 
denoting them by the symbols A' and A^, with superscripts and subscripts. These are related 
by 

Ao = A\ A, = -A\ A,=^-A\ A,= -A\ (6.2) 

The quantities A^ are called the contravariant, and the Ai the covariant components of the 
four-vector. The square of the four-vector then appears in the form 

3 

^ A^Af A^AQ-tA^Ai-i-A^A2~i~A^A^. 

i«0 
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Such sums are customarily written simply as omitting the summation sign. One 
agrees that one sums over any repeated index, and omits the summation sign. Of the pair 
of indices, one must be a superscript and the other a subscript. This convention for sum¬ 
mation over “dummy” indices is very convenient and considerably simplifies the writing of 
formulas. 

We shall use Latin letters /, for four-dimensional indices, taking on the values 

0, 1, 2, 3. 

In analogy to the square of a four-vector, one forms the sca/ar product of two different 
four-vectors: 

A^B, = A^Bo + >1 ^A^B^. 

It is clear that this can be written either as A'B^ or the result is the same. In general 
one can switch upper and lower indices in any pair of dummy indices.f 

The product A^B^ is a four-scalar —it is invariant under rotations of the four-dimensional 
coordinate system. This is easily verified directly,! but it is also apparent beforehand (from 
the analogy with the square A'A^ from the fact that all four-vectors transform according to 
the same rule. 

The component A^ is called the time component, and the space components of 

the four-vector (in analogy to the radius four-vector). The square of a four-vector can be 
positive, negative, or zero; such vectors are called, timelike, spacelike, and null-vectors, 
respectively (again in analogy to the terminology for intervals).§ 

Under purely spatial rotations (i.e. transformations not affecting the time axis) the three 
space components of the four-vector A^ form a three-dimensional vector A. The time 
component of the four-vector is a three-dimensional scalar (with respect to these trans¬ 
formations). In enumerating the components of a four-vector, we shall often write them as 

= {A\ A). 

The covariant components of the same four-vector are Ai = (/1°, —A), and the square of 
the four-vector is A'Ai = (A°)^—A^. Thus, for the radius four-vector: 

x‘ = (ct, r), Xj = (ct, -r), x‘x,- = 

For three-dimensional vectors (with coordinates x, y, z) there is no need to distinguish 
between contra- and covariant components. Whenever this can be done without causing 
confusion, we shall write their components as A^ (a = x, y, z) using Greek letters for sub¬ 
scripts. In particular we shall assume a summation over x, y, z for any repeated index (for 
example, A • B = /I* Bg). 

A four-dimensional tensor {four-tensor) of the second rank is a set of sixteen quantities 
A^^, which under coordinate transformations transform like the products of components of 
two four-vectors. We similarly define four-tensors of higher rank. 

t In the literature the indices are often omitted on four-vectors, and their squares and scalar products are 
written as A^, AB. We shall not use this notation in the present text. 

} One should remember that the law for transformation of a four-vector expressed in covariant components 
differs (in signs) from the same law expressed for contra variant components. Thus, instead of (6.1), one will 
have: 



§ Null vectors are also said to be isotropic. 



16 


THE PRINCIPLE OF RELATIVITY 


§ 6 


The components of a second-rank tensor can be written in three forms: covariant, 
contravariant, A‘^, and mixed, A[ (where, in the last case, one should distinguish between 
y4‘jt and /I,*", i.e. one should be careful about which of the two is superscript and which a 
subscript). The connection between the different types of components is determined from 
the general rule: raising or lowering a space index (1, 2, 3) changes the sign of the com¬ 
ponent, while raising or lowering the time index (0) does not. Thus: 



Under purely spatial transformations, the nine quantities A^\ A^^, . .. form a ihree- 
tensor. The three components A^\ A^^, A^^ and the three components A^^, A^^ 
constitute three-dimensional vectors, while the component A^^ is a three-dimensional 
scalar. 

A tensor A^^ is said to be symmetric if A^^ — A^\ and antisymmetric if A'^ = — A^\ In an 
antisymmetric tensor, all the diagonal components (i.e. the components A^^, A^^....) 
are zero, since, for example, we must have A^^ = —A^^, For a symmetric tensor A‘^, the 
mixed components A‘k and A;,‘ obviously coincide; in such cases we shall simply write A[, 
putting the indices one above the other. 

In every tensor equation, the two sides must contain identical and identically placed 
(i.e. above or below) free indices (as distinguished from dummy indices). The free indices in 
tensor equations can be shifted up or down, but this must be done simultaneously in all 
terms in the equation. Equating covariant and contravariant components of different 
tensors is “illegal”; such an equation, even if it happened by chance to be valid in a particular 
reference system, would be violated on going to another fram.e. 

From the tensor components A^^ one can form a scalar by taking the sum 

A\ = A^ Q-{-A^ I + A‘'2-^ A^ ^ 

(w'here, of course, /!,•' = /I',). This sum is called the trace of the tensor, and the operation for 
obtaining it is called contraction. 

The'formation of the scalar product of tw'o vectors, considered earlier, is a contraction 
operation: it is the formation of the scalar A^Bi from the tensor In general, contracting 
on any pair of indices reduces the rank of the tensor by 2. For example, A'^ is a tensor of 
second rank A\B^ is a four-vector, is a scalar, etc. 

The unit four-tensor satisfies the condition that for any four-vector A'\ 

SfA^ = A\ (6.3) 


It is clear that the components of this tensor are 


ri, if / = /v 

\o. if / ^ k 


(6.4) 


Its trace is Sj = 4. 

By raising the one index or lowering the other in wc can obtain the contra- or covariant 
tensor or which is called the metric tensor. The tensors g'^ and g,;t identical 
components, which can be written as a matrix: 


( I 0 0 0\ 

0 -1 0 0 \ 

0 0-1 0 I 

000 - 1 / 


= iyi,) = 


(6.5) 
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(the index i labels the rows, and k the columns, in the order 0, 1,2, 3). It is clear that 

gaA’‘^A;, = ( 6 . 6 ) 

The scalar product of two four-vectors can therefore be written in the form: 

A%^g:,A<A>‘=g‘%A,. (6.7) 

The tensors 5[, go,, are special in the sense that their components are the same in all 
coordinate systems. The completely antisymmetric unit tensor of fourth rank, has the 
same property. This is the tensor whose components change sign under interchange of any 
pair of indices, and whose nonzero components are ±1. From the antisymmetry it follows 
that all components in which two indices are the same are zero, so that the only non¬ 
vanishing components are those for which all four indices are different. We set 

+1 ( 6 . 8 ) 

(hence ^0123 = "" 0- Then all the other nonvanishing components are equal to -f 1 or 
-1, according as the numbers /, k, /, m can be brought to the arrangement 0, 1, 2, 3 by an 
even or an odd number of transpositions. The number of such components is 4! = 24. Thus, 

= -24. (6.9) 

With respect to rotations of the coordinate system, the quantities e^^'^ behave like the 
components of a tensor; but if we change the sign of one or three of the coordinates the 
components being defined as the same in all coordinate systems, do not change, whereas 
some of the components of a tensor should change sign. Thus is, strictly speaking, 
not a tensor, but rather a pseudotensor. Pseudotensors of any rank, in particular 
pseudoscalars, behave like tensors under all coordinate transformations except those that 
cannot be reduced to rotations, i.e. reflections, which are changes in sign of the coordinates 
that are not reducible to a rotation. 

The products form a four-tensor of rank 8, which is a true tensor; by contracting 

on one or more pairs of indices, one obtains tensors of rank 6, 4, and 2. All these tensors 
have the same form in all coordinate systems. Thus their components must be expressed as 
combinations of products of components of the unit tensor ^5^—the only true tensor whose 
components are the same in all coordinate systems. These combinations can easily be found 
by starting from the symmetries that they must possess under permutation of indices.f 

If is an antisymmetric tensor, the tensor and the pseudotensor Af,„ 

are said to be dual to one another. Similarly, e''‘^'”A^ is an antisymmetric pseudotensor of 
rank 3, dual to the vector /t*. The product of dual tensors is obviously a pseudoscalar. 


t For reference we give the following formulas: 


'^^prst — 


<5„' 


= - 2(S; ), = - 6 . 5 ,;. 

The overall coefficient in these formulas can be checked using the result of a complete contraction, which 
should give (6.9). 

As a consequence of these formulas we have: 

■^k r Is mt ~ 

where A is the determinant formed from the quantities 
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In this connection we note some analogous properties of three-dimensional vectors and 
tensors. The completely antisymmetric unit pseudotensor of rank 3 is the set of quantities 
eg^py which change sign under any transposition of a pair of indices. The only nonvanishing 
components of are those with three different indices. We set = 1; the others are 1 
or — 1, depending on whether the sequence a, p, y can be brought to the order x, y, z by an 
even or an odd number of transpositions.f 

The products form a true three-dimensional tensor of rank 6, and are therefore 

expressible as combinations of products of components of the unit three-tensor 5*^.$ 
Under a reflection of the coordinate system, i.e. under a change in sign of all the co¬ 
ordinates, the components of an ordinary vector also change sign. Such vectors are said to 
be polar. The components of a vector that can be written as the cross product of two polar 
vectors do not change sign under inversion. Such vectors are said to be axial. The scalar 
product of a polar and an axial vector is not a true scalar, but rather a pseudoscalar: it 
changes sign under a coordinate inversion. An axial vector is a pseudovector, dual to some 
antisymmetric tensor. Thus, if C = A x B, then 


Ca = i^apyCpy, where Cpy ^ Ap By- Ay Bp. 

Now consider four-tensors. The space components (/, /:, = 1, 2, 3) of the antisymmetric 
tensor A^^ form a three-dimensional antisymmetric tensor with respect to purely spatial 
transformations; according to our statement its components can be expressed in terms of 
the components of a three-dimensional axial vector. With respect to these same trans¬ 
formations the components A^^, A^^, A^^ form a three-dimensional polar vector. Thus the 
components of an antisymmetric four-tensor can be written as a matrix: 


(A^^) = 


® Px Py Pz 

-Px 0 ^y 

-Py a^ 0 - a, 

-Oy a, 0 


( 6 . 10 ) 


where, with respect to spatial transformations, p and a are polar and axial vectors, re¬ 
spectively. In enumerating the components of an antisymmetric four-tensor, we shall write 
them in the form 


/i" = (p,a); 


then the covariant components of the same tensor are 


>4,7c = (~P,a)- 

Finally we consider certain differential and integral operations of four-dimensional tensor 
analysis. 


t The fact that the components of the four-tensor are unchanged under rotations of the four¬ 
dimensional coordinate system, and that the components of the three-tensor e„/,y are unchanged by rotations 
of the space axes are special cases of a general rule: any completely antisymmetric tensor of rank equal to 
the number of dimensions of the space in which it is defined is invariant under rotations of the coordinate 
system in the space. 

t For reference, we give the appropriate formulas: 




^aA 

^BA 

^yA 


Soft Say 
Spu Spv 

Syu Sy}f 


Contracting this tensor on one, two and three pairs of indices, we get: 


^a0y ^Auy — SaA Spa San SpA* 
CaPy ^APy = 2SaAt 
^aPr ^aPy ~ 6 . 
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The four-gradient of a scalar ^ is the four-vector 



We must remember that these derivatives are to be regarded as the covariant components 
of the four-vector. In fact, the differential of the scalar 


d(t> , 


is also a scalar; from its form (scalar product of two four-vectors) our assertion is obvious. 

In general, the operators of differentiation with respect to the coordinates x\ djdx\ 
should be regarded as the covariant components of the operator four-vector. Thus, for 
example, the divergence of a four-vector, the expression dA'ldx\ in which we differentiate 
the contravariant components A\ is a scalar.f 

In three-dimensional space one can extend integrals over a volume, a surface or a curve. 
In four-dimensional space there are four types of integrations: 

(1) Integral over a curve in four-space. The element of integration is the line element, i.e. 
the four-vector 

(2) Integral over a (two-dimensional) surface in four-space. As we know, in three- 

space the projections of the area of the parallelogram formed from the vectors dr 
and dr' on the coordinate planes are —Analogously, in four- 

space the infinitesimal element of surface is given by the antisymmetric tensor of 
second rank df^^ = Jx‘Vx'^ —t/xVx'* ; its components are the projections of the element of 
area on the coordinate planes. In three-dimensional space, as we know, one uses as surface 
element in place of the tensor df^p the vector df^ dual to the tensor df^p\ df^ = 
Geometrically this is a vector normal to the surface element and equal in absolute mag¬ 
nitude to the area of the element. In four-space we cannot construct such a vector, but we 
can construct the tensor df*'^ dual to the tensor df'^, 

dr‘’‘= ( 6 . 11 ) 

Geometrically it describes an element of surface equal to and “normal” to the element of 
surface dp^\ all segments lying in it are orthogonal to all segments in the element dp^. 
It is obvious that df'^dffi^ = 0. 

(3) Integral over a hypersurface, i.e. over a three-dimensional manifold. In three- 
dimensional space the volume of the parallelepiped spanned by three vectors is equal to the 


t If we differentiate with respect to the “covariant coordinates’’ Xi, then the derivatives 


TiXt Ic J)/* 




form the contravariant components of a four-vector. We shall use this form only in exceptional cases [for 
example, for writing the square of the four-gradient (^<^l^x^)IO</>I^Xi)]. 

We note that in the literature partial derivatives with respect to the coordinates are often abbreviated 
using the symbols 


In this form of writing of the differentiation operators, the co- or contravariant character of quantities formed 
with them is explicit. This same advantage exists for another abbreviated form for writing derivatives, 
using the index preceded by a comma: 

dx,' 


A 

dx'" 
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determinant of the third rank formed from the components of the vectors. One obtains 
analogously the projections of the volume of the parallelepiped (i.e. the “areas” of the 
hypersurface) spanned by three four-vectors dx\ dx\ dx’^\ they are given by the deter¬ 
minants 



dx‘ 

dx'‘ 

dx"‘ 

dS'”' = 

rfjc" 

dx"^ 

dx’"‘ 


\dx' 

dx'‘ 

dx"‘ 


which form a tensor of rank 3, antisymmetric in all three indices. As element of integration 
over the hypersurface, it is more convenient to use the four-vector dS\ dual to the tensor 
dS'^^^: 

dS^ = dS,,^ = ( 6 . 12 ) 

Here 

dS^ = dS^^\ dS^ =dS^^\.... 

Geometrically is a four-vector equal in magnitude to the “areas” of the hypersurface 
element, and normal to this element (i.e. perpendicular to all lines drawn in the hyper¬ 
surface element). In particular, dS^ = dxdydz, i.e. it is the element of three-dimensional 
volume dV\ the projection of the hypersurface element on the hyperplane x^ = const. 

(4) Integral over a four-dimensional volume; the element of integration is the scalar 

dQ = dx^dx^dx^ dx^^cdtdV, (6.13) 

The element is a scalar: it is obvious that the volume of a portion of four-space is un¬ 
changed by a rotation of the coordinate system.f 

Analogous to the theorems of Gauss and Stokes in three-dimensional vector analysis, 
there are theorems that enable us to transform four-dimensional integrals. 

The integral over a closed hypersurface can be transformed into an integral over the four- 
volume contained within it by replacing the element of integration dSi by the operator 

dS,-^dSl~. ( 6 . 14 ) 

OX 

For example, for the integral of a vector we have: 



( 6 . 15 ) 


This formula is the generalization of Gauss’ theorem. 

An integral over a two-dimensional surface is transformed into an integral over the hyper¬ 
surface “spanning” it by replacing the element of integration df*^ by the operator 




I Under a transformation from the integration variables x®, x', to new variables a:'®, x'\ x'^, x'^, 

the element of integration changes io J dO.\ where dO.’ — dx'^ dx'^ dx’^ dx’^ 

j =. 

d{x^,x\x^, x^) 

is the Jacobian of the transformation. For a linear transformation of the form x'^ = the Jacobian J 
coincides with the determinant and is equal to unity for rotations of the coordinate system; this shows 
the invariance of dVi. 
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(6.17) 

The integral over a four-dimensional closed curve is transformed into 
surface spanning it by the substitution: 

an integral over the 



(6.18) 

Thus for the integral of a vector, we have: 


II 


(6.19) 


which is the generalization of Stokes’ theorem. 


PROBLEMS 


1. Find the law of transformation of the components of a symmetric four-tensor A^'^ under 
Lorentz transformations (6.1). 

Solution: Considering the components of the tensor as products of components of two four- 
vectors, we get: 



and analogous formulas for A^^ and 
2. The same for the antisymmetric tensor A^^. 

Solution: Since the coordinates and do not change, the tensor component A’^^ does not 
change, while the components A^^ and A^^ transform like x^ and x^: 





and similarly for A^^, 

With respect to rotations of the two-dimensional coordinate system in the plane x^x^ (which arc 
the transformations we are considering) the components A^^ = —= =0, form an 

antisymmetric of tensor of rank two, equal to the number of dimensions of the space. Thus (see the 
remark on p. 18) these components are not changed by the transformations: 


Aoi ^ 
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From the ordinary three-dimensional velocity vector one can form a four-vector. This 
four-dimensional velocity (^four-velocity) of a particle is the vector 


u = 


Is' 


(7.1) 


To find its components, we note that according to (3.1), 

ds = cdt 


where v is the ordinary three-dimensional velocity of the particle. Thus 

dx Vj, 

ds 


1 _ 


‘J'-? 


etc. Thus 


= 


J'-? ' 7 -?/ 


(7.2) 


Note that the four-velocity is a dimensionless quantity. 

The components of the four-velocity are not independent. Noting that dxfdx' = ds^, we 
have 

n'ui = 1. (7.3) 

Geometrically, «' is a unit four-vector tangent to the world line of the particle. 

Similarly to the definition of the four-velocity, the second derivative 

d}x‘ _ du‘ 

may be called the four-acceleration. Differentiating formula (7.3), we find: 

u,w‘ = 0, (7.4) 

i.e. the four-vectors of velocity and acceleration are “mutually perpendicular”. 


w = 


PROBLEM 

Determine the relativistic uniformly accelerated motion, i.e. the rectilinear motion for which the 
acceleration w in the propter reference frame (at each instant of time) remains constant. 

Solution: In the reference frame in which the particle velocity is v = 0, the components of the 
four-acceleration w* = (0, w/c®, 0,0) (where tv is the ordinary three-dimensional acceleration, 
which is directed along the x axis). The relativistically invariant condition for uniform acceleration 
must be expressed by the constancy of the four-scalar which coincides with tv* in the proper reference 
frame: 

w^Wi = const s- 

c 
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In the “fixed” frame, with respect to which the motion is observed, writing out the expression for 
gives the equation 

d V V 

Wj or —= >v/+const. 


, . - rr, ,- 


Setting t? = 0 for / = 0, we find that const = 0, so that 

wt 


V = 




Integrating once more and setting a: = 0 for / = 0, we find: 

X 




For >v/<^c, these formulas go over the classical expressions v = wt, x = For wt—>oo, the 
velocity tends toward the constant value c. 

The proper time of a uniformly accelerated particle is given by the integral 




As /-►oo, it increases much more slowly than /, according to the law c/w In (Iwtic). 
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§ 8. The principle of least action 

In studying the motion of material particles, we shall start from the Principle of Least 
Action. The principle of least action is defined, as we know, by the statement that for each 
mechanical system there exists a certain integral 5, called the action, which has a minimum 
value for the actual motion, so that its variation 6S is zero.f 

To determine the action integral for a free material particle (a particle not under the 
influence of any external force), we note that this integral must not depend on our choice of 
reference system, that is, it must be invariant under Lorentz transformations. Then it follows 
that it must depend on a scalar. Furthermore, it is clear that the integrand must be a dif¬ 
ferential of the first order. But the only scalar of this kind that one can construct for a free 
particle is the interval ds, or ads, where a is some constant. So for a free particle the action 
must have the form 

b 

S = —a J ds, 

a 

where J* is an integral along the world line of the particle between the two particular events 
of the arrival of the particle at the initial position and at the final position at definite times 
ti and t 2 , i.e. between two given world points; and a is some constant characterizing the 
particle. It is easy to see that a must be a positive quantity for all particles. In fact, as we 
saw in § 3, has its maximum value along a straight world line; by integrating along 
a curved world line we can make the integral arbitrarily small. Thus the integral with 
the positive sign cannot have a minimum; with the opposite sign it clearly has a minimum, 
along the straight world line. 

The action integral can be represented as an integral with respect to the time 

<2 

S = J Ldt. 

tl 

The coefficient L of dt represents the Lagrange function of the mechanical system. With the 
aid of (3.1), we find: 



t Strictly speaking, the principle of least action asserts that the integral S must be a minimum only for 
infinitesimal lengths of the path of integration. For paths of arbitrary length we can say only that S must be 
an extremum, not necessarily a minimum. (See Mechanics, § 2.) 
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where v is the velocity of the material particle. Consequently the Lagrangian for the particle 

is _ 

L = —OLCsj' 1 


The quantity a, as already mentioned, characterizes the particle. In classical mechanics 
each particle is characterized by its mass m. Let us find the relation between a and m. It can 
be determined from the fact that in the limit as c -► cx), our expression for L must go over 
into the classical expression L = mv^ll. To carry out this transition we expand L in powers 
of vjc. Then, neglecting terms of higher order, we find 


L = 



--ac + 


OLV 

Ic 


Constant terms in the Lagrangian do not affect the equation of motion and can be 
omitted. Omitting the constant olc in L and comparing with the classical expression 
L = we find that a = me. 

Thus the action for a free material point is 

h 

S = —me j ds (8.1) 


and the Lagrangian is 



( 8 . 2 ) 


§ 9. Energy and momentum 


By the momentum of a particle we can mean the vector p = dL/dy (dLld\ is the symbolic 
representation of the vector whose components are the derivatives of L with respect to the 
corresponding components of v). Using (8,2), we find: 


mv 



(9.1) 


For small velocities (z; e) or, in the limit as cx), this expression goes over into the 
classical p = my. For v = e, the momentum becomes infinite. 

The time derivative of the momentum is the force acting on the particle. Suppose the 
velocity of the particle changes only in direction, that is, suppose the force is directed 
perpendicular to the velocity. Then 

(9.2) 
dt 



If the velocity changes only in magnitude, that is, if the force is parallel to the velocity, then 


c/p m dy 
dt' 

cV 

We see that the ratio of force to acceleration is different in the two cases. 



(9.3) 
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The energy S of the particle is defined as the quantityf 

S = p* V—L. 

Substituting the expressions (8.2) and (9.1) for L and p, we find 



(9.4) 


This very important formula shows, in particular, that in relativistic mechanics the energy 
of a free particle does not go to zero for i; = 0, but rather takes on a finite value 

S = mc^. (9.5) 

This quantity is called the rest energy of the particle. 

For small velocities (v/c ^ 1), we have, expanding (9.4) in series in powers of vjc. 


mc^+- 


mv" 


which, except for the rest energy, is the classical expression for the kinetic energy of a 
particle. 

We emphasize that, although we speak of a “particle”, we have nowhere made use of the 
fact that it is “elementary”. Thus the formulas are equally applicable to any composite body 
consisting of many particles, where by m we mean the total mass of the body and by v the 
velocity of its motion as a whole. In particular, formula (9.5) is valid for any body which is at 
rest as a whole. We call attention to the fact that in relativistic mechanics the energy of a free 
body (i.e. the energy of any closed system) is a completely definite quantity which is always 
positive and is directly related to the mass of the body. In this connection we recall that in 
classical mechanics the energy of a body is defined only to within an arbitrary constant, and 
can be either positive or negative. 

The energy of a body at rest contains, in addition to the rest energies of its constituent 
particles, the kinetic energy of the particles and the energy of their interactions with one 
another. In other words, mc^ is not equal to I (where m^ are the masses of the particles), 
and so m is not equal to Thus in relativistic mechanics the law of conservation of mass 
does not hold: the mass of a composite body is not equal to the sum of the masses of its 
parts. Instead only the law of conservation of energy, in which the rest energies of the particles 
are included, is valid. 

Squaring (9.1) and (9.4) and comparing the results, we get the following relation between 
the energy and momentum of a particle: 

-2 = + (9.6) 


The energy expressed in terms of the momentum is called the Hamiltonian function 

3^ = cV + (9.7) 

For low velocities, p 4, me, and we have approximately 

p^ 

3/e ^ mc^ + 

2m 

i.e., except for the rest energy we get the familiar classical expression for the Hamiltonian. 


t See Mechanics, § 6. 
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From (9.1) and (9.4) we get the following relation between the energy, momentum, and 
velocity of a free particle: 

p = .?4 (9.8) 

c 

For V = Cy the momentum and energy of the particle become infinite. This means that a 
particle with mass m different from zero cannot move with the velocity of light. Nevertheless, 
in relativistic mechanics, particles of zero mass moving with the velocity of light can exist.f 
From (9.8) we have for such particles: 

p = -. (9.9) 

c 


The same formula also holds approximately for particles with nonzero mass in the so-called 
ultrarelativistic case, when the particle energy is large compared to its rest energy mc^. 

We now write all our formulas in four-dimensional form. According to the principle of 
least action, 

b 

SS = —mcS J ds = 0. 

a 

To set up the expression for SS, we note that ds = \/dXidx^ and therefore 

b b 

UidSxK 

a a 

Integrating by parts, we obtain 

b 

lb r . du 

5S = —-I-me 5x'ds. (9.10) 

|a J ds 


5S 


r dxiSdx^ r 

"" J j 


As we know, to get the equations of motion we compare different trajectories between the 
same two points, i.e. at the limits (Sx')^ = (5x% = 0. The actual trajectory is then deter¬ 
mined from the condition 5S = 0. From (9.10) we thus obtain the equations dujds = 0; that 
is, a constant velocity for the free particle in four-dimensional form. 

To determine the variation of the action as a function of the coordinates, one must consider 
the point a as fixed, so that {5x\ = 0. The second point is to be considered as variable, but 
only actual trajectories are admissible, i.e., those which satisfy the equations of motion. 
Therefore the integral in expression (9.10) for 5S is zero. In place of (Sx% we may write 
simply Sx\ and thus obtain 

SS = —mcui5x\ (9.11) 

The four-vector 


P.= 


dS 

dx^ 


(9.12) 


is called the momentum four-vector. As we know from mechanics, the derivatives dSjdx, 
dSjdyy dSjdz are the three components of the momentum vector p of the particle, while the 
derivative —dS/dt is the particle energy <f. Thus the covariant components of the four- 


t For example, light quanta and neutrinos. 
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momentum are pi = p), while the contra variant components aret 

= (^/C, P). (9.13) 

From (9.11) we see that the components of the four-momentum of a free particle are: 

p^ = mcu\ (9.14) 

Substituting the components of the four-velocity from (7.2), we see that we actually get 
expressions (9.1) and (9.4) for p and (f. 

Thus, in relativistic mechanics, momentum and energy are the components of a single 
four-vector. From this we immediately get the formulas for transformation of momentum 
and energy from one inertial system to another. Substituting (9.13) in the general formulas 
(6.1) for transformation of four-vectors, we find: 


Px = 




(9.15) 


where Py, p^ are the components of the three-dimensional vector p. 

From the definition (9.14) of the four-momentum, and the identity w'w, = 1, we have, for 
the square of the four-momentum of a free particle: 

p.p‘= m^c^. (9.16) 


Substituting the expressions (9.13), we get back (9.6). 

By analogy with the usual definition of the force, the force four-vector is defined as the 
derivative : 


9 


i 


ds 



(9.17) 


Its components satisfy the identity = 0. The components of this four-vector are expressed 
in terms of the usual three-dimensional force vector f = dpjdt : 





(9.18) 


The time component is related to the work done by the force. 

The relativistic Hamilton-Jacobi equation is obtained by substituting the derivatives 
— dSjdx' for Pi in (9.16): 


dS dS __ dS dS 
dXi dx' ^ dx' dx^ 


m c , 


(9.19) 


or, writing the sum explicitly; 


1 ( 
c^\dtj \dxj \ 


dsy 

dyj 


f—V 

\dz/ 


1 = 


(9.20) 


t We call attention to a mnemonic for remembering the definition of the physical four-vectors: the 
contravariant components are related to the corresponding three-dimensional vectors (r for x\ p for p^) with 
the “right”, positive sign. 
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The transition to the limiting case of classical mechanics in equation (9.19) is made as 
follows. First of all we must notice that just as in the corresponding transition with (9.7), 
the energy of a particle in relativistic mechanics contains the term mc^, which it does not in 
classical mechanics. Inasmuch as the action S is related to the energy by = —{dSjdt), in 
making the transition to classical mechanics we must in place of S substitute a new action 
S' according to the relation: 

S = S' — mc^t. 

Substituting this in (9.20), we find 


2m 


Y^V (—X f—X' 



= 0. 


In the limit as c -► oo, this equation goes over into the classical Hamilton-Jacobi equation. 


§ 10. Transformation of distribution functions 


In various physical problems we have to deal with distribution functions for the momenta 
of particles: f{p)cipxdpydp^ is the number of particles having momenta with components 
in given intervals dp^, dpy, dp, (or, as we say for brevity, the number of particles in a given 
volume element d^p ^dp^dpydp^ in “momentum space”). We are then faced with the problem 
of finding the law of transformation of the distribution function /(p) when we transform 
from one reference system to another. 

To solve this problem, we first determine the properties of the “volume element” 
dpxdpydp^ with respect to Lorentz transformations. If we introduce a four-dimensional 
coordinate system, on whose axes are marked the components of the four-momentum of a 
particle, then dp^dp^dp. can be considered as the zeroth component of an element of the 
hypersurface defined by the equation p'p^ = m^c^. The element of hypersurface is a four- 
vector directed along the normal to the hypersurface; in our case the direction of the normal 
obviously coincides with the direction of the four-vector /?,. From this it follows that the 
ratio 


dPxdpydpx 


( 10 . 1 ) 


is an invariant quantity, since it is the ratio of corresponding components of two parallel 
four-vectors.f 

The number of particles,is also obviously an invariant, since it does not 


t The integration with respect to the element (10.1) can be expressed in four-dimensional form by means 
of the <5-function (cf. the footnote on p. 70) as an integration with respect to 

— m^c^)d*p, d^p = dp^dp^dp^dp^. (10.1a) 

c 

The four components p* are treated as independent variables (with taking on only positive values). Formula 
(10.1a) is obvious from the following representation of the delta function appearing in it: 

5(p‘p, - m^c^) = - 7 )]. 

where ^ = cVp^+m^c^, This formula in turn follows from formula (v) of the footnote on p. 70. 


(10.16) 
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depend on the choice of reference frame. Writing it in the form 


/(pK 


dp^dpydp, 

S 


and using the invariance of the ratio (10.1), we conclude that the product /(p)<? is invariant. 
Thus the distribution function in the K‘ system is related to the distribution function in the 
K system by the formula 


J'iv') = 


/(pK 
(f' ’ 


( 10 . 2 ) 


where p and S' must be expressed in terms of p' and S' by using the transformation formulas 
(9.15). 

Let us now return to the invariant expression (10.1). If we introduce “spherical co¬ 
ordinates” in momentum space, the volume element dp^dpydp^ becomes where do is 

the element of solid angle around the direction of the vector p. Noting that pdp = SdSjc^ 
[from (9.6)], we have: 

p^dpdo pdSdo 


Thus we find that the expression 

pdSdo (10.3) 

is also invariant. 

The notion of a distribution function appears in a different aspect in the kinetic theory 
of gases: the product /{r, p) dp^dpydp. dV is the number of particles lying in a given volume 
element dV and having momenta in definite intervals dp^, dpy, dp.. The function /(r, p) is 
called the distribution function in phase space (the space of the coordinates and momenta 
of the particle), and the product of differentials dx = d^pdV is the element of volume 
of this space. We shall find the law of transformation of this function. 

In addition to the two reference systems K and K', we also introduce the frame Kq in 
which the particles with the given momentum are at rest; the proper volume dV^ of the 
element occupied by the particles is defined relative to this system. The velocities of the 
systems K and K' relative to the system Kq coincide, by definition, with the velocities v 
and V which these particles have in the systems K and K\ Thus, according to (4.6), we have 

from which 

dV _ S' 

Tv' ~ ~S' 

Multiplying this equation by the equation d^pjd^p' = SjS', we find that 

dx = dx\ (10.4) 

i.e. the element of phase volume is invariant. Since the number of particles / dx is also 
invariant, by definition, we conclude that the distribution function in phase space is an 
invariant: 

/'(r', P') = /(r, p), 

where r', p' are related to r, p by the formulas for the Lorentz transformation. 


(10.5) 
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§11. Decay of particles 


Let us consider the spontaneous decay of a body of mass M into two parts with masses 
and ^ 2 - The law of conservation of energy in the decay, applied in the system of reference 
in which the body is at rest, gives.t 


M = <^,o + (?2o- (11.1) 

where <?io ^^d <? 2 o ^^e the energies of the emerging particles. Since and <^20 > '” 2 * 

the equality (11.1) can be satisned only if A/ > + 1772 , i.e. a body can disintegrate spon¬ 

taneously into parts the sum of whose masses is less than the mass of the body. On the other 
hand, if M< the body is stable (with respect to the particular decay) and does not 

decay spontaneously. To cause the decay in this case, we would have to supply to the body 
from outside an amount of energy at least equal to its “binding energy” — M)- 

Momentum as well as energy must be conserved in the decay process. Since the initial 
momentum of the body was zero, the sum of the momenta of the emerging particles must 
be zero: P 10 + P 20 = 0* Consequently p\q = p\q, or 

( 11 . 2 ) 


The two equations (11.1) and (11.2) uniquely determine the energies of the emerging 
particles : 


' 10 


+ — mf 

2M ’ 


>20 ~ 


2M 


(11.3) 


In a certain sense the inverse of this problem is the calculation of the total energy M of 
two colliding particles in the system of reference in which their total momentum is zero. 
(This is abbreviated as the “system of the center of inertia” or the “C-system”.) The com¬ 
putation of this quantity gives a criterion for the possible occurrence of various inelastic 
collision processes, accompanied by a change in state of the colliding particles, or the 
“creation” of new particles. A process of this type can occur only if the sum of the masses 
of the “reaction products” does not exceed A/. 

Suppose that in the initial reference system (the “laboratory” system) a particle with mass 
nil energy collides with a particle of mass m 2 which is at rest. The total energy of the 
two particles is 

= S' I 2 “ <^l“i"^2> 

and their total momentum is p = Pi +P 2 = Pi- Considering the two particles together as a 
single composite system, we find the velocity of its motion as a whole from (9.8): 


V=P = Pi 
S Si + m2 


(11.4) 


This quantity is the velocity of the C-system with respect to the laboratory system (the L- 
system). 

However, in determining the mass Af, there is no need to transform from one reference 


t In §§ 11-13 we set c = 1. In other words the velocity of light is taken as the unit of velocity (so that 
the dimensions of length and time become the same). This choice is a natural one in relativistic mechanics 
and greatly simplifies the writing of formulas. However, in this book (which also contains a considerable 
amount of nonrelativistic theory) we shall not usually use this system of units, and will explicitly indicate 
when we do. 

If c has been set equal to unity in formulas, it is easy to convert back to ordinary units: the velocity is 
introduced to assure correct dimensions. 
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frame to the other. Instead we can make direct use of formula (9.6), which is applicable to 
the composite system just as it is to each particle individually. We thus have 

= (<?i + m2)^ —(<^i- mi), 

from which 

= ml + ml + 2m2^i. ( 11 * 5 ) 


PROBLEMS 


1. A particle moving with velocity V dissociates “in flight” into two particles. Determine the 
relation between the angles of emergence of these particles and their energies. 

Solution: Let <^o be the energy of one of the decay particles in the C-system [i.e. <^io or <^20 in 
(11.3)], ^ the energy of this same particle in the L-system, and 0 its angle of emergence in the L- 
system (with respect to the direction of V). By using the transformation formulas we find: 


so that 


^0 


^—Vp cos 0 


cos 0 = 


VVs^-m^ 


( 1 ) 


For the determination of from cos 0 we then get the quadratic equation 

cos^ e)-2SSo\'\-V^-V^l(\- cos^" 0 = 0, (2) 

which has one positive root (if the velocity vo of the decay particle in the C-system satisfies vo > V) 
or two positive roots (if vo <V). 

The source of this ambiguity is clear from the following graphical construction. According to 
(9.15), the momentum components in the L-system are expressed in terms of quantities referring to 
the C-system by the formulas 


Eliminating we get 


Px 


Po cos eo-\-6o y 
V1-F2 


Py = Po sin Oo. 


P?-i-(pyi-y^-<^oV)^=pl 


(a) V<Vo 


(b) V>v, 




With respect to the variables py, this is the equation of an ellipse with semiaxes polV\ — po, 
whose center (the point O in Fig. 3) has been shifted a distance Sq VjVX — from the point 
p = 0 (point A in Fig. 3).t 

If V>pol^Q — To, the point A lies outside the ellipse (Fig. 3b), so that for a fixed angle 0 the 
vector p (and consequently the energy 6) can have two different values. It is also clear from the 
construction that in this case the angle d cannot exceed a definite value (corresponding to 
the position of the vector p in which it is tangent to the ellipse). The value of ^max is most easily 


t In the classical limit, the ellipse reduces to a circie. (See Mechanics, § 16.) 
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determined analytically from the condition that the discriminant of the quadratic equation (2) 
go to zero: 

sin Qtaw /mK 

2. Find the energy distribution of the decay particles in the L-system. 

Solution: In the C-syslem the decay particles are distributed isotropically in direction, i.e. the 
number of particles within the clement of solid angle doo -■= In sin ^od^o is 

dN^^l-doo = \\dco%eo\. ( 1 ) 

The energy in the L-system is given in terms of quantities referring to the C-system by 

jp ^o“r/?o y cos 6o 


and runs through the range of values from 

^0 “ ypo 


Vpo 


Expressing ^|cos 9o\ in terms of we obtain the normalized energy distribution (for each of the 
two types of decay particles): 

rfAf=r 4 - Vl-KW. 
lypo 

3. Detern\ine the range of values in the L-system for the angle between the two decay particles 
(their separation angle) for the case of decay into two identical particles. 

Solution: In the C-system, the particles fly off in opposite directions, so that ^lo = ;r —^20 = Oq. 
According to (5.4), the connection between angles in the C- and L-systems is given by the formulas: 

^ t;ocos^o+l^ ^ -voQOs6o-\-V 

cot ^1 = - . . cot 62 — - 7- - ' ■' 


Vo sin GqV\ — Vo sin OqV 1 — 

(since V 10 — V 20 — V 0 in the present case). The required separation angle is © = 0i-f02, and a 
simple calculation gives: 

^ ^ y^-vi-^y^visin^eo 


2Ki;oV l-F^sin Oo 

An examination of the extreme for this expression gives the following ranges of possible values of 

0 : 

for y < Vo'. 2 tan’ ^ Vl — < 0 < tt; 


for Vo < y < - =: 0 < 0 < sin ■ ^ 


j\-y- 
V •-‘^0 ^2’ 


O<0 <2tan-‘ (I <r. 


4. Find the angular distribution in the L-system for decay particles of zero mass. 

Solution: According to (5.6) the connection between the angles of emergence in the C- and 
L-systems for particles with m = 0 is 

COS0—F 


cos do = 


1 — y cos 0’ 


Substituting this expression in formula (1) of Problem 2, we find: 

{\-V^)do 
47r(l-^'COS Of 



34 


RELATIVISTIC MECHANICS 


§ 12 


5. Find the distribution of separation angles in the L-system for a decay into two particles of 
zero mass. 

Solution: The relation between the angles of emergence, Oi, O 2 in the L-system and the angles 
^10 = Oq, 620 = 71 — 60 in the C-system is given by (5.6), so that we have for the separation angle 
0 = + ^2 • 


^ IV^-l-V^cos^ Oo 
cos 0 = - - 


and conversely. 


cos 




.!0 

2- 


Substituting this expression in formula (1) of problem 2, we find: 

1 - do 


dN = 


X^TiV sin^ 

2 \ 

The angle 0 takes on values from n to = 2cos"' K. 




V^ — cosr ^ 
2 


6 . Determine the maximum energy which can be carried off by one of the decay particles, when 
a particle of mass M at rest decays into three particles with masses /??i, /?? 2 , and 
Solution: The particle mi has its maximum energy if the system of the other two particles m 2 and 
/ 7?3 has the least possible mass; the latter is equal to the sum W 2 +W 3 (and corresponds to the case 
where the two particles move together with the same velocity). Having thus reduced the problem 
to the decay of a body into two parts, we obtain from (11.3): 

_M^^m\—{m2±m^ 


§ 12. Invariant cross-section 

Collision processes are characterized by their invariant cross-sections, which determine 
the number of collisions (of the particular type) occurring between beams of colliding 
particles. 

Suppose that we have two colliding beams; we denote by n^ and n 2 the particle densities 
in them (i.e. the numbers of particles per unit volume) and by Vj and V 2 the velocities of the 
particles. In the reference system in which particle 2 is at rest (or, as one says, in the rest 
frame of particle 2), we are dealing with the collision of the beam of particles 1 with a stationary 
target. Then according to the usual definition of the cross-section a, the number ofcollisions 
occurring in volume dV in time dt is 

dv = GVj^ininidVdt, 

where is the velocity of particle 1 in the rest system of particle 2 (which is just the definition 
of the relative velocity of two particles in relativistic mechanics). 

The number dv is by its very nature an invariant quantity. Let us try to express it in a form 
which is applicable in any reference system: 

d\ = An^ n2dVdt, (12.1) 

where ^ is a number to be determined, for which we know that its value in the rest frame of 
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one of the particles is cr. We shall always mean by c precisely the cross-section in the 
rest frame of one of the particles, i.e. by definition, an invariant quantity. From its definition, 
the relative velocity is also invariant. 

In the expression (12.1) the product dVdt is an invariant. Therefore the product Anin 2 
must also be an invariant. 

The law of transformation of the particle density n is easily found by noting that the 
number of particles in a given volume element dV, ndV, is invariant. Writing ndV = n^dVo 
(the index 0 refers to the rest frame of the particles) and using formula (4.6) for the trans¬ 
formation of the volume, we find: 


n 


no 

y/l-V^ 


( 12 . 2 ) 


or n = riQ Sjmy where S is the energy and m the mass of the particles. 

Thus the statement that An^ rii is invariant is equivalent to the invariance of the expression 
AS I Si- This condition is more conveniently represented in the form 


A^, = A 
PuPi 


S iS 2 


\ ^Si —Pi Vi 


= mv, 


(12.3) 


where the denominator is an invariant—the product of the four-momenta of the two 
particles. 

In the rest frame of particle 2, we have = "* 2 * P 2 = 0, so that the invariant quantity 
(12.3) reduces to y4. On the other hand, in this frame A — ar„j. Thus in an arbitrary reference 
system, 




<fv„i 


PuPi 
j ^ 2 


( 12 . 4 ) 


To give this expression its final form, we express in terms of the momenta or velocities 
of the particles in an arbitrary reference frame. To do this we note that in the rest frame of 
particle 2, 


PuPi = 


Vl-u?,i 


m 2 . 


Then 


Vrtl = 


/, rnjml 

V (PuPir 


(12.5) 


Expressing the quantity PuPl = ^i<? 2 “Pi ■P 2 terms of the velocities Vj and V 2 by using 
formulas (9.1) and (9.4): 


PllP2 = "»l"»2 


l-vrY2 

V(l-t>J)(l-i>2)’ 


and substituting in (12.5), after some simple transformations we get the following expression 
for the relative velocity: 


t^rel = 


V(Vl-'y2)^-(VlXV2)^ 

1-V, V2 


( 12 . 6 ) 


(we note that this expression is symmetric in Vj and V 2 , i.e. the magnitude of the relative 
velocity is independent of the choice of particle used in defining it). 
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Substituting (12.5) or (12.6) in (12.4) and then in (12.1), we get the final formulas for 
solving our problem: 


dv = 




tiitiidVdi 


(12.7) 


or 

dv = (7 n/(Vi-V2)^-(Vi X¥ 2 )^ n^n2dVdt (12.8) 

(W. Pauli, 1933). 

If the velocities and V 2 are collinear, then Vj x V 2 = 0, so that formula (12.8) takes the 
form: 


dv = (r|vi—V2|nin2(iKdt. 


(12.9) 


PROBLEM 


Find the “element of length” in relativistic “velocity space”. 

Solution: The required line element d/„ is the relative velocity of two points with velocities v and 
v+dv. We therefore find from (12.6) 




dv^ 

(1 -t;2)2 1 




where 9, ^ zre the polar angle and azimuth of the direction of v. If in place of v we introduce the 
new variable x through the equation v = tanh x> the line element is expressed as: 

dll “ djc^+sinh^ xidO^+sin^ 6-d<^^). 

From the geometrical point of view this is the line element in three-dimensional Lobachevskii 
space—the space of constant negative curvature (see (111.12)). 


§ 13. Elastic collisions of particles 

Let us consider, from the point of view of relativistic mechanics, the elastic collision of 
particles. We denote the momenta and energies of the two colliding particles (with masses 
mj and m 2 ) by pi, and P 2 , ^ 2 ) we use primes for the corresponding quantities after 
collision. The laws of conservation of momentum and energy in the collision can be written 
together as the equation for conservation of the four-momentum: 

W+P2 = Pi + Py- (13.1) 

From this four-vector equation we construct invariant relations which will be helpful in 
further computations. To do this we rewrite (13.1) in the form: 

Pi -• Pi- 

and square both sides (i.e. we write the scalar product of each side with itself). Noting that 
the squares of the four-momenta p/ and p'l are equal to m], and the squares of pj and p'j 
are equal to mf, we get: 

m\+PuP2-PuPi-P2iP'i = 0. (13.2) 

Similarly, squaring the equation pl-^pl — pi = Pu 8®^* 

ml+PuPi-piP2-PuP2 = 0. 


(13.3) 
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Let us consider the collision in a reference system (the L-system) in which one of the 
particles {m 2 ) was at rest before the collision. Then p, = 0, <f 2 = and the scalar products 
appearing in (13.2) are; 

PuPi = 

PiiP'l = n\2S\, (13.4) 

PiiPi=^i<^'i-V\'P'i =^i^\-PiP\ cos 01 , 


where 0i is the angle of scattering of the incident particle m,. Substituting these expressions 
in (13.2) we get: 

cos 9, . „3.5) 


PlPl 


Similarly, we find from (13.3): 


cos = 


(^ 1 +^2X^2-^2) 
P 1 P 2 


(13.6) 


where O 2 is the angle between the transferred momentum p 2 and the momentum of the 
incident particle pj. 

The formulas (13.5-6) relate the angles of scattering of the two particles in the L-system 
to the changes in their energy in the collision. Inverting these formulas, we can express the 
energies 82 in terms of the angles 61 or 62 . Thus, substituting in (13.6) — m], 

P'l = squaring both sides, we find after a simple computation: 

((?i -hm 2 )^ + (^i-m?) cos^ 62 


= nu 


^ + ^ 2 )^ ——mj) cos^ 02* 


(13.7) 


Inversion of formula (13.5) leads in the general case to a very complicated formula for S\ 
in terms of 0 ^. 

We note that if > m 2 , i.e. if the incident particle is heavier than the target particle, the 
scattering angle 0^ cannot exceed a certain maximum value. It is easy to find by elementary 
computations that this value is given by the equation 


sin 0, „„ = (13.8) 

w, 

which coincides with the familiar classical result. 

Formulas (13.5-6) simplify in the case when the incident particle has zero mass: = 0, 

and correspondingly = (f j, pj = <^\. For this case let us write the formula for the energy 
of the incident particle after the collision, expressed in terms of its angle of deflection: 


=- — -. (13.9) 

1 — cos 0| + ^ 

^1 

Let us now turn once again to the general case of collision of particles of arbitrary mass. 
The collision is most simply treated in the C-system. Designating quantities in this system 
by the additional subscript 0, we have p,o = ~P 2 o= Po- From the conservation of momen¬ 
tum, during the collision the momenta of the two particles merely rotate, remaining equal in 
magnitude and opposite in direction. From the conservation of energy, the value of each of 
the momenta remains unchanged. 
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Let X be the angle of scattering in the C-system—the angle through wliich the momenta 
Pio and P 20 are rotated by the collision. This quantity completely determines the scattering 
process in the C-system, and therefore also in any other reference system. It is also con¬ 
venient in describing the collision in the L-system and serves as the single parameter which 
remains undetermined after the conservation of momentum and energy are applied. 

We express the final energies of the two particles in the L-system in terms of this para¬ 
meter. To do this we return to (13.2), but this time write out the product PuPi in the C- 
system: 

PuPi = <?io«^io-Pio -Pio = ^?o-Po cos X = Po(l-cos x) + m? 

(in the C-system the energies of the particles do not change in the collision: <^\q = S'^q). 
We write out the other two products in the L-system, i.e. we use (13.4). As a result we get: 

— = — (pj/m 2 )(l —cos x)* We must still express pi in terms of quantities referring to 

the L-system. This is easily done by equating the values of the invariant puPi in the L- and 
C-systems: 

^10^20 “Pi 0 ‘ P20 = ni2» 


!{pi + m\){pl + ml) = , m2 - pI. 


Solving the equation for pi, we get: 


Thus, we finally have: 


m\{S\-m\) 
mj+ m2 + 2m2<fi* 




(13.10) 


(13.11) 


(1-cos x). 


The energy of the second particle is obtained from the conservation law: + njj = <?i + ^2 • 

Therefore 

The second terms in these formulas represent the energy lost by the first particle and trans¬ 
ferred to the second particle. The maximum energy transfer occurs for x = ^od is equal to 

^2n.„-m2 - <?,-<?, „i„ - + + ^ ^ ^ 

The ratio of the minimum kinetic energy of the incident particle after collision to its 
initial energy is: 

Si—nil m\ + ml + 2m2Si 

In the limiting case of low velocities (when S w m+mv^jl), this relation tends to a constant 
limit, equal to 


•m. = 0 , —« 


(13.12) 


(13.13) 


(13.14) 


/ wi-m2 y 
\mi-|-m2/ ■ 


In the opposite limit of large energies relation (13.14) tends to zero; the quantity S'l „j„ 
tends to a constant limit. This limit is 
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Let us assume that m 2 > i.e. the mass of the incident particle is small compared to 
the mass of the particle at rest. According to classical mechanics the light particle could 
transfer only a negligible part of its energy (see Mechanics, § 17). This is not the case in 
relativistic mechanics. From formula (13.14) we see that for sufficiently large energies Si 
the fraction of the energy transferred can reach the order of unity. For this it is not sufficient 
that the velocity of be of order 1, but one must have Si ^ m 2 , i.e. the light particle must 
have an energy of the order of the rest energy of the heavy particle. 

A similar situation occurs for m 2 < nii, i.e. when a heavy particle is incident on a light 
one. Flere too, according to classical mechanics, the energy transfer would be insignificant. 
The fraction of the energy transferred begins to be significant only for energies Si ^ ml/m 2 . 
We note that we are not talking simply of velocities of the order of the light velocity, but 
of energies large compared to nii, i.e. we are dealing with the ultrarelativistic case. 


PROBLEMS 

1. The triangle ABC in Fig. 4 is formed by the momentum vector p of the impinging particle 
and the momenta p'l, p '2 of the two particles after the collision. Find the locus of the points C 
corresponding to all possible values of p'l, p'2- 

Solution: The required curve is an ellipse whose semiaxes can be found by using the formulas 
obtained in problem 1 of § 11. In fact, the construction given there determined the locus of the 
vectors p in the L-system which are obtained from arbitrarily directed vectors Po with given length 
Po in the C-system. 




Since the absolute values of the momenta of the colliding particles are identical in the C-system. 
and do not change in the collision, we are dealing with a similar construction for the vector p'l, for 
which 


Po = Pio — P 20 — 


m^y 

Vl-F^ 


in the C-system where V is the velocity of particle in the C-system, coincides in magnitude with 
the velocity of the center of inertia, and is equal to pi/(<^i -I-W 2 ) (see (11.4)). As a result we find 
that the minor and major semiaxes of the ellipse are 

n W2P1 Po _ W2Pi(<^i + W2) 

(the first of these is, of course, the same as (13.10)). 

For 61 = 0, the vector p'l coincides with Pi, so that the distance AB is equal to pi. Comparing pi 
with the length of the major axis of the ellipse, it is easily shown that the point A lies outside the 
ellipse if nii > m 2 (Fig. 4a), and inside it if nii < m 2 (Fig. 4b). 

2. Determine the minimum separation angle ©mm of two particles after collision if the masses 
of the two particles are the same (jmi = m 2 = m). 

Solution: If mi — m2, the point A of the diagram lies on the ellipse, while the minimum separation 
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angle corresponds to the situation where point C is at the end of the minor axis (Fig. 5). From the 
construction it is clear that tan (0min/2) is the ratio of the lengths of the semiaxes, and we find: 


or 




cos 0„,„ = 


^i—m 
& 1 



Fig. 5 . 


3. For the collision of two particles of equal mass m, express <f'i, x in terms of the angle 0^ 
of scattering in the L-system. 

Solution: Inversion of formula (13.5) in this case gives: 

S' (^^4-w)-f(c^i~/y7) cos^ ^ 0 i 

' («^i+m)—(<^’i—/;i)cos^ ^ 2//2-f(«?i—m) sin^ ^1* 

Comparing with the expression for S\ in terms of 

S\ - Sx -^(l-cos x\ 

we find the angle of scattering in the C-system: 

Im — (^, -f 3w) sin^ 0, 

cos y --. 

2m + (<f, — m)sin^ 0, 


§ 14. Angular momentum 

As is well known from classical mechanics, for a closed system, in addition to conserva¬ 
tion of energy and momentum, there is conservation of angular momentum, that is, of the 
vector 

M = ^ rxp 

where r and p are the radius vector and momentum of the particle; the summation runs over 
all the particles making up the system. The conservation of angular momentum is a con¬ 
sequence of the fact that because of the isotropy of space, the Lagrangian of a closed system 
does not change under a rotation of the system as a whole. 

By carrying through a similar derivation in four-dimensional form, we obtain the 
relativistic expression for the angular momentum. Let x' be the coordinates of one of the 
particles of the system. We make an infinitesimal rotation in the four-dimensional space. 
Under such a transformation, the coordinates x' take on new values x" such that the 
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differences — are linear functions 

= x^dQ'^ (14.1) 

with infinitesimal coefficients The components of the four-tensor are connected 
to one another by the relations resulting from the requirement that, under a rotation, the 
length of the radius vector must remain unchanged, that is. = x,x‘. Substituting for 
x" from (14.1) and dropping terms quadratic in as infinitesimals of higher order, we 
find 

x'x^SQi^ = 0 . 

This equation must be fulfilled for arbitrary x'. Since x'x^ is a symmetric tensor, must 
be an antisymmetric tensor (the product of a symmetrical and an antisymmetrical tensor is 
clearly identically zero). Thus we find that 

-SCI,,. (14.2) 

The change in the action for an infinitesimal change of coordinates of the initial point a 
and the final point b of the trajectory has the form (see 9.11): 

SS = -'Zp‘Sx,\t 

(the summation extends over all the particles of the system). In the case of rotation which 
we are now considering, ^x, = SCl„x^, and so 

dS=-5Cl„Y.P'x^\l 

If we resolve the tensor S/?‘x^ into symmetric and antisymmetric parts, then the first of 
these when multiplied by an antisymmetric tensor gives identically zero. Therefore, taking 
the antisymmetric part of Xp'x^, we can write the preceding equality in the form 

<55 = (14.3) 

For a closed system the action, being an invariant, is not changed by a rotation in 4-space. 
This means that the coefficients of <50^^^ iti (14.3) must vanish: 

-p'"x% = 'Z(p‘x'‘-p'’x‘X. 

Consequently we see that for a closed system the tensor 

= X (x'/7^ — xV') (14.4) 

This antisymmetric tensor is called the four-tensor of angular momentum. The space 
components of this tensor are the components of the three-dimensional angular momentum 
vector M = Zr X p: 

The components form a vector I(/p —(^r/c^). Thus, we can write the 

components of the tensor in the form: 

= (14.5) 

(Compare (6.10).) 

Because of the conservation of Mfor a closed system, we have, in particular. 
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Since, on the other hand, the total energy is also conserved, this equality can be written 
in the form 






= const. 


(Quantities referring to different particles are taken at the same time t). 
From this we see that the point with the radius vector 


moves uniformly with the velocity 



- 


(14.6) 

(14.7) 


which is none other than the velocity of motion of the system as a whole. [It relates the total 
energy and momentum, according to formula (9.8).] Formula (14.6) gives the relativistic 
definition of the coordinates of the center of inertia of the system. If the velocities of all the 
particles are small compared to c, we can approximately set S « mc^ so that (14.6) goes 
over into the usual classical expression 


R = 


I'” 


We note that the components of the vector (14.6) do not constitute the space components 
of any four-vector, and therefore under a transformation of reference frame they do not 
transform like the coordinates of a point. Thus we get different points for the center of 
inertia of a given system with respect to different reference frames. 


PROBLEM 

Find the connection between the angular momentum M of a body (system of particles) in the 
reference frame K in which the body moves with velocity V, and its angular momentum in 
the frame Kq in which the body is at rest as a whole; in both cases the angular momentum is defined 
with respect to the same point—the center of inertia of the body in the system Kq,X 
Solution: The Ko system moves relative to the K system with velocity V; we choose its direction 
for the X axis. The components of that we want transform according to the formulas (see 
problem 2 in § 6): 


J^W02 ^( 0)13 1 ^( 0)03 



Since the origin of coordinates was chosen at the center of inertia of the body (in the system), 
in that system l<fr = 0, and since in that system lp = 0, = 0. Using the con¬ 

nection between the components of and the vector M, we find for the latter: 



t We note that whereas the classical formula for the center of inertia applies equally well to interacting 
and non-interacting particles, formula (14.6) is valid only if we neglect interaction. In relativistic mechanics, 
the definition of the center of inertia of a system of interacting particles requires us to include explicitly the 
momentum and energy of the field produced by the particles. 

t We remind the reader that although in the system Kq (in which Lp = 0) the angular momentum is 
independent of the choice of the point with respect to which it is defined, in the K system (in which Zp 7 ^ 0) 
the angular momentum does depend on this choice (see Mechanics, § 9). 
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§ 15. Elementary particles in the theory of relativity 

The interaction of particles can be described with the help of the concept of o, field of force. 
Namely, instead of saying that one particle acts on another, we may say that the particle 
creates a field around itself; a certain force then acts on every other particle located in this 
field. In classical mechanics, the field is merely a mode of description of the physical 
phenomenon—the interaction of particles. In the theory of relativity, because of the finite 
velocity of propagation of interactions, the situation is changed fundamentally. The forces 
acting on a particle at a given moment are not determined by the positions at that same 
moment. A change in the position of one of the particles influences other particles only 
after the lapse of a certain time interval. This means that the field itself acquires physical 
reality. We cannot speak of a direct interaction of particles located at a distance from one 
another. Interactions can occur at any one moment only between neighboring points in 
space (contact interaction). Therefore we must speak of the interaction of the one particle 
with the field, and of the subsequent interaction of the field with the second particle. 

We shall consider two types of fields, gravitational and electromagnetic. The study of 
gravitational fields is left to Chapters 10 to 14 and in the other chapters we consider only 
electromagnetic fields. 

Before considering the interactions of particles with the electromagnetic field, we shall 
make some remarks concerning the concept of a “particle” in relativistic mechanics. 

In classical mechanics one can introduce the concept of a rigid body, i.e., a body which is 
not deformable under any conditions. In the theory of relativity it should follow similarly 
that we would consider as rigid those bodies whose dimensions all remain unchanged in the 
reference system in which they are at rest. However, it is easy to see that the theory of 
relativity makes the existence of rigid bodies impossible in general. 

Consider, for example, a circular disk rotating around its axis, and let us assume that it is 
rigid. A reference frame fixed in the disk is clearly not inertial. It is possible, however, to 
introduce for each of the infinitesimal elements of the disk an inertial system in which this 
element would be at rest at the moment; for different elements of the disk, having different 
velocities, these systems will, of course, also be different. Let us consider a series of line 
elements, lying along a particular radius vector. Because of the rigidity of the disk, the 
length of each of these segments (in the corresponding inertial system of reference) will be 
the same as it was when the disk was at rest. This same length would be measured by an 
observer at rest, past whom this radius swings at the given moment, since each of its seg¬ 
ments is perpendicular to its velocity and consequently a Lorentz contraction does not 
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occur. Therefore the total length of the radius as measured by the observer at rest, being the 
sum of its segments, will be the same as when the disk was at rest. On the other hand, the 
length of each element of the circumference of the disk, passing by the observer at rest at a 
given moment, undergoes a Lorentz contraction, so that the length of the whole circum¬ 
ference (measured by the observer at rest as the sum of the lengths of its various segments) 
turns put to be smaller than the length of the circumference of the disk at rest. Thus we 
arrive at the result that due to the rotation of the disk, the ratio of circumference to radius 
(as measured by an observer at rest) must change, and not remain equal to 2n. The absurdity 
of this result shows that actually the disk cannot be rigid, and that in rotation it must 
necessarily undergo some complex deformation depending on the elastic properties of the 
material of the disk. 

The impossibility of the existence of rigid bodies can be demonstrated in another way. 
Suppose some solid body is set in motion by an external force acting at one of its points. If 
the body were rigid, all of its points would have to be set in motion at the same time as the 
point to which the force is applied; if this were not so the body would be deformed. How¬ 
ever, the theory of relativity makes this impossible, since the force at the particular point is 
transmitted to the others with a finite velocity, so that all the points cannot begin moving 
simultaneously. 

From this discussion we can draw certain conclusions concerning the treatment of 
""elementary particles, i.e., particles whose state we assume to be described completely by 
giving its three coordinates and the three components of its velocity as a whole. It is obvious 
that if an elementary particle had finite dimensions, i.e. if it were extended in space, it could 
not be deformable, since the concept of deformability is related to the possibility of in¬ 
dependent motion of individual parts of the body. But, as we have seen, the theory of 
relativity shows that it is impossible for absolutely rigid bodies to exist. 

Thus we come to the conclusion that in classical (non-quantum) relativistic mechanics, 
we cannot ascribe finite dimensions to particles which we regard as elementary. In other 
words, within the framework of classical theory elementary particles must be treated as 
points.f 


§ 16. Four-potential of a field 

For a particle moving in a given electromagnetic field, the action is made up of two parts: 
the action (8.1) for the free particle, and a term describing the interaction ofthe particle with 
the field. The latter term must contain quantities characterizing the particle and quantities 
characterizing the field. 

It turns outj that the properties of a particle with respect to interaction with the electro¬ 
magnetic field are determined by a single parameter—the charge e of the particle, which can 
be either positive or negative (or equal to zero). The properties of the field are characterized 

t Quantum mechanics makes a fundamental change in this situation, but here again relativity theory 
makes it extremely difficult to introduce anything other than point interactions. 

t The assertions which follow should be regarded as being, to a certain extent, the consequence of experi¬ 
mental data. The form of the action for a particle in an electromagnetic field cannot be fixed on the basis of 
general considerations alone (such as, for example, the requirement of relativistic invariance). The latter 
would permit the occurrence in formula (16.1) of terms of the form / A ds, where /4 is a scalar function. 

To avoid any misunderstanding, we repeat that we are considering classical (and not quantum) theory, and 
therefore do not include effects which are related to the spins of particles. 



FOUR-POTENTIAL OF A FIELD 


by a four-vector i\\t four-potential, whose components are functions of the coordinates 
and time. These quantities appear in the action function in the term 




where the functions are taken at points on the world line of the particle. The factor 1/c 
has been introduced for convenience. It should be pointed out that, so long as we have no 
formulas relating the charge or the potentials with already known quantities, the units for 
measuring these new quantities can be chosen arbitrarily.t 
Thus the action function for a charge in an electromagnetic field has the form 


u 

-/(- 


mods - Aidx' 

c 


The three space components of the four-vector A' form a three-dimensional vector A 
called the vector potential of the field. The time component is called the scalar potential', we 
denote it by A^ = cf). Thus 

A* = {(f). A). (16.2) 

Therefore the action integral can be written in the form 


- meds A-- A'dr — e(j)dt 
c 


Introducing dxldt = v, and changing to an integration over t. 


S = I —me 




The integrand is just the Lagrangian for a charge in an electromagnetic field: 


L = — me' 




- A -y — eef). 


This function differs from the Lagrangian for a free particle (8.2) by the terms (e/c) A • v — 
which describe the interaction of the charge with the field. 

The derivative dLfds is the generalized momentum of the particle; we denote it by P. 
Carrying out the differentiation, we find 


/ ^ 
V ' 


^ A ^ A 

+ -A = ph- - A. 
c c 


Here we have denoted by p the ordinary momentum of the particle, which we shall refer to 
simply as its momentum. 

From the Lagrangian we can find the Hamiltonian function for a particle in a field from 
the general formula 

cL , 
yr = v—-L. 
oy 


t Concerning the establishment of these units, see § 27. 
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Substituting (16.4), we get 



§ 17 
(16.6) 


However, the Hamiltonian must be expressed not in terms of the velocity, but rather in terms 
of the generalized momentum of the particle. 

From (16.5) and (16.6) it is clear that the relation between ^ — and P—(e/c)A is the 
same as the relation between and p in the absence of the field, i.e. 


or else 




(16.7) 


(16.8) 


For low velocities, i.e. for classical mechanics, the Lagrangian (16.4) goes over into 


In this approximation 




A-V —e(/). 


p = mv 



(16.9) 


and we find the following expression for the Hamiltonian: 



(16.10) 


Finally we write the Hamilton-Jacobi equation for a particle in an electromagnetic field. 
It is obtained by replacing, in the equation for the Hamiltonian, P by 35/3r, and ^ by 
— {dS/dt). Thus we get from (16.7) 

+ =0. (16.11) 


§ 17. Equations of motion of a charge in a field 

A charge located in a field not only is subjected to a force exerted by the field, but also in 
turn acts on the field, changing it. However, if the charge e is not large, the action of the 
charge on the field can be neglected. In this case, when considering the motion of the charge 
in a given field, we may assume that the field itself does not depend on the coordinates or the 
velocity of the charge. The precise conditions which the charge must fulfil in order to be 
considered as small in the present sense, will be clarified later on (see § 75). In what follows 
we shall assume that this condition is fulfilled. 

So we must find the equations of motion of a charge in a given electromagnetic field. 
These equations are obtained by varying the action, i.e. they are given by the Lagrange 



§ 17 

equations 
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dt\dy) 8 t' 


(17.1) 


where L is given by formula (16.4). 

The derivative BL/dy is the generalized momentum of the particle (16.5). Further, we 
write 


BL e 

— = VL = - grad A*v —egrad 0. 
dr c 


But from a formula of vector analysis. 

grad (a*b) = (a* V)b + (b-V)a + bxcurl a + axcurl b, 

where a and b are two arbitrary vectors. Applying this formula to A • v, and remembering 
that differentiation with respect to r is carried out for constant v, we find 

BL e e 

— = - (v • V)A + * V X curl A — e grad 6. 

Br c c 


So the Lagrange equation has the form: 

d / e \ e e 

— p+-A) = -(v V)A + - V X curl A — e grad (/>. 
dt \ c J c c 

But the total differential {dAldt)dt consists of two parts: the change {BAIBt)dt of the vector 
potential with time at a fixed point in space, and the change due to motion from one point 
in space to another at distance dr. This second part is equal to (A* V)A. Thus 


dA 

dt 


= f+(vV)A. 


Substituting this in the previous equation, we find 

dp e BA , , ^ ^ 

=---^ grad </) 4- - V X curl A. (17.2) 

dt c ct c 

This is the equation of motion of a particle in an electromagnetic field. On the left side 
stands the derivative of the particle’s momentum with respect to the time. Therefore the 
expression on the right of (17.2) is the force exerted on the charge in an electromagnetic 
field. We see that this force consists of two parts. The first part (first and second terms on the 
right side of 17.2) does not depend on the velocity of the particle. The second part (third 
term) depends on the velocity, being proportional to the velocity and perpendicular to it. 

The force of the first type, per unit charge, is called the electric field intensity; we denote 
it by E. So by definition, 

E = — - ^ —grad 0. (17.3) 

c dt 

The factor of v/c in the force of the second type, per unit charge, is called the magnetic 
field intensity. We designate it by H. So by definition, 

H = curl A. (17.4) 

If in an electromagnetic field, E 7 ^ 0 but H = 0, then we speak of an electric field; if 
E = 0 but H 9 ^ 0, then the field is said to be magnetic. In general, the electromagnetic field is 
a superposition of electric and magnetic fields. 

We note that E is a polar vector while H is an axial vector. 
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The equation of motion of a charge in an electromagnetic field can now be written as 

^=eE + %xH. (17.5) 

dt c 

The expression on the right is called the Lorentz force. The first term (the force which the 
electric field exerts on the charge) does not depend on the velocity of the charge, and is 
along the direction of E. The second part (the force exerted by the magnetic field on the 
charge) is proportional to the velocity of the charge and is directed perpendicular to the 
velocity and to the magnetic field H. 

For velocities small compared with the velocity of light, the momentum p is approximately 
equal to its classical expression my, and the equation of motion (17.5) becomes 

m ^ = eE-h %xH, (17.6) 

dt c 

Next we derive the equation for the rate of change of the kinetic energy of the particlet 
with time, i.e. the derivative 



It is easy to check that 

in ^ ^ 

dt df 

Substituting dpjdt from (17.5) and noting that v x H • v = 0, we have 

= eE-v. (17.7) 

dt 

The rate of change of the kinetic energy is the work done by the field on the particle per 
unit time. From (17.7) we see that this work is equal to the product of the velocity by the 
force which the electric field exerts on the charge. The work done by the field during a time 
dt, i.e. during a displacement of the charge by dt, is clearly equal to eE dr. 

We emphasize the fact that work is done on the charge only by the electric field; the mag¬ 
netic field does no work on a charge moving in it. This is connected with the fact that the 
force which the magnetic field exerts on a charge is always perpendicular to the velocity of 
the charge. 

The equations of mechanics are invariant with respect to a change in sign of the time, that 
is, with respect to interchange of future and past. In other words, in mechanics the two time 
directions are equivalent. This means that if a certain motion is possible according to the 
equations of mechanics, then the reverse motion is also possible, in which the system passes 
through the same states in reverse order. 

It is easy to see that this is also valid for the electromagnetic field in the theory of relativity. 
In this case, however, in addition to changing t into — /, we must reverse the sign of the mag¬ 
netic field. In fact it is easy to see that the equations of motion (17.5) are not altered if we 
make the changes 

E-^E, (17.8) 


t By “kinetic” we mean the energy (9.4), which includes the rest energy. 
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According to (17.3) and (17.4), this does not change the scalar potential, while the vector 
potential changes sign : 

0-^0, A —A, (17.9) 

Thus, if a certain motion is possible in an electromagnetic field, then the reversed motion 
is possible in a field in which the direction of H is reversed. 


PROBLEM 


Express the acceleration of a particle in terms of its velocity and the electric and magnetic field 
intensities. 

Solution: Substitute in the equation of motion (17.5) p = v^Kin/c^, and take the expression for 
from (17.7). As a result, we get 


V 





§ 18. Gauge invariance 

Let us consider to what extent the potentials are uniquely determined. First of all we call 
attention to the fact that the field is characterized by the effect which it produces on the 
motion of a charge located in it. But in the equation of motion (17.5) there appear not the 
potentials, but the field intensities E and H. Therefore two fields are physically identical if 
they are characterized by the same vectors E and H. 

If we are given potentials A and (f), then these uniquely determine (according to (17.3) and 
(17.4)) the fields E and H. However, to one and the same field there can correspond different 
potentials. To show this, let us add to each component of the potential the quantity —dfjdx^, 
where /is an arbitrary function of the coordinates and the time. Then the potential goes 
over into 

(18.1) 

As a result of this change there appears in the action integral (16.1) the additional term 



which is a total differential and has no effect on the equations of motion. (See Mechanics, 

§ 2 .) 

If in place of the four-potential we introduce the scalar and vector potentials, and in place 
of x', the coordinates ct, x, y, z, then the four equations (18.1) can be written in the form 

1 M 

A' = A + grad/, (18.3) 

c ct 

It is easy to check that electric and magnetic fields determined from equations (17.3) and 
(17.4) actually do not change upon replacement of A and (j) by A' and (f)\ defined by (18.3). 
Thus the transformation of potentials (18.1) does not change the fields. The potentials are 
therefore not uniquely defined; the vector potential is determined to within the gradient of 
an arbitrary function, and the scalar potential to within the time derivative of the same 
function. 
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In particular, we see that we can add an arbitrary constant vector to the vector potential, 
and an arbitrary constant to the scalar potential. This is also clear directly from the fact that 
the definitions of E and H contain only derivatives of A and (/>, and therefore the addition of 
constants to the latter does not affect the field intensities. 

Only those quantities have physical meaning which are invariant with respect to the trans¬ 
formation (18.3) of the potentials; in particular all equations must be invariant under this 
transformation. This invariance is called gauge invariance (in German, eicliinvarianz)/]' 

This nonuniqueness of the potentials gives us the possibility of choosing them so that they 
fulfill one auxiliary condition chosen by us. We emphasize that we can set one condition, 
since we may choose the function/in (18.3) arbitrarily. In particular, it is always possible to 
choose the potentials so that the scalar potential (j) is zero. If the vector potential is not zero, 
then it is not generally possible to make it zero, since the condition A = 0 represents three 
auxiliary conditions (for the three components of A). 


§ 19. Constant electromagnetic field 

By a constant electromagnetic field we mean a field which does not depend on the time. 
Clearly the potentials of a constant field can be chosen so that they are functions only of the 
coordinates and not of the time. A constant magnetic field is equal, as before, to H = curl A. 
A constant electric field is equal to 

E= ~grad(?i. (19.1) 

Thus a constant electric field is determined only by the scalar potential and a constant 
magnetic field only by the vector potential. 

We saw in the preceding section that the potentials are not uniquely determined. However, 
it is easy to convince oneself that if we describe the constant electromagnetic field in terms of 
potentials which do not depend on the time, then we can add to the scalar potential, without 
changing the fields, only an arbitrary constant (not depending on either the coordinates or 
the time). Usually (j) is subjected to the additional requirement that it have a definite value 
at some particular point in space; most frequently 0 is chosen to be zero at infinity. Thus the 
arbitrary constant previously mentioned is determined, and the scalar potential of the con¬ 
stant field is thus determined uniquely. 

On the other hand, just as before, the vector potential is not uniquely determined even 
for the constant electromagnetic field; namely, we can add to it the gradient of an arbitrary 
function of the coordinates. 

We now determine the energy of a charge in a constant electromagnetic field. If the field 
is constant, then the Lagrangian for the charge also does not depend explicitly on the time. 
As we know, in this case the energy is conserved and coincides with the Hamiltonian. 

According to (16.6), we have 



t We emphasize that this is related to the assumed constancy of e in (18.2). Thus the gauge invariance of 
the equations of electrodynamics (see below) and the conservation of charge are closely related to one 
another. 
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§ 19 

Thus the presence of the field adds to the energy of the particle the term ecf), the potential 
energy of the charge in the field. We note the important fact that the energy depends only on 
the scalar and not on the vector potential. This means that the magnetic field does not affect 
the energy of the charge. Only the electric field can change the energy of the particle. This is 
related to the fact that the magnetic field, unlike the electric field, does no work on the charge. 

If the field intensities are the same at all points in space, then the field is said to be uniform. 
The scalar potential of a uniform electric field can be expressed in terms of the field intensity 
as 

(I) = -Et. (19.3) 

In fact, since E = const, V(E • r) = (E • V)r = E. 

The vector potential of a uniform magnetic field can be expressed in terms of its field 
intensity as 

A = iHxr. (19.4) 

In fact, recalling that H = const, we obtain with the aid of well-known formulas of vector 
analysis: 

curl (H X r) = H div r-(H • V)r = 2H 

(noting that div r = 3). 

The vector potential of a uniform magnetic field can also be chosen in the form 

= (19.5) 

(the z axis is along the direction of H). It is easily verified that with this choice for A we 
have H = curl A. In accordance with the transformation formulas (18.3), the potentials 
(19.4) and (19.5) differ from one another by the gradient of some function: formula (19.5) 
is obtained from (19.4) by adding V/, where / = 


PROBLEM 


Give the variational principle for the trajectory of a particle (Maupertuis’ principle) in a constant 
electromagnetic field in relativistic mechanics. 

Solution: Maupertuis’ principle consists in the statement that if the energy of a particle is con¬ 
served (motion in a constant field), then its trajectory can be determined from the variational 
equation 

^ Jp-<fr = 0, 

where P is the generalized momentum of the particle, expressed in terms of the energy and the 
coordinate differentials, and the integral is taken along the trajectory of the particle.t Substituting 
p = p-{-(e/c)A and noting that the directions of p and dv coincide, we have 

S I* =0, 

where dl=Vdr^ is the element of arc. Determining p from 


we obtain finally 







t See Mechanics, § 44. 
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§ 20 


Let us consider the motion of a charge e in a. uniform constant electric field E. We take 
the direction of the field as the X axis. The motion will obviously proceed in a plane, which 
we choose as the XY plane. Then the equations of motion (17.5) become 

= eE, py = 0 

(where the dot denotes differentiation with respect to r), so that 


P:c = eEt, Py = Po. ( 20 . 1 ) 

The time reference point has been chosen at the moment when /?x = /^o the momentum 

of the particle at that moment. 

The kinetic energy of the particle (the energy omitting the potential energy in the field) is 
<^kin = Substituting (20.1), we find in our case 

= sJmh^ + c^'^lHceEtf = sJsl + iceEt)\ ( 20 . 2 ) 

where Sq is the energy at / = 0. 

According to (9.8) the velocity of the particle is v = pc^/^kin* For the velocity = x 
we have therefore 

dx p^c^ c^eEt 

dt ~ “ s'^l+{ceEtf 

Integrating, we find 

x = 4n/4+(^^. (20.3) 


The constant of integration we set equal to zero.f 
For determining y, we have 


dt ^kin slsl + {ceEtf 

from which 


y = 



(20.4) 


We obtain the equation of the trajectory by expressing t in terms of y from (20.4) and sub¬ 
stituting in (20.3). This gives: 


X = ^ cosh —. (20.5) 

eE poC 

Thus in a uniform electric field a charge moves along a catenary curve. 

If the velocity of the particle is i; < c, then we can set Pq = mvo, 8^ = and expand 
(20.5) in series in powers of 1/c. Then we get, to within terms of higher order. 


qE 

X = -— 2 y^+const, 

2/71 l?Q 

that is, the charge moves along a parabola, a result well known from classical mechanics. 


t This result (for = 0) coincides with the solution of the problem of relativistic motion with constant 
“proper acceleration” Wq = eE/m (see the problem in § 7). For the present case, the constancy of the accelera¬ 
tion is related to the fact that the electric field does not change for Lorentz transformations having velocities 
V along the direction of the field (see § 24). 
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§21. Motion in a constant uniform magnetic field 
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We now consider the motion of a charge c in a uniform magnetic field H. We choose the 
direction of the field as the Z axis. We rewrite the equation of motion 


p = - vxH 
c 

in another form, by substituting for the momentum, from (9.8), 

Sy 

where S is the energy of the particle, which is constant in the magnetic field. The equation of 
motion then goes over into the form 

= ( 21 . 1 ) 

at c 

or, expressed in terms of components, 

Vj, = (OVy, Vy=—COVj,, = 0 , ( 21 . 2 ) 

where we have introduced the notation 


We multiply the second equation of (21.2) by /, and add it to the first: 


so that 


~ (v^ -f iVy) = - ico(v^ + iVy), 


v^+iVy = 


where a is a complex constant. This can be written in the form a = where Vot and a 

are real. Then 

V^+iVy = 

and, separating real and imaginary parts, we find 

Vx = ^or cos {cot + a), Vy= — VQt sin {cot 4- a). (21.4) 

The constants Vof and a are determined by the initial conditions; a is the initial phase, and 
as for Vof, from (21.4) it is clear that 

fo, = + 

that is, Vof is the velocity of the particle in the XY plane, and stays constant throughout the 
motion. 

From (21.4) we find, integrating once more, 

X = Xo + r sin (cor + a), y = + ^ cos (cot + a), (21.5) 

where 

Do, Vo,^ Cp, 

^ (o ecH eH ^ ^ 

(Pt is the projection of the momentum on the XY plane). From the third equation of (21.2), 
we find = Vq^ and 

z=^Zo + Voxt. ( 21 . 7 ) 
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From (21.5) and (21.7), it is clear that the charge moves in a uniform magnetic field along 
a helix having its axis along the direction of the magnetic field and with a radius r given by 
(21.6). The velocity of the particle is constant. In the special case where Vq^ = 0, that is, the 
charge has no velocity component along the field, it moves along a circle in the plane 
perpendicular to the field. 

The quantity co, as we see from the formulas, is the angular frequency of rotation of the 
particle in the plane perpendicular to the field. 

If the velocity of the particle is low, then we can approximately set ^ = mc^. Then the 
frequency co is changed to 


eH 


CO = 


me 


( 21 . 8 ) 


We shall now assume that the magnetic field remains uniform but varies slowly in 
magnitude and direction. Let us see how the motion of a charged particle changes in this 
case. 

We know that when the conditions of the motion are changed slowly, certain quantities 
called adiabatic invariants remain constant. Since the motion in the plane perpendicular to 
the magnetic field is periodic, the adiabatic invariant is the integral 


/ 




taken over a complete period of the motion, i.e. over the circumference of a circle in the 
present case (P, is the projection of the generalized momentum on the plane perpendicular 
to Hf). Substituting P, = p, + (^/c)A, we have: 


Jr 


In the first term we note that p, is constant in magnitude and directed along dr, we apply 
Stokes’ theorem to the second term and write curl A = H:* 


2c 2eH 


(21.9) 


From this we see that, for slow variation of H, the tangential momentum varies propor¬ 
tionally to V H. 

This result can also be applied to another case, when the particle moves along a helical 
path in a magnetic field that is not strictly homogeneous (so that the field varies little over 
distances comparable with the radius and step of the helix). Such a motion can be considered 
as a motion in a circular orbit that shifts in the course of time, while relative to the orbit the 


t See Mechanics^ § 49. In general the integrals f p dq^ taken over a period of the particular coordinate 
< 7 , are adiabatic invariants. In the present case the periods for the two coordinates in the plane perpendicular 
to H coincide, and the integral I which we have written is the sum of the two corresponding adiabatic in¬ 
variants. However, each of these invariants individually has no special significance, since it depends on the 
(non-unique) choice of the vector potential of the field. The nonuniqueness of the adiabatic invariants which 
results from this is a reflection of the fact that, when we regard the magnetic field as uniform over all of space, 
we cannot in principle determine the electric field which results from changes in H, since it will actually 
depend on the specific conditions at infinity. 

*By inspecting the direction of motion of a charge along the orbit for a given direction of H, we observe that it 
is counterclockwise if we look along H. Hence the negative sign in the second term. 
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field appears to change in time but remain uniform. One can then state that the component 
of the momentum transverse to the direction of the field varies according to the law: 
p, = yJCH, where C is a constant and // is a given function of the coordinates. On the other 
hand, just as for the motion in any constant magnetic field, the energy of the particle (and 
consequently the square of its momentum p^) remains constant. Therefore the longitudinal 
component of the momentum varies according to the formula: 

pf = p^-pf = p^-CH{x, y, z). (21.10) 

Since we should always have pf ^ 0, we see that penetration of the particle into regions of 
sufficiently high field {CH > p^) is impossible. During motion in the direction of increasing 
field, the radius of the helical trajectory decreases proportionally to pJH (i.e. proportionally 
to l/\///), and the step proportionally to Pi. On reaching the boundary where pi vanishes, 
the particle is reflected: while continuing to rotate in the same direction it begins to move 
opposite to the gradient of the field. 

Inhomogeneity of the field also leads to another phenomenon—a slow transverse shift 
(drift) of the guiding center of the helical trajectory of the particle (the name given to the 
center of the circular orbit); problem 3 of the next section deals with this question. 


PROBLEM 


Determine the frequency of vibration of a charged spatial oscillator, placed in a constant, 
uniform magnetic field; the proper frequency of vibration of the oscillator (in the absence of the 
field) is wq. 

Solution: The equations of forced vibration of the oscillator in a magnetic field (directed along 
the z axis) are: 

x-h(olx = — y, y^(Dly=^ - x, z-\-(dIz = 0. 

me me 


Multiplying the second equation by / and combining with the first, we find 


me 


where l^ — x-{-iy. From this we find that the frequency of vibration of the oscillator in a plane 
perpendicular to the field is 


( 1 ) = 



eH 

2me' 


If the field H is weak, this formula goes over into 


CO = a)o±eHI2mc. 

The vibration along the direction of the field remains unchanged. 


§ 22. Motion of a charge in constant uniform electric and magnetic fields 

Finally we consider the motion of a charge in the case where there are present both 
electric and magnetic fields, constant and uniform. We limit ourselves to the case where the 
velocity of the charge v c, so that its momentum p = /wv; as we shall sec later, it is necessary 
for this that the electric field be small compared to the magnetic. 
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We choose the direction of H as theZ axis, and the plane passing through H and E as the 
yZ plane. Then the equation of motion 

e 

mv = e^E-f - V X H 
c 

can be written in the form 


mic = - yH, 
c 


my = eE — xH, 


mz = eE,. 


( 22 . 1 ) 


From the third equation we see that the charge moves with uniform acceleration in the Z 
direction, that is, 


2 = :r r + VoJ. 
2m 


( 22 . 2 ) 


Multiplying the second equation of (22.1) by / and combining with the first, we find 

d e 

- (x + iy) + i(o{x + iy) = i - E, 
at m 


(co = eHjmc). The integral of this equation, where x-f/j) is considered as the unknown, is 
equal to the sum of the integral of the same equation without the right-hand term and a 
particular integral of the equation with the right-hand term. The first of these is the 

second is eEylmco = cEyjH. Thus 

x-f/y = 

H 


The constant a is in general complex. Writing it in the form a = with real b and a, we 
see that since a is multiplied by we can, by a suitable choice of the time origin, give 
the phase a any arbitrary value. We choose this so that a is real. Then breaking up x4*/j) 
into real and imaginary parts, we find 


X 


= a cos cut-h 


H' 


y = —a sin cot. 


(22.3) 


At / = 0 the velocity is along the X axis. 

We see that the components of the velocity of the particle are periodic functions of the 
time. Their average values are: 


X 


cEy 

IT' 


y = 0. 


This average velocity of motion of a charge in crossed electric and magnetic fields is often 
called the electrical drift velocity. Its direction is perpendicular to both fields and independent 
of the sign of the charge. It can be written in vector form as: 


V 


cExH 

* 


(22.4) 


All the formulas of this section assume that the velocity of the particle is small compared 
with the velocity of light; we see that for this to be so, it is necessary in particular that the 
electric and magnetic fields satisfy the condition 


H 


< 


1 . 


while the absolute magnitudes of Ey and H can be arbitrary. 


(22.5) 
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y 



y 



X 


y 



Integrating equation (22.3) again, and choosing the constant of integration so that at 
f = 0, X = >^ = 0, we obtain 

a . cEy a , 

X =--sin v = ~ (cos G;r-1). (22.6) 

oj H ^ 0 ) ^ 

Considered as parametric equations of a curve, these equations define a trochoid. Depend¬ 
ing on whether a is larger or smaller in absolute value than the quantity cEyjH, the projection 
of the trajectory on the plane XY has the forms shown in Figs. 6a and 6b, respectively. 

If a = —cEyjH, then (22.6) becomes 

X = —(cut —Sin cot), 
coH 

cE 

y = —in-cos (ot) (22.7) 

COrl 

that is, the projection of the trajectory on the XY plane is a cycloid (Fig. 6c). 


PROBLEMS 

1. Determine the relativistic motion of a charge in parallel uniform electric and magnetic fields. 
Solution: The magnetic field has no influence on the motion along the common direction of E 
and H (the z axis), which therefore occurs under the influence of the electric field alone; therefore 
according to § 20 we find: 

z = ^. <?kln= V<r?H-(c<>£0". 

For the motion in the xy plane we have the equation 

e e 

Pz^- HVy, Py= - ~ Hv,, 

c c 
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Consequently 


V. CPx + (Pv) = - '■ —iOx -r iVy) = - (j>x + ipy). 

at C ©Kin 


Px + iPy=^Pte 


where pt is the constant value of the projection of the momentum on the xy plane, and the auxiliary 
quantity ^ is defined by the relation 

d(t> = eHc , 


from which 


Furthermore we have: 


^0 • 1 ^ / 
C/ = — sinh — (l>. 
eE H 


i* - /-t <^(x+‘y')> 


so that 


Px + iPy^Pte ^ — (i:4-/y) 


cpt . . CPt 

a: = — sin = — cos I 

eH eH 


Formulas (1), (2) together with the formula 

z = ^cosh^^, (3) 

eE H 

determine the motion of the particle in parametric form. The trajectory is a helix with radius 
cptleH and monotonically increasing step, along which the particle moves with decreasing angular 
velocity ^ = eHcl<^Mn and with a velocity along the z axis which tends toward the value c. 

2. Determine the relativistic motion of a charge in electric and magnetic fields which are mutually 
perpendicular and equal in magnitude.f 

Solution: Choosing the z axis along H and the y axis along E and setting E—Hy^t write the 
equations of motion: 


dt c 




and, as a consequence of them, formula (17.7), 

~dr ~ 

From these equations we have: 

Pz = const, = const s a. 

Also using the equation 

^l\n-c'^pl = rpxX^kln—CPx) == C^pI + B^ 

(where hc^pl = const), we find: 


and so 


‘^^kin+ry7x = - (c^pl-\-e% 
(X 




g cYy+e^ 
2 c lac 


t The problem of motion in mutually perpendicular fields E and H which are not equal in magnitude can, 
by a suitable transformation of the reference system, be reduced to the problem of motion in a pure electric 
or a pure magnetic field (see § 25). 
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Furthermore, we write 


from which 


^Kln = eE ^ “C/>0 = cEa, 

= (■ 4 )^ 


leEt 


\Py+J^-,Pl- 


0 ) 


To determine the trajectory, we make a transformation of variables in the equations 

dx _ c^px 
dt 

to the variable Py by using the relation dt = t^^ndpyleEa, after which integration gives the formulas: 

^3 




Pv+ 


6(x^eE 


p:> 


( 2 ) 




P. 


Formulas (1) and (2) completely determine the motion of the particle in parametric form (parameter 
Py). We call attention to the fact that the velocity increases most rapidly in the direction per¬ 
pendicular to E and H (the x axis). 


3. Determine the velocity of drift of the guiding center of the orbit of a nonrelativistic charged 
particle in a quasihomogeneous magnetic field (H. Alfven, 1940). 

Solution: We assume first that the particle is moving in a circular orbit, i.e. its velocity has no 
longitudinal component (along the field). We write the equation of the trajectory in the form 
r = R(/)+5(/), where R(/) is the radius vector of the guiding center (a slowly varying function of 
the time), while 5(/) is a rapidly oscillating quantity describing the rotational motion about the 
guiding center. We average the force (^/c)r x H(r) acting on the particle over a period of the oscil¬ 
latory (circular) motion (compare Mechanics, § 30). We expand the function H(r) in this expression 
in powers of 

H(r) = H(R)+(5-V)H(R). 

On averaging, the terms of first order in 5(0 vanish, while the second-degree terms give rise to 
an additional force 

f=^Cx(;v)H. 

For a circular orbit 

4=w5xn, f = 


where n is a unit vector along H; the frequency w = eHImc; r i is the velocity of the particle in its 
circular motion. The average values of products of components of the vector 5 . rotating in a plane 
(the plane perpendicular to n), are: 

where Sub is the unit tensor in this plane. As a result we find: 

, mi; ? , „ V 

f = - ~ (nx V)xH. 


Because of the equations div H = 0 and curl H = 0 which the constant field H(R) satisfies, we 
have: 


(n X V) X H = - n div H -}- (n • V)H -f- n x (V x H) = (n • V)H = H(n • V)n + n(n • V// ). 
We are interested in the force transverse to n, giving rise to a shift of the orbit; it is equal to 


mvl 


f=_-X(„.V)„= 


V, 


where p is the radius of curvature of the force line of the field at the given point, and v is a unit 
vector directed from the center of curvature to this point. 
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The case where the particle also has a longitudinal velocity i;),( along n) reduces to the previous case 
if we go over to a reference frame which is rotating about the instantaneous center of curvature of 
the force line (which is the trajectory of the guiding center) with angular velocity v\\lp. In this 
reference system the particle has no longitudinal velocity, but there is an additional transverse force, 
the centrifugal force mv]lp. Thus the total transverse force is 


This force is equivalent to a constant electric field of strength According to (22.4) it 
causes a drift of the guiding center of the orbit with a velocity 


W 2 . 


The sign of this velocity depends on the sign of the charge. 


§ 23 The electromagnetic field tensor 

In § 17, we derived the equation of motion of a charge in a field, starting from the 
Lagrangian (16.4) written in three-dimensional form. We now derive the same equation 
directly from the action (16.1) written in four-dimensional notation. 

The principle of least action states 


D 

-^J(- 


mods — Aidx'\ = 0 . 


Noting that ds — -J dxidx\ we find (the limits of integration a and h are omitted for brevity): 

r / dxiddx' e ^ ^ .A 

<55 = — I f me —— -h - Aiddx - dAidx j = 0. 

We integrate the first two terms in the integrand by parts. Also, in the first term we set 
dxjds = where w, are the components of the four-velocity. Then 

j dUi - dx' dAi — - dAi dx'^ — ^mcM, -f - A^ = 0. (23.2) 

The second term in this equation is zero, since the integral is varied with fixed coordinate 
values at the limits. Furthermore: 


and therefore 


f (medui <5x' -h - 5x' dx^ — - dx'6x^\ = 0. 

J \ c dx'^ c / 


In the first term we write dUi = (dujds)dsy in the second and third, dx' = u'ds. In addition, 
in the third term we interchange the indices i and k (this changes nothing since the indices i 
and k are summed over). Then 


r r dUi e fdAt, dAi\ J - ^. 
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THE ELECTROMAGNETIC FIELD TENSOR 


In view of the arbitrariness of 5x\ it follows that the integrand is zero, that is, 



We now introduce the notion 




5x‘ 


dx^ 


(23.3) 


The antisymmetric tensor is called the electromagnetic field tensor. The equation of 
motion then takes the form: 


du' e 
me — = - 
ds c 


(23.4) 


These are the equations of motion of a charge in four-dimensional form. 

The meaning of the individual components of the tensor Fi,^ is easily seen by substituting 
the values Ai = ((^, —A) in the definition (23.3). The result can be written as a matrix in 
which the index / = 0, 1, 2, 3 labels the rows, and the index k the columns: 


1 0 


Ey 


1 


-Ey 

1 

N 

1 

0 

-H, 


'e. 

0 

-Hz 

H, 


Hz 

0 



Hz 

0 

-H, 

\-E. 

-H, 


0/ 

Uz 

-H, 

H, 

0. 


More briefly, we can write (see § 6): 

f,, = (E,H), F‘ = (-E,H). 


Thus the components of the electric and magnetic field strengths are components of the 
same electromagnetic field four-tensor. fo 
Changing to three-dimensional notation, it is easy to verify that the three space com¬ 
ponents (/ = 1, 2, 3) of (23.4) are identical with the vector equation of motion (17.5), while 
the time component (/ = 0) gives the work equation (17.7). The latter is a consequence of 
the equations of motion; the fact that only three of the four equations are independent can 
also easily be found directly by multiplying both sides of (23.4) by w‘. Then the left side of the 
equation vanishes because of the orthogonality of the four-vectors m‘ and dujds, while the 
right side vanishes because of the antisymmetry of Fi^. 

If we admit only possible trajectories when we vary 5, the first term in (23.2) vanishes 
identically. Then the second term, in which the upper limit is considered as variable, gives the 
differential of the action as a function of the coordinates. Thus 


Then 


^ 5x\ 


dS e ^ e ^ 

- _ = 

ox c c 


(23.6) 


(23.7) 


The four-vector — dSjdx' is the four-vector Pi of the generalized momentum of the particle. 
Substituting'the values of the components pi and Ai, we find that 




(23.8) 


As expected, the space components of the four-vector form the three-dimensional general- 
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ized momentum vector (16.5), while the time component is <f/c, where S is the total energy 
of the charge in the field. 


§ 24. Lorentz transformation of the field 


In this section we find the transformation formulas for fields, that is, formulas by means 
of which we can determine the field in one inertial system of reference, knowing the same 
field in another system. 

The formulas for transformation of the potentials are obtained directly from the general 
formulas for transformation of four-vectors (6.1). Remembering that A' = (0, A), we get 
easily 


0 = 


0'+-a; 

c 



V 

- ci>' 
c 



Ay — Ayf Aj Ay 


(24.1) 


The transformation formulas for an antisymmetric second-rank tensor (like were 
found in problem 2 of § 6: the components and Z’®* do not change, while the com¬ 
ponents F°^, and transform like and respectively. Expressing the 

components of F'* in terms of the components of the fields E and H, according to (23.5), 
we then find the following formulas of transformation for the electric field: 


E;+-H’y 


= £;, Ey = 




75’ 


and for the magnetic field : 


if, = H'y Hy = 


V 

H’y--E', 



(24.2) 


(24.3) 


Thus the electric and magnetic fields, like the majority of physical quantities, are relative; 
that is, their properties are different in different reference systems. In particular, the electric 
or the magnetic field can be equal to zero in one reference system and at the same time be 
present in another system. 

The formulas (24.2), (24.3) simplify considerably for the case F < c. To terms of order 
Vjc, we have: 

£, = E'„ Ey = E'y+ j H’„ E, = £;- j H’y\ 


if, = H'„ Hy * H'y- ^ £;, if, = ff;+ ^Ey'. 


These formulas can be written in vector form 


E = E + -H'xV,H = H'--E'xV. 
c c 


(24.4) 
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The formulas for the inverse transformation from K' io K are obtained directly from 
(24.2H24.4) by changing the sign of V and shifting the prime. 

If the magnetic field H' = 0 in the K' system, then, as we easily verify on the basis of 
(24.2) and (24.3), the following relation exists between the electric and magnetic fields in 
the K system: 

H = -VxE. (24.5) 

c 

If in the K' system, E' = 0, then in the K system 

E=--VxH. (24.6) 

c 

Consequently, in both cases, in the K system the magnetic and electric fields are mutually 
perpendicular. 

These formulas also have a significance when used in the reverse direction: if the fields E 
and H are mutually perpendicular (but not equal in magnitude) in some reference system K, 
then there exists a reference system K' in which the field is pure electric or pure magnetic. 
The velocity V of this system (relative to K) is perpendicular to E and H and equal in 
magnitude to cHjE in the first case (where we must have H < E) and to cEIH in the second 
case (where E < H). 


§ 25. Invariants of the field 

From the electric and magnetic field intensities we can form invariant quantities, which 
remain unchanged in the transition from one inertial reference system to another. 

The form of these invariants is easily found starting from the four-dimensional representa¬ 
tion of the field using the antisymmetric four-tensor It is obvious that we can form the 
following invariant quantities from the components of this tensor: 

F,^F^ = inv, (25.1) 

= inv, (25.2) 

where is the completely antisymmetric unit tensor of the fourth rank (cf. § 6). The first 
quantity is a scalar, while the second is a pseudoscalar (the product of the tensor F** with its 
dual tensor.t 

Expressing F'^ in terms of the components of E and H using (23.5), it is easily shown that, 
in three-dimensional form, these invariants have the form: 

//2~F^ = inv, (25.3) 

E*H = inv. (25.4) 

The pseudoscalar character of the second of these is here apparent from the fact that it is the 
product of the polar vector E with the axial vector H (whereas its square (E * H)^ is a true 
scalar). 

t We also note that the pseudoscalar (25.2) can also be expressed as a four-divergence: 

= 4 ^ A^, 

as can be easily verified by using the antisymmetry of e**'*”. 
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§ 25 

From the invariance of the two expressions presented, we get the following theorems. If 
the electric and magnetic fields are mutually perpendicular in any reference system, that is, 
E*H = 0, then they are also perpendicular in every other inertial reference system. If the 
absolute values of E and H are equal to each other in any reference system, then they are the 
same in any other system. 

The following inequalities are also clearly valid. If in any reference system E> H {ox 
H> E), then in every other system we will have E> H {ox H > E). If in any system of 
reference the vectors E and H make an acute (or obtuse) angle, then they will make an acute 
(or obtuse) angle in every other reference system. '' 

By means of a Lorentz transformation we can always give E and H any arbitrary values, 
subject only to the condition that E^ — H^ and E-H have fixed values. In particular, we 
can always find an inertial system in which the electric and magnetic fields are parallel to 
each other at a given point. In this system E-H = EH, and from the two equations 

E^-H^ = El-Hl, £// = EoHo. 

we can find the values of E and H in this system of reference (Eq and Hq are the electric and 
magnetic fields in the original system of reference). 

The case where both invariants are zero is excluded. In this case, E and H are equal and 
mutually perpendicular in all reference systems. 

If E * H = 0, then we can always find a reference system in which E = 0 or H = 0 (accord¬ 
ing as —//^ < or > 0), that is, the field is purely magnetic or purely electric. Con¬ 
versely, if in any reference system E = 0 or H = 0, then they are mutually perpendicular in 
every other system, in accordance with the statement at the end of the preceding section. 

We shall give still another approach to the problem of finding the invariants of an anti¬ 
symmetric four-tensor. From this method we shall, in particular, see that (25.3-4) are 
actually the only two independent invariants and at the same time we will explain some 
instructive mathematical properties of the Lorentz transformations when applied to such 
a four-tensor. 

Let us consider the complex vector 

F = E-ffH. (25.5) 

Using formulas (24.2-3), it is easy to see that a Lorentz transformation (along the x axis) 
for this vector has the form 

Fj, = Fy = Fy cosh <j> — lF'^ sinh (f) = Fy cos i(t> — F'^ sin icp. 

V 

F^ = FI cos sin /</>, tanh 0 = —. (25.6) 

c 

We see that a rotation in the x, t plane in four-space (which is what this Lorentz transforma¬ 
tion is) for the vector F is equivalent to a rotation in the y, z plane through an imaginary 
angle in three-dimensional space. The set of all possible rotations in four-space (including 
also the simple rotations around the x, y, and z axes) is equivalent to the set of all possible 
rotations, through complex angles in three-dimensional space (where the six angles of 
rotation in four-space correspond to the three complex angles of rotation of the three- 
dimensional system). 

The only invariant of a vector with respect to rotation is its square: — E^ — H^ + 

+2i E*H; thus the real quantities E^—H^ and E-H are the only two independent 
invariants of the tensor 
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If # 0, the vector F can be written as F = a n, where n is a complex unit vector (n^ = 1). 
By a suitable complex rotation we can point n along one of the coordinate axes; it is clear 
that then n becomes real and determines the directions of the two vectors E and H: 
F = (£+/7/)n; in other words we get the result that E and H become parallel to one 
another. 


PROBLEM 

Determine the velocity of the system of reference in which the electric and magnetic fields are 
parallel. 

Solution: Systems of reference K\ satisfying the required condition, exist in infinite numbers. If 
we have found one such, then the same property will be had by any other system moving relative 
to the first with its velocity directed along the common direction of E and H. Therefore it is sufficient 
to find one of these systems which has a velocity perpendicular to both fields. Choosing the 
direction of the velocity as the x axis, and making use of the fact that in K'\ = 

Ey =0, we obtain with the aid of formulas (24.2) and (24.3) for the velocity V of the 

K' system relative to the original system the following equation: 

y 

c ExH 

V 2 -£ 2^^2 

(we must choose that root of the quadratic equation for which V < c). 
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§ 26. The first pair of MaxwelPs equations 
From the expressions 

1 dk 

H = curl A, E =--grad (j) 

c ct 

it is easy to obtain equations containing only E and H. To do this we find curl E: 

1 d 

curl E =-— curl A— curl grad (j). 

c ct 

But the curl of any gradient is zero. Consequently, 

. _ 1 5H 

curl E =-(26.1) 

c ot 

Taking the divergence of both sides of the equation curl A = H. and recalling that div 
curl = 0, we find 

divH = 0. (26.2) 

The equations (26.1) and (26.2) are called the fir^t pair of Maxwell’s equations.f We note 
that these two equations still do not completely determine the properties of the fields. This is 
clear from the fact that they determine the change of the magnetic field with time (the 
derivative dHjdt), but do not determine the derivative d'Ejdt. 

Equations (26.1) and (26.2) can be written in integral form. According to Gauss’ theorem 

J div UdV = I H • df, 

where the integral on the right goes over the entire closed surface surrounding the volume 
over which the integral on the left is extended. On the basis of (26.2), we have 

^H-df = 0. (26.3) 

The integral of a vector over a surface is called the flux of the vector through the surface. 
Thus the flux of the magnetic field through every closed surface is zero. 

According to Stokes’ theorem, 

j curl E'df= j>E'd\, 

where the integral on the right is taken over the closed contour bounding the surface over 

t Maxwell’s equations (the fundamental equations of electrodynamics) were first formulated by him in 
the 1860’s. 
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which the left side is integrated. From (26.1) we find, integrating both sides for any surface, 


I 


E-dl 



H df. 


(26.4) 


The integral of a vector over a closed contour is called the circulation of the vector around 
the contour. The circulation of the electric field is also called the electromotive force in the 
given contour. Thus the electromotive force in any contour is equal to minus the time 
derivative of the magnetic flux through a surface bounded by this contour. 

The Maxwell equations (26.1) and (26.2) can be expressed in four-dimensional notation. 
Using the definition of the electromagnetic field tensor 


Fife = dAJdx^-dAildx\ 

it is easy to verify that 

oFh _ 

3x‘ dx' dx'‘ 


(26.5) 


The expression on the left is a tensor of third rank, which is antisymmetric in all three indices. 
The only components which are not identically zero are those with /#/:#/. Thus there are 
altogether four different equations which we can easily show [by substituting from (23.5)] 
coincide with equations (26.1) and (26.2). 

We can construct the four-vector which is dual to this antisymmetric four-tensor of rank 
three by multiplying the tensor by and contracting on three pairs of indices (see § 6). 
Thus (26.5) can be written in the form 

gium ^ = 0, (26.6) 

dx* 


which shows explicitly that there are only four independent equations. 


§ 27. The action function of the electromagnetic field 

The action function S for the whole system, consisting of an electromagnetic field as well 
as the particles located in it, must consist of three parts: 

5 = + + (27.1) 

where S„ is that part of the action which depends only on the properties of the particles, 
that is, just the action for free particles. For a single free particle, it is given by (8.1). If there 
are several particles, then their total action is the sum of the actions for each of the individual 
particles. Thus, 

S„= - S J (27.2) 

The quantity is that part of the action which depends on the interaction between 
the particles and the field. According to § 16, we have for a system of particles: 

^mf ~ ~ S “ J* Ajdx*. 


( 27 . 3 ) 
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In each term of this sum, A/, is the potential of the field at that point of spacetime at which 
the corresponding particle is located. The sum + is already familiar to us as the action 
(16.1) for charges in a field. 

Finally Sy is that part of the action which depends only on the properties of the field itself, 
that is, Sf is the action for a field in the absence of charges. Up to now, because we were 
interested only in the motion of charges in a given electromagnetic field, the quantity 
which does not depend on the particles, did not concern us, since this term cannot affect 
the motion of the particles. Nevertheless this term is necessary when we want to find 
equations determining the field itself. This corresponds to the fact that from the parts 

+ of the action we found only two equations for the field, (26.1) and (26.2), which 
are not yet sufficient for complete determination of the field. 

To establish the form of the action Sf for the field, we start from the following very 
important property of electromagnetic fields. As experiment shows, the electromagnetic field 
satisfies the so-called principle of superposition. This principle consists in the statement that 
the field produced by a system of charges is the result of a simple composition of the fields 
produced by each of the particles individually. This means that the resultant field intensity 
at each point is equal to the vector sum of the individual field intensities at that point. 

Every solution of the field equations gives a field that can exist in nature. According to the 
principle of superposition, the sum of any such fields must be a field that can exist in nature, 
that is, must satisfy the field equations. 

As is well known, linear differential equations have just this property, that the sum of any 
solutions is also a solution. Consequently the field equations must be linear differential 
equations. 

From the discussion, it follows that under the integral sign for the action Sf there must 
stand an expression quadratic in the field. Only in this case will the field equations be linear; 
the field equations are obtained by varying the action, and in the variation the degree of the 
expression under the integral sign decreases by unity. 

The potentials cannot enter into the expression for the action Sf, since they are not 
uniquely determined (in ^mf this lack of uniqueness was not important). Therefore Sf must 
be the integral of some function of the electromagnetic field tensor But the action must 
be a scalar and must therefore be the integral of some scalar. The only such quantity is the 
product 

Thus Sf must have the form: 

Sf = ajj Fi„F^dVdt, dV = dx dy dz, 

where the integral extends over all of space and the time between two given moments; a is 
some constant. Under the integral stands 2(//^ —E^). The field E contains the 

derivative dA/dt; but it is easy to see that (5A/5/)^ must appear in the action with the 
positive sign (and therefore must have a positive sign). For if {dAjdty appeared in Sf 

t The function in the integrand of Sf must not include derivatives of Fk, since the Lagrangian can contain, 
aside from the coordinates, only their first time derivatives. The role of “coordinates” (i.e., parameters to be 
varied in the principle of least action) is in this case played by the field potential ; this is analogous to the 
situation in mechanics where the Lagrangian of a mechanical system contains only the coordinates of the 
particles and their first time derivatives. 

As for the quantity (§ 25), as pointed out in the footnote on p. 63, it is a complete four- 

divergence, so that adding it to the integrand in Sf would have no effect on the “equations of motion”. It is 
interesting that this quantity is already excluded from the action for a reason independent of the fact that it is 
a pseudoscalar and not a true scalar. 
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§ 28 

with a minus sign, then sufficiently rapid change of the potential with time (in the time 
interval under consideration) could always make a negative quantity with arbitrarily 
large absolute value. Consequently Sf could not have a minimum, as is required by the 
principle of least action. Thus, a must be negative. 

The numerical value of a depends on the choice of units for measurement of the field. 
We note that after the choice of a definite value for a and for the units of measurement of 
field, the units for measurement of all other electromagnetic quantities are determined. 

From now on we shall use the Gaussian system of units \ in this system a is a dimension¬ 
less quantity, equal to -(l/167r).t 
Thus the action for the field has the form 

Sy = - f Fi^FHa, dn = cdt dx dy dz. (27.4) 

lOTTC J 

In three-dimensional form: 

= ^ (27.5) 

In other words, the Lagrangian for the field is 

= ^ J(£'-H^)^/K (27.6) 

The action for field plus particles has the form 

S = - X J mcds- A,dx^- J F.-,F*d£2. (27.7) 

We emphasize that now the charges are not assumed to be small, as in the derivation of the 
equation of motion of a charge in a given field. Therefore and refer to the actual field, 
that is, the external field plus the field produced by the particles themselves; and now 
depend on the positions and velocities of the charges. 


§ 28. The four-dimensional current vector 

Instead of treating charges as points, for mathematical convenience we frequently 
consider them to be distributed continuously in space. Then we can introduce the “charge 
density” q such that gdV is the charge contained in the volume dV. The density q is in general 
a function of the coordinates and the time. The integral of q over a certain volume is the 
charge contained in that volume. 

Here we must remember that charges are actually pointlike, so that the density q is zero 
everywhere except at points where the point charges are located, and the integral J gdV 
must be equal to the sum of the charges contained in the given volume. Therefore g can be 

t In addition to the Gaussian system, one also uses the Heaviside system, in which a = In this 
system of units the field equations have a more convenient form {An does not appear) but on the other 
hand, n appears in the Coulomb law. Conversely, in the Gaussian system the field equations contain An, but 
the Coulomb law has a simple form. 
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expressed with the help of the <5-function in the following formt* 

e = Zc.5(r-r,) (28.1) 

a 

where the sum goes over all the charges and r* is the radius vector of the charge e,. 

The charge on a particle is, from its very definition, an invariant quantity, that is, it does 
not depend on the choice of reference system. On the other hand, the density q is not generally 
an invariant—only the product edV is invariant. 

Multiplying the equality de = gdV on both sides with dx‘: 

dx^ 

de dx* = gdVdx* = gdVdt 

On the left stands a four-vector (since de is a scalar and dx^ is a four-vector). This means 
that the right side must be a four-vector. But dVdt is a scalar, and so g(dx‘/dt) is a four- 
vector. This vector (we denote it by j') is called the current four-vector : 


The space components of this vector form the current density vector, 

j = ^v, (28.3) 

where v is the velocity of the charge at the given point. The time component of the four- 


t The function 8{x) is defined as follows: 8(x) = 0, for all nonzero values of j:; for a: = 0, <5(0) = oo, in 
such a way that the integral 

+ 00 

J ^x)dx=I. (D 

— 00 

From this definition there result the following properties: if /(x) is any continuous function, then 

+ 00 

J /(x) <5(x-a) dx (11) 

- 00 

and in particular, 

+ 00 

J f{x)S(x)dx=m). ail) 

— 00 

(The limits of integration, it is understood, need not be =h oo; the range of integration can be arbitrary, 
provided it includes the point at which the ^function does not vanish.) 

The meaning of the following equalities is that the left and right sides give the same result when introduced 
as factors under an integral sign: 

Si-x)^S{x), d{ax) = ^.d(x). (IV) 

m 

The last equality is a special case of the more general relation 

where 4(x) is a single-valued function (whose inverse need not be single-valued) and the Qi are the roots of 
the equation ^x )» 0. 

Just as 8{x) was defined for one variable x, we can introduce a three-dimensional ^-function, 8{t), equal to 
zero everywhere except at the origin of the three-dimensional coordinate system, and whose integral over all 
space is unity. As such a function we can clearly use the product 8{x) 8(y) 8(z). 
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vector (28.2) is cq. Thus 

f = (28.4) 

The total charge present in all of space is equal to the integral J QdV over all space. We 
can write this integral in four-dimensional form: 

J QdV = ^-jfdV = -^j fdS„ (28.5) 

where the integral is taken over the entire four-dimensional hyperplane perpendicular to the 
X® axis (clearly this integration means integration over the whole three-dimensional space). 
Generally, the integral 



over an arbitrary hypersurface is the sum of the charges whose world lines pass through this 
surface. 

Let us introduce the current four-vector into the expression (27.7) for the action and 
transform the second term in that expression. Introducing in place of the point charges e a 
continuous distribution of charge with density q, we must write this term as 

— ^ J gAidx'dV, 

replacing the sum over the charges by an integral over the whole volume. Rewriting in the 
form 

we see that this term is equal to 

-ij 

Thus the action 5 takes the form 

S = - I J mcds-^ J Aj‘dQ- J F^.F^dCi. (28.6) 


§ 29. The equation of continuity 

The change with time of the charge contained in a certain volume is determined by the 
derivative 

s/ 0 “''- 

On the other hand, the change in unit time, say, is determined by the quantity of charge 
which in unit time leaves the volume and goes to the outside or, conversely, passes to its 
interior. The quantity of charge which passes in unit time through the element df of the 
surface bounding our volume is equal to • df, where v is the velocity of the charge at the 
point in space where the element df is located. The vector df is directed, as always, along 
the external normal to the surface, that is, along the normal toward the outside of the volume 
under consideration. Therefore • df is positive if charge leaves the volume, and negative 
if charge enters the volume. The total amount of charge leaving the given volume per 
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unit time is consequently j qv • df, where the integral extends over the whole of the closed 
surface bounding the volume. 

From the equality of these two expressions, we get 




(29.1) 


The minus sign appears on the right, since the left side is positive if the total charge in the 
given volume increases. The equation (29.1) is the so-called equation of continuity, expressing 
the conservation of charge in integral form. Noting that is the current density, we can 
rewrite (29.1) in the form 




(29.2) 


We also write this equation in differential form. To do this we apply Gauss’ theorem to 

(29.2): 

jti'df = j divjdK. 

and we find 

Since this must hold for integration over an arbitrary volume, the integrand must be zero: 

(29.3) 


divj+ ^ = 0. 
ot 


This is the equation of continuity in differential form. 

It is easy to check that the expression (28.1) for g in 5-function form automatically 
satisfies the equation (29.3). For simplicity we assume that we have altogether only one 
charge, so that 

Q = e5 (r-To). 

The current j is then 

j = ev 5(r-ro), 

where v is the velocity of the charge. We determine the derivative dg/dt. During the motion 
of the charge its coordinates change, that is, the vector Tq changes. Therefore 

dg __ dg dto 
dt dvo dt ’ 

But dvo/dt is just the velocity v of the charge. Furthermore, since ^ is a function of r—T q, 

dg ^ dg 

CTo dr' 

Consequently 

-vgrad Q= -div(ev) 

(the velocity v of the charge of course does not depend on r). Thus we arrive at the equation 

(29.3). 

It is easily verified that, in four-dimensional form, the continuity equation (29.3) is 
expressed by the statement that the four-divergence of the current four-vector is zero: 
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In the preceding section we saw that the total charge present in all of space can be written 
as 



where the integration is extended over the hyperplane = const. At each moment of time, 
the total charge is given by such an integral taken over a different hyperplane perpendicular 
to the axis. It is easy to verify that the equation (29.4) actually leads to conservation of 
charge, that is, to the result that the integral ^j'dSi is the same no matter what hyperplane 
X® = const we integrate over. The difference between the integrals Jy'^/5, taken over two 
such hyperplanes can be written in the form where the integral is taken over the 

whole closed hypersurface surrounding the four-volume between the two hyperplanes under 
consideration (this integral differs from the required integral because of the presence of the 
integral over the infinitely distant “sides” of the hypersiiriace which, however, drop out, 
since there are no charges at infinity). Using Gauss’ theorem (6.15) we can transform this to 
an integral over the four-volume between the two hyperplanes and verify that 

= = (29.5) 

The proof presented clearly remains valid also for any two integrals jfdSi, in which 
the integration is extended over any two infinite hypersurfaces (and not just the hyperplanes 
= const) which each contain all of three-dimensional space. From this it follows that 
the integral 



is actually identical in value (and equal to the total charge in space) no matter over what 
such hypersurface the integration is taken. 

We have already mentioned (see the footnote on p. 50) the close connection between the 
gauge invariance of the equations of electrodynamics and the law of conservation of charge. 
Let us show this once again using the expression for the action in the form (28.6). On re¬ 
placing Ai by Ai — {dfldx'), the integral 



is added to the second term in this expression. It is precisely the conservation of charge, as 
expressed in the continuity equation (29.4), that enables us to write the integrand as a four- 
divergence d{ff)ldx\ after which, using Gauss’ theorem, the integral over the four-volume 
is transformed into an integral over the bounding hypersufface; on varying the action, these 
integrals drop out and thus have no effect on the equations of motion. 


§ 30. The second pair of Maxwell equations 

In finding the field equations with the aid of the principle of least action we must assume 
the motion of the charges to be given and vary only the potentials (which serve as the 
“coordinates” of the system); on the other hand, to find the equations of motion we assumed 
the field to be given and varied the trajectory of the particle. 
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Therefore the variation of the first term in (28.6) is zero, and in the second we must not 
vary the current jK Thus, 




(where we have used the fact that s Fu,5F‘’‘). Substituting F^ = dAJdx‘ — dAJdx'‘ 

we have 


5S 


= - i 5A,- ^ F-' 1,5Ai\ dSl. 


dx‘ 


871 ' 


In the second term we interchange the indices i and k, over which the expressions are 
summed, and in addition replace F'* by — fThen we obtain 




The second of these integrals we integrate by parts, that is, we apply Gauss’ theorem: 

(30.1) 


In the second term we must insert the values at the limits of integration. The limits for the 
coordinates are at infinity, where the field is zero. At the limits of the time integration, that is, 
at the given initial and final time values, the variation of the potentials is zero, since in accord 
with the principle of least action the potentials are given at these times. Thus the second term 
in (30.1) is zero, and we find 




Since according to the principle of least action, the variations SAi are arbitrary, the co¬ 
efficients of the 5Ai must be set equal to zero: 

dF^ 4n . 

(30.2) 

Let us express these four (/ = 0, 1, 2, 3) equations in three-dimensional form. For / = 1: 


dF 


12 


dF 


13 


laF 


10 


+ -- 


..IV 


dx dy dz c dt 
Substituting the values for the components of F'*, we find 

dH, dHy 1 dE^ 471 . 

dy dz c dt c 

This together with the two succeeding equations (/ = 2, 3) can be written as one vector 
equation: 

1 ;^F. diT 

(30.3) 


1 TT 1 471. 

curl H = - — H-j. 

c dt c 


Finally, the fourth equation (/ = 0) gives 

div E = 471^. (30.4) 

Equations (30.3) and (30.4) are the second pair of Maxwell equations.f Together with the 

t The Maxwell equations in a form applicable to point charges in the electromagnetic field in vacuum 
were formulated by H. A. Lorentz. 
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first pair of Maxwell equations they completely determine the electromagnetic field, and are 
the fundamental equations of the theory of such fields, i.e. of electrodynamics. 

Let us write these equations in integral form. Integrating (30.4) over a volume and 
applying Gauss’ theorem 

J divEdF = ^E-df, 

we get 

^E-df=4wJ (30.5) 

Thus the flux of the electric field through a closed surface is equal to An times the total charge 
contained in the volume bounded by the surface. 

Integrating (30.3) over an open surface and applying Stokes’ theorem 

J curlH-df=^H-dI, 

we find 


The quantity 

1 dE 

47t dt 


(30.6) 

(30.7) 


is called the “displacement current". From (30.6) written in the form 

(30.8, 

we see that the circulation of the magnetic field around any contour is equal to 47r/c times 
the sum of the true current and displacement current passing through a surface bounded by 
this contour. 

From the Maxwell equations we can obtain the already familiar continuity equation (29.3). 
Taking the divergence of both sides of (30.3), we find 

div curl H = - div E+ — div j. 
cdt c 

But div curl H = 0 and div E = Ang, according to (30.4). Thus we arrive once more at 
equation (29.3). In four-dimensional form, from (30.2), we have: 

^ 

dxW ~ c dx‘' 

But when the operator d^jdx'd^, which is symmetric in the indices i and k, is applied to 
the antisymmetric tensor F'*, it gives zero identically and we arrive at the continuity 
equation (29.4) expressed in four-dimensional form. 


§ 31. Energy density and energy flux 

Let us multiply both sides of (30.3) by E and both sides of (26.1) by H and combine the 
resultant equations. Then we get 

1 dE 1 d¥L 4jt 

-E- — -I- -H-- « --j-E-(H-.curlE-E-curlH). 
c dt c dt c 
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Using the well-known formula of vector analysis, 

div (a X b) = b • curl a—a • curl b, 
we rewrite this relation in the form 

iI; = - - j • E-div (EX H) 


The vector 


d 


S = —ExH 
4n 


is called the Poynting vector. 

We integrate (31.1) over a volume and apply Gauss’ theorem to the second term on the 
right. Then we obtain 


&n 


dv= - Jj-EdF-^S-df. 


If the integral extends over all space, then the surface integral vanishes (the field is zero 
at infinity). Furthermore, we can express the integral jj • EdF as a sum Z ev • E over all 
the charges, and substitute from (17.7); 




Then (31.3) becomes 


!{/ 




Thus for the closed system consisting of the electromagnetic field and particles present in 
it, the quantity in brackets in this equation is conserved. The second term in this expression 
is the kinetic energy (including the rest energy of all the particles; see the footnote on p. 48), 
the first term is consequently the energy of the field itself. We can therefore call the quantity 

-T? 

the energy density of the electromagnetic field; it is the energy per unit volume of the field. 

If we integrate over any finite volume, then the surface integral in (31.3) generally does 
not vanish, so that we can write the equation in the form 

d r . V, - 1 . 




where now the second term in the brackets is summed only over the particles present in the 
volume under consideration. On the left stands the change in the total energy of field and 
particles per unit time. Therefore the integral ^ S * rff must be interpreted as the flux of 
field energy across the surface bounding the given volume, so that the Poynting vector S is 
this flux density—the amount of field energy passing through unit area of the surface in 
unit time.t 

t Wc assume that at the given moment there are no charges on the surface itself. If this were not the case, 
then on the right we would have to include the energy flux transported by particles passing through the 
surface* 
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§ 32. The energy-momentum tensor 


In the preceding section we derived an expression for the energy of the electromagnetic 
field. Now we derive this expression, together with one for the field momentum, in four¬ 
dimensional form. In doing this we shall for simplicity consider for the present an electro¬ 
magnetic field without charges. Having in mind later applications (to the gravitational field), 
and also to simplify the calculation, we present the derivation in a general form, not 
specializing the nature of the system. So we consider any system whose action integral has 
the form 

S = J A dVdt = ^ J hdCl, (32.1) 


where A is some function of the quantities^, describing the state of the system, and of their 
first derivatives with respect to coordinates and time (for the electromagnetic field the 
components of the four-potential are the quantities q)\ for brevity we write here only one 
of the ^’s. We note that the space integral J A is the Lagrangian of the system, so that A 
can be considered as the Lagrangian ""density''. The mathematical expression of the fact that 
the system is closed is the absence of any explicit dependence of A on the x*, similarly to the 
situation for a closed system in mechanics, where the Lagrangian does not depend explicitly 
on the time. 

The “equations of motion” (i.e. the field equations, if we are dealing with some field) are 
obtained in accordance with the principle of least action by varying S. We have (for brevity 
we write i = dqldx'), 


dS 




dQ 


1 f raA , d /dA , \ , 5 aA 1 ^ ^ 

The second term in the integrand, after transformation by Gauss’ theorem, vanishes upon 
integration over all space, and we then find the following “equations of motion”: 


d dA dA 
dx' dq^ i dq 


(32.2) 


(it is, of course, understood that we sum over any repeated index). 

The remainder of the derivation is similar to the procedure in mechanics for deriving the 
conservation of energy. Namely, we write: 


dA dA dq dA dq^i^ 

dx' dq dx' dq^ ^ 5x* 

Substituting (32.2) and noting that qj^ i = q,i,ky 

dA d / dA\ dA dq i d / c5A \ 

dx' k/ ’ * ^ k \ k) 

On the other hand, we can write 

5x* * dx^' 


so that, introducing the notation 


n = q_,~-5\A, 

oq.k 


(32.3) 
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we can express the relation in the form 


dx'‘ 


= 0 . 


(32.4) 


We note that if there is not one but several quantities q^‘\ then in place of (32.3) we must 
write 

( 32 . 5 ) 

But in § 29 we saw that an equation of the form dA^jdx^ = 0, i.e. the vanishing of the 
four-divergence of a vector, is equivalent to the statement that the integral J A^dS^ of the 
vector over a hypersurface which contains all of three-dimensional space is conserved. It is 
clear that an analogous result holds for the divergence of a tensor; the equation (32.4) 

asserts that the vector P* = const J is conserved. 

This vector must be identified with the four-vector of momentum of the system. We 
choose the constant factor in front of the integral so that, in accord with our previous 
definition, the time component P° is equal to the energy of the system multiplied by 1/c. 
To do this we note that 

= const J = const J T^^dV 

if the integration is extended over the hyperplane x® = const. On the other hand, according 
to (32.3), 



Comparing with the usual formulas relating the energy and the Lagrangian, we see that 
this quantity must be considered as the energy density of the system, and therefore j T^^dV 
is the total energy of the system. Thus we must set const = 1/c, and we get finally for the 
four-momentum of the system the expression 

F = ^ J r^dS^. (32.6) 

The tensor is called the energy-momentum tensor of the system. 

It is necessary to point out that the definition of the tensor is not unique. In fact, if 
r** is defined by (32.3), then any other tensor of the form 

(32.7) 

will also satisfy equation (32.4), since we have identically = 0. The total four- 

momentum of the system does not change, since according to (6.17) we can write 



where the integration on the right side of the equation is extended over the (ordinary) surface 
which “bounds” the hypersurface over which the integration on the left is taken. This surface 
is clearly located at infinity in the three-dimensional space, and since neither field nor particles 
are present at infinity this integral is zero. Thus the four-momentum of the system is, as it 
must be, a uniquely determined quantity. To define the tensor uniquely we can use the 
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requirement that the four-tensor of angular momentum (see § 14) of the system be expressed 
in terms of the four-momentum by 

M'* = J - x'‘dP‘) = ^ J (xT*' - x'‘T“)dS„ (32.8) 

that is its “density” is expressed in terms of the “density” of momentum by the usual 
formula. 

It is easy to determine what conditions the energy-momentum tensor must satisfy in order 
that this be valid. We note that the law of conservation of angular momentum can be 
expressed, as we already know, by setting equal to zero the divergence of the expression under 
the integral sign in A/‘*. Thus 

(xT*' - x'T") = 0. (32.9) 

ax 

Noting that ox'jdx^ = <5j and that dT^^jdx^ = 0, we find from this 

= 0 


r* = (32.10) 

that is, the energy-momentum tensor must be symmetric. 

We note that defined by formula (32.5), is generally speaking not symmetric, but can 
be made so by transformation (32.7) with suitable Later on (§ 94) we shall see that 
there is a direct method for obtaining a symmetric tensor 
As we mentioned above, if we carry out the integration in (32.6) over the hyperplane 
x^ = const, then P * takes on the form 


= 1 J T^<>dV, 


(32.11) 


where the integration extends over the whole (three-dimensional) space. The space com¬ 
ponents of form the three-dimensional momentum vector of the system and the time 
component is its energy multiplied by 1/c. Thus the vector with components 

1 J’lO i 7^20 1 2^30 

c ’ c ’ c 

may be called the ''momentum density'", and the^quantity 

W = 

the "energy density". 

To clarify the meaning of the remaining components of we separate the conservation 
equation (32.4) into space and time parts: 


1 _ 
c dt ^ 5x* 


1 

c dt ^ dx^ 


(32.12) 


We integrate these equations over a volume V in space. From the first equation 

1 a r_ rar* . 


--f 

cdt j 


T°°dV+ 


dV^O 


or, transforming the second integral by Gauss’ theorem, 

d r . . r_ 


J T°°dV = -c ^ 


(32.13) 
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where the integral on the right is taken over the surface surrounding the volume V 
dfy, df^ are the components of the three-vector of the surface element d{). The expression on 
the left is the rate of change of the energy contained in the volume V\ from this it is clear 
that the expression on the right is the amount of energy transferred across the boundary of 
the volume F, and the vector S with components 


cT^\ cT^\ 


is its flux density—the amount of energy passing through unit surface in unit time. Thus we 
arrive at the important conclusion that the requirements of relativistic invariance, as 
expressed by the tensor character of the quantities 7*^, automatically lead to a definite 
connection between the energy flux and the momentum density: the energy flux density 
is equal to the momentum density multiplied by c^. 

From the second equation in (32.12) we find similarly: 

i J i ^ (32.14) 

On the left is the change of the momentum of the system in volume V per unit time, therefore 
§ T'^^dfp is the momentum emerging from the volume V per unit time. Thus the components 
7“^ of the energy-momentum tensor constitute the three-dimensional tensor of momentum 
flux density; we denote it by — where is the stress tensor. The energy flux density 
is a vector; the density of flux of momentum, which is itself a vector, must obviously be a 
tensor (the component of this tensor is the amount of the a-component of the 
momentum passing per unit time through unit surface perpendicular to the axis). 

We give a table indicating the meanings of the individual components of the energy- 
momentum tensor: 


w 

SJc 

SylC 

SJc 

SJc 

— ^xx 

^xy 

— <^xz 

Sy/C 

~~^yx 

-Oyy 


SJc 

-<^zx 

-^zy 



(32.15) 


§ 33. Energy-momentum tensor of the electromagnetic field 


We now apply the general relations obtained in the previous section to the electromagnetic 
field. For the electromagnetic field, the quantity standing under the integral sign in (32.1) is 
equal, according to (27.4), to 


A = 


1 

I6n 




The quantities q' are the components of the four-potential of the field, ^4*, so that the definition 
(32.5) of the tensor Tf becomes 


Tl = 



-S'l-A. 
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To calculate the derivatives of A which appear here, we find the variation SA. We have 


5A=- = -^F'“ (s -5 

871 871 \ Bx^ ox^) 


or, interchanging indices and making use of the fact that = —Fi^, 


From this we see that 


and therefore 


4n 3x* 


'dA,\ Alt ’ 


1 1 

Trk _ ^ rfc/ I sik r rim 

or, for the contravariant components: 

•rik _ ^ rk • ^ n^kr rim 

But this tensor is not symmetric. To symmetrize it we add the quantity 

47t dxi ' 

According to the field equation (30.2) in the absence of charges, dF'^ildx, = 0, and therefore 

_1 M* f*_L ^ / AipiAh 


^ F\=-—,(AT'“), 
dxi hk cx 


so that the change made in is of the form (32.7) and is admissible. Since BA^Idxi — dA'jdxi 
= F“, we get finally the following expression for the energy-momentum tensor of the 
electromagnetic field: 

T'* = ^ + i (33.1) 

This tensor is obviously symmetric. In addition it has the property that 

T\ = 0, (33.2) 

i.e. the sum of its diagonal terms is zero. 

Let us express the components of the tensor F'* in terms of the electric and magnetic field 
intensities. By using the values (23.5) for the components F*\ we easily verify that the 
quantity coincides with the energy density (31.5), while the components cF®* are the 
same as the components of the Poynting vector (31.2). The space components F®^ form 
a three-dimensional tensor with components 


--iE,E, + H^H,), 
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etc., or 

= ^ {+ + H^)}. 


(33.3) 


This tensor is called the Maxwell stress tensor. 

To bring the tensor to diagonal form, we must transform to a reference system in 
which the vectors E and H (at the given point in space and moment in time) are parallel to 
one another or where one of them is equal to zero; as we know (§ 25), such a transformation 
is always possible except when E and H are mutually perpendicular and equal in magnitude. 
It is easy to see that after the transformation the only non-zero components of will be 

y'OO _ _y'll _ ^^22 _ 

(the a: axis has been taken along the direction of the field). 

But if the vectors E and H are mutually perpendicular and equal in magnitude, the tensor 
cannot be brought to diagonal form.f The non-zero components in this case are 

Y'OO _ j^33 _ y'SO _ 


(where the x axis is taken along the direction of E and the y axis along H). 

Up to now we have considered fields in the absence of charges. When charged particles are 
present, the energy-momentum tensor of the whole system is the sum of the energy- 
momentum tensors for the electromagnetic field and for the particles, where in the latter the 
particles are assumed not to interact with one another. 

To determine the form of the energy-momentum tensor of the particles we must describe 
their mass distribution in space by using a “mass density” in the same way as we describe a 
distribution of point charges in terms of their density. Analogously to formula (28.1) for 
the charge density, wc can write the mass density in the form 

= (33.4) 


where are the radius-vectors of the particles, and the summation extends over all the 
particles of the system. 

The “four-momentum density” of the particles is given by //a/,. We know that this density 
is the component T^“/c of the energy-momentum tensor, i.e. T®* = c^i/*(a =1,2, 3). But 

the mass density is the time component of the four-vector /i/c {dx^jdt) (in analogy to the 
charge density; see § 28). Therefore the energy-momentum tensor of the system of non¬ 
interacting particles is 


T‘‘ = /<c ^ ^ ^ c m' 


dx‘ dx‘ 




ds dt 


dt 


(33.5) 


As expected, this tensor is symmetric. 

We verify by a direct computation that the energy and momentum of the system, defined 
as the sum of the energies and momenta of field and particles, are actually conserved. In 
other words we shall verify the equations. 


dx^ 




which express these conservation laws. 


0 . 


(33.6) 


t The fact that the reduction of the symmetric tensor to principal axes may be impossible is related to 
the fact that the four-space is pseudo-euclidean. (See also the problem in § 94.) 



ENERGY-MOMENTUM TENSOR OF THE ELECTROMAGNETIC FIELD 


83 


§ 33 

Differentiating (33.1), we write 


ax* 


Lin 

4n \2 


dF, dF‘ 


“)• 


Substituting from the Maxwell equations (26.5) and (30.2), 


^*' 


4t: 


*=7^’ 


ax' 


ax'" 


a^, 

ax'"’ 


we have: 


ax* 


_ 1 / 1 dF„i 1 aF„ dFi, 4;t A 


By permuting the indices, we easily show that the first three terms on the right cancel one 
another, and we arrive at the result: 

aji/)* ] 

-(33.7) 

ox* c 

Differentiating the expression (33.5) for the energy-momentum tensor of the particles gives 

ar'")*, 


ax* 


a / dx*\ dx‘aM: 
-“■a?!"*]-"''* &>■ 


The first term in this expression is zero because of the conservation of mass for non¬ 
interacting particles. In fact, the quantities ^{dx^jdt) constitute the “mass current” four- 
vector, analogous to the charge current four-vector (28.2); the conservation of mass is 
expressed by equating to zero the divergence of this four-vector: 

3 / 


dx^ 


( 4 )-- 


(33.8) 


just as the conservation of charge is expressed by equation (29.4). 
Thus we have: 

dx^ dUi dui 


dx 


* “ dt ax* dt • 


Next we use the equation of motion of the charges in the field, expressed in the four¬ 
dimensional form (23.4). 

^ r. k 

me — — - FivU . 
ds c 

Changing to continuous distributions of charge and mass, we have, from the definitions of 
the densities n and q: (ifm — Qje. We can therefore write the equation of motion in the form 


or 


Thus, 


^ r n IV* ^ r I* 


ax* c 


(33.9) 


Combining this with (33.7), we find that we actually get zero, i.e. we arrive at equation 
(33.6). 
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PROBLEM 

Find the law of transformation of the energy density, the energy flux density, and the components 
of the stress tensor under a Lorentz transformation. 

Solution: Suppose that the K' coordinate system moves relative to the K system along the x axis 
with velocity V. Applying the formulas of problem 1, §6 to the symmetric tensor T'*, we find: 



and similar formulas for and 

§ 34. The virial theorem 

Since the sum of the diagonal terms of the energy-momentum tensor of the electro¬ 
magnetic field is equal to zero, the sum T\ for any system of interacting particles reduces to 
the trace of the energy-momentum tensor for the particles alone. Using (33.5), we therefore 
have: 

Let us rewrite this result, shifting to a summation over the particles, i.e. writing as the sum 
(33.4). We then get finally: 

(•—rj- (34.1) 

a y C 

We note that, according to this formula, we have for every system: 

T\ ^ 0, (34.2) 

where the equality sign holds only for the electromagnetic field without charges. 

Let us consider a closed system of charged particles carrying out a finite motion, in which 
all the quantities (coordinates, momenta) characterizing the system vary over finite ranges.f 

t Here we also assume that the electromagnetic field of the system goes to zero sufficiently rapidly at infinity. 
In specific cases this condition may require the neglect of radiation of electromagnetic waves by the system. 
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We average the equation 


1 

--- 1 -— g = 0 

c dt dx^ 


[see (32.11)] with respect to the time. The average of the derivative dT’^^ldt, like the average 
of the derivative of any bounded quantity, is zero.f Therefore we get 

We multiply this equation by and integrate over all space. We transform the integral by 
Gauss’ theorem, keeping in mind that at infinity Tf = 0, and so the surface integral vanishes: 

or finally, 

J TldV = 0. (34.3) 

On the basis of this equality we can write for the integral of r| = 7“+ 7°: 

I fidV = J f^dV = 

where is the total energy of the system. 

Finally, substituting (34.1) we get: 




This relation is the relativistic generalization of the virial theorem of classical mechanics. 
(See Mechanics, §10.) For low velocities, it becomes 

= -Z—7-. 

that is, the total energy (minus the rest energy) is equal to the negative of the average value 
of the kinetic energy—in agreement with the result given by the classical virial theorem for a 
system of charged particles (interacting according to the Coulomb law). 

We must point out that our formulas have a quite formal character and need to be made 
more precise. The point is that the electromagnetic field energy contains terms that give an 
infinite contribution to the electromagnetic self-energy of point charges (see §37). To give 
meaning to the corresponding expressions we should omit these terms, considering that the 
intrinsic electromagnetic energy is already included in the kinetic energy of the particle (9.4). 
This means that we should “renormalize” the energy making the replacement 


■?j^' 


t Let f{t) be such a quantity. Then the average value of the derivative dfjdt over a certain time interval T is 


df 1 ( 4 /,. m-m 

— T~- 


Since/(/) varies only within finite limits, then as T increases without limit, the average value of dfidt clearly 
goes to zero. 
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in (34.4), where E„ and are the fields produced by the a’th particle. Similarly in (34.3) 
we should make the replacementf 




TldV 



Stt 


dV, 


§ 35. The energy-momentum tensor for macroscopic bodies 


In addition to the energy-momentum tensor for a system of point particles (33.5), we shall 
also need the expression for this tensor for macroscopic bodies which are treated as being 
continuous. 

The flux of momentum through the element di of the surface of the body is just the force 
acting on this surface element. Therefore is the a-component of the force acting 

on the element. Now we introduce a reference system in which a given element of volume 
of the body is at rest. In such a reference system, Pascal’s law is valid, that is, the pressure p 
applied to a given portion of the body is transmitted equally in all directions and is every¬ 
where perpendicular to the surface on which it acts.J Therefore we can write (Tocpdfp = 
—pdf^, so that the stress tensor is = ^P^ap- As for the components 7“®, which represent 
the momentum density, they are equal to zero for the given volume element in the reference 
system we are using. The component 7^ is as always the energy density of the body, which 
we denote by e/c^ is then the mass density of the body, i.e. the mass per unit volume. 
We emphasize that we are talking here about the unit “proper” volume, that is, the volume 
in the reference system in which the given portion of the body is at rest. 

Thus, in the reference system under consideration, the energy-momentum tensor (for the 
given portion of the body) has the form: 


( e 0 0 0\ 

0 p 0 0 

0 0 p 0 

0 0 0 p/ 


(35.1) 


Now it is easy to find the expression for the energy-momentum tensor in an arbitrary 
reference system. To do this we introduce the four-velocity m* for the macroscopic motion 
of an element of volume of the body. In the rest frame of the particular element, u* = (1, 0). 
The expression for must be chosen so that in this reference system it takes on the form 
(35.1). It is easy to verify that this is 

r'^ = (p + £)uV-p^^ (35.2) 

or, for the mixed components, 

rJ = (p+£)MiM‘-p6j. 

This expression gives the energy-momentum tensor for a macroscopic body. The 


TldV = —- dV y—- —- - is essentially 

J a — vllc^ 

t Strictly speaking, Pascal’s law is valid only for liquids and gases. However, for solid bodies the maximum 
possible difference in the stress in different directions is negligible in comparison with the stresses which can play 
a role in the theory of relativity, so that its consideration is of no interest. 
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expressions for the energy density fV, energy flow vector S and stress tensor are: 

(j>+e)y 




e+p^ 

..2 » 


s = 


1 -- 


2 > 

1 — — 


(35.3) 


— 






-pKf- 


If the velocity v of the macroscopic motion is small compared with the velocity of light, then 
we have approximately: 

S = (p-he)v. 

Since S/c^ is the momentum density, we see that in this case the sum {p+t)jc^ plays the 
role of the mass density of the body. 

The expression for 7“ simplifies in the case where the velocities of all the particles making 
up the body are small compared with the velocity of light (the velocity of the macroscopic 
motion itself can be arbitrary). In this case we can neglect, in the energy density t, all terms 
small compared with the rest energy, that is, we can write c* in place of e, where is 
the sum of the masses of the particles present in unit (proper) volume of the body (we 
emphasize that in the general case, Pq must differ from the actual mass density of the 
body, which includes also the mass corresponding to the energy of microscopic motion of 
the particles in the body and the energy of their interactions). As for the pressure determined 
by the energy of microscopic motion of the molecules, in the case under consideration it is 
also clearly small compared with the rest energy p^ c^. Thus we find 

T"' = ^iocV«*. (35.4) 

From the expression (35.2), we get 

T\ = e-3p. (35.5) 

The general property (34.2) of the energy-momentum tensor of an arbitrary system now 
shows that the following inequality is always valid for the pressure and density of a macro¬ 
scopic body: 

P<|. (35.6) 


Let us compare the relation (35.5) with the general formula (34.1) which we saw was valid 
for an arbitrary system. Since we are at present considering a macroscopic body, the expres¬ 
sion (34.1) must be averaged over all the values of r in unit volume. We obtain the result 


e—3p 



(35.7) 


(the summation extends over all particles in unit volume). 

The right side of this equation tends to zero in the ultrarelativistic limit, so in this limit 
the equation of state of matter is;t 


P = 


e 

3’ 


(35.8) 


t This limiting equation of state is obtained here assuming an electromagnetic interaction between the 
particles. We shall assume (when this is needed in Chapter 14) that it remains valid for the other possible 
interactions between particles, though there is at present no proof of this assumption. 
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We apply our formula to an ideal gas, which we assume to consist of identical particles, 
since the particles of an ideal gas do not interact with one another, we can use formula 
(33.5) after averaging it. Thus for an ideal gas, 


dx^dx^ 


7'^ = nmc — 


dt ds * 


where n is the number of particles in unit volume and the dash means an average over all the 
particles. If there is no macroscopic motion in the gas then we can use for the expression 
(35.1). Comparing the two formulas, we arrive at the equations: 



These equations determine the density and pressure of a relativistic ideal gas in terms of the 
velocity of its particles; the second of these replaces the well-known formula p = nmv^l3 of 
the nonrelativistic kinetic theory of gases. 
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CONSTANT ELECTROMAGNETIC FIELDS 


§ 36. Coulomb’s law 


For a constant electric, or as it is usually called, electrostatic field, the Maxwell equations 
have the form: 

divE = 47rp, (36.1) 

curl E = 0. (36.2) 

The electric field E is expressed in terms of the scalar potential alone by the relation 

E = -grad (j). (36.3) 

Substituting (36.3) in (36.1), we get the equation which is satisfied by the potential of a 
constant electric field: 

A<^=-47rp. (36.4) 

This equation is called the Poisson equation. In particular, in vacuum, i.e., for p = 0, the 
potential satisfies the Laplace equation 

A<^ = 0. (36.5) 

From the last equation it follows, in particular, that the potential of the electric field can 
nowhere have a maximum or a minimum. For in order that </> have an extreme value, it 
would be necessary that the first derivatives of <f) with respect to the coordinates be zero, 
and that the second derivatives d^(f>ldy^, d^(t>ldz^ all have the same sign. The last 

is impossible, since in that case (36.5) could not be satisfied. 

We now determine the field produced by a point charge. From symmetry considerations, 
it is clear that it is directed along the radius-vector from the point at which the charge e is 
located. From the same consideration it is clear that the value E of the field depends only on 
the distance R from the charge. To find this absolute value, we apply equation (36.1) in the 
integral form (30.5). The flux of the electric field through a spherical surface of radius R 
circumscribed around the charge e is equal to AnR}E\ this flux must equal Ane. From this we 
get 

e 


£ = 


R 


2 * 


In vector notation: 


E-^ 


(36.6) 


Thus the field produced by a point charge is inversely proportional to the square of the 
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distance from the charge. This is the Coulomb law. The potential of this field is, clearly, 

(36.7) 

If we have a system of charges, then the field produced by this system is equal, according 
to the principle of superposition, to the sum of the fields produced by each of the particles 
individually. In particular, the potential of such a field is 



where is the distance from the charge to the point at which we are determining the 
potential. If we introduce the charge density q, this formula takes on the form 


cl>= j~dV, (36.8) 

where R is the distance from the volume element dV to the given point of the field. 

We note a mathematical relation which is obtained from (36.4) by substituting the values 
of Q and (j) for a point charge, i.e. q = e 5(R) and (j) — ejR. We then find 


a(^)= -4n5(R). (36.9) 


§ 37. Electrostatic energy of charges 

We determine the energy of a system of charges. We start from the energy of the field, that 
is, from the expression (31.5) for the energy density. Namely, the energy of the system of 
charges must be equal to 

where E is the field produced by these charges, and the integral goes over all space. Sub¬ 
stituting E = —grad (f), U can be changed to the following form: 

1/ = — ^ Te* grad (f) dV = — ^ fdiv (E0) dV^ f (j) div E dV. 
on J on J on J 

According to Gauss’ theorem, the first integral is equal to the integral ofE(/> over the surface 
bounding the volume of integration, but since the integral is taken over all space and since 
the field is zero at infinity, this integral vanishes. Substituting in the second integral, 
div E = 4?!^, we find the following expression for the energy of a system of charges: 

U = i[0(f>dy. (37.1) 

For a system of point charges, we can write in place of the integral a sum over the 
charges 

U = i^eAa> (37.2) 

a 

where is the potential of the field produced by all the charges, at the point where the 
charge is located. 
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If we apply our formula to a single elementary charged particle (say, an electron), and the 
field which the charge itself produces, we arrive at the result that the charge must have a 
certain “self’’-potential energy equal to e<^/2, where is the potential of the field produced 
by the charge at the point where it is located. But we know that in the theory of relativity 
every elementary particle must be considered as pointlike. The potential <f) = e/R of its field 
becomes infinite at the point R — 0. Thus according to electrodynamics, the electron would 
have to have an infinite “self-energy”, and consequently also an infinite mass. The physical 
absurdity of this result shows that the basic principles of electrodynamics itself lead to the 
result that its application must be restricted to definite limits. 

We note that in view of the infinity obtained from electrodynamics for the self-energy and 
mass, it is impossible within the framework of classical electrodynamics itself to pose the 
question whether the total mass of the electron is electrodynamic (that is, associated with the 
electromagnetic self-energy of the particle).f 

Since the occurrence of the physically meaningless infinite self-energy of the elementary 
particle is related to the fact that such a particle must be considered as pointlike, we can 
conclude that electrodynamics as a logically closed physical theory presents internal con¬ 
tradictions when we go to sufficiently small distances. We can pose the question as to the 
order of magnitude of such distances. We can answer this question by noting that for the 
electromagnetic self-energy of the electron we should obtain a value of the order of the rest 
energy mc^. If, on the other hand, we consider an electron as possessing a certain radius Rq, 
then its self-potential energy would be of order e^/Ro- From the requirement that these two 
quantities be of the same order, e^/Ro ^ we find 


This dimension (the “radius” of the electron) determines the limit of applicability of 
electrodynamics to the electron, and follows already from its fundamental principles. We 
must, however, keep in mind that actually the limits of applicability of the classical electro¬ 
dynamics which is presented here lie much higher, because of the occurrence of quantum 
phenomena, t 

We now turn again to formula (37.2). The potentials </>„ which appear there are equal, from 
Coulomb’s law, to 

= E (37.4) 

where Rat is the distance between the charges e^, e^,. The expression for the energy (37.2) 
consists of two parts. First, it contains an infinite constant, the self-energy of the charges, not 
depending on their mutual separations. The second part is the energy of interaction of the 
charges, depending on their separations. Only this part has physical interest. It is equal to 

= (37.5) 

where 

= I ^ (37.6) 


t From the purely formal point of view, the finiteness of the electron mass can be handled by introducing 
an infinite negative mass of nonelectromagnetic origin which compensates the infinity of the electromagnetic 
mass (mass “renormalization”). However, we shall see later (§75) that this does not eliminate all the internal 
contradictions of classical electrodynamics. 

i Quantum effects become important for distances of the order of himc, where h is Planck’s constant. The ratio 
of these distances to Rq is of order hcje^^ 137. 
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is the potential at the point of location of produced by all the charges other than e^. In 
other words, we can write 




2 a:^b Rab 


(37.7) 


In particular, the energy of interaction of two charges is 


U' = 


Ri2 


(37.8) 


§ 38. The field of a uniformly moving charge 

We determine the field produced by a charge e, moving uniformly with velocity V. We 
call the laboratory frame the system K; the system of reference moving with the charge is the 
K' system. Let the charge be located at the origin of coordinates of the K' system. The 
system K' moves relative to K along the X axis; the axes Y and Z are parallel to Y' and Z'. 
At the time / = 0 the origins of the two systems coincide. The coordinates of the charge in 
the K system are consequently x = Vt, y = z — 0, In the iC' system, we have a constant 
electric field with vector potential A' = 0, and scalar potential equal to = e/R\ where 
jR' 2 = + In the K system, according to (24.1) for A' = 0, 



We must now express R' in terms of the coordinates x, y, z, in the K system. According to 
the formulas for the Lorentz transformation 


X = 


x-Vt 


V-7:' 


y =y, z =z. 


from which 




(x-vty+ 


H) 




1- 


Substituting this in (38.1) we find 


<t> = 


R* 


where we have introduced the notation 


R*^ = (x—Vty+ ^1 — (y^ + z^). 

The vector potential in the K system is equal to 


(38.2) 


(38.3) 

(38.4) 
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In the K' system the magnetic field H' is absent and the electric field is 

eR' 


From formula (24.2), we find 


£. — £' = 


ez' 

expressions in terms of jc, y, z 

V cVR*^’ 


Substituting for R\ x, y\ z\ their expressions in terms of jc, y\ z, we obtain 


where R is the radius vector from the charge e to the field point with coordinates x, y, z (its 
components are x— F/, y, z). 

This expression for E can be written in another form by introducing the angle 9 between 
the direction of motion and the radius vector R. It is clear that y^ -hz^ = sin^ 0, and there¬ 
fore R*^ can be written in the form: 


= l-^sin"0j. 


Then we have for E, 


1-7 sin^ 0 


For a fixed distance R from the charge, the value of the field E increases as 6 increases 
from 0 to n/2 (or as 6 decreases from n to n/I). The field along the direction of motion 
((0 = 0, n) has the smallest value; it is equal to 


The largest field is that perpendicular to the velocity {0 = n/2), equal to 

e 1 


We note that as the velocity increases, the field decreases, while increases. We can 
describe this pictorially by saying that the electric field of a moving charge is “contracted” 
in the direction of motion. For velocities V close to the velocity of light, the denominator 
in formula (38.8) is close to zero in a narrow interval of values 0 around the value 0 = 7r/2. 
The “width” of this interval is, in order of magnitude. 
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Thus the electric field of a rapidly moving charge at a given distance from it is large only in a 
narrow range of angles in the neighborhood of the equatorial plane, and the width of this 
interval decreases with increasing V like VI 
The magnetic field in the K system is 

H = -VxE (38.9) 

c 


[see (24.5)]. In particular, for V c the electric field is given approximately by the usual 
formula for the Coulomb law, E = eR/R^, and the magnetic field is 


^ ^ VxR 


(38.10) 


PROBLEM 

Determine the force (in the K system) between two charges moving with the same velocity V. 
Solution: We shall determine the force F by computing the force acting on one of the charges (^i) 
in the field produced by the other {€ 2 ). Using (38.9), we have 

F = <>1 E 2 -^ ^ Vx H 2 = Pi E 2 + ^ V(V • Eo). 

Substituting for E 2 from (38.8). we get for the components of the force in the direction of motion 
(Fj) and perpendicular to it (Fy): 



where R is the radius vector from €2 to ei, and 6 is the angle between R and V. 


§ 39. Motion in the Coulomb field 

We consider the motion of a particle with mass m and charge e in the field produced by a 
second charge e'\ we assume that the mass of this second charge is so large that it can be 
considered as fixed. Then our problem becomes the study of the motion of a charge e in a 
centrally symmetric electric field with potential (f) = e'lr. 

The total energy cf of the particle is equal to 

S = c\l + 

r 

where a = ee\ If we use polar coordinates in the plane of motion of the particle, then as we 
know from mechanics, 

= iM^lr^)+ph 

where is the radial component of the momentum, and M is the constant angular momen¬ 
tum of the particle. Then 

r' aP TT a 


(39.1) 
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We discuss the question whether the particle during its motion can approach arbitrarily 
close to the center. First of all, it is clear that this is never possible if the charges e and e' 
repel each other, that is, if e and e' have the same sign. Furthermore, in the case of attraction 
{e and e' of opposite sign), arbitrarily close approach to the center is not possible if Me > |a|, 
for in this case the first term in (39.1) is always larger than the second, and for 0 the 
right side of the equation would approach infinity. On the other hand, if Me < |a|, then 
as r ^ 0, this expression can remain finite (here it is understood that p, approaches infinity). 
Thus, if 

cM < |a|, (39.2) 


the particle during its motion “falls in” toward the charge attracting it, in contrast to non- 
relativistic mechanics, where for the Coulomb field such a collapse is generally impossible 
(with the exception of the one case Af = 0, where the particle e moves on a line toward the 
particle e'). 

A complete determination of the motion of a charge in a Coulomb field starts most 
conveniently from the Hamilton-Jacobi equation. We choose polar coordinates r, <j>, in 
the plane of the motion. The Hamilton-Jacobi equation (16.11) has the form 


_ 1 4 . 1 
e^ \3r r) ' \dr) ^ \5(t>) 


+ m^c^ = 0 . 


We seek an S of the form 

S= -^t+M<j>+f(r), 


where ^ and M are the constant energy and angular momentum of the moving particle. The 
result is _ 

S = J ^ -m^c^dr. (39.3) 

The trajectory is determined by the equation dSjdM = const. Integration of (39.3) leads to 
the following results for the trajectory; 


(a) 

IfMoW, 



(e^M^—a.^) - 
r 

= c\/(M<?)^-mV(MV-a^) cos fj 

(b) 

If3/c<|a|, 



(a*-MV)- = 
r 

±e\J{Mg)^ + m^e\(x}—M^e^) cosh (^<j> ^1^2 “1^ +<^“- 

(c) 

If A/c=|aI, 



2^0C 2 2 4 jl2 ( 


(39.4) 


(39.5) 

(39.6) 


The integration constant is contained in the arbitrary choice of the reference line for 
measurement of the angle 0. 

In (39.4) the ambiguity of sign in front of the square root is unimportant, since it already 
contains the arbitrary reference origin of the angle (f> under the cos. In the case of attraction 
(a < 0) the trajectory corresponding to this equation lies entirely at finite values of r (finite 
motion), if < mc^. If <? > mc^, then r can go to infinity (infinite motion). The finite motion 
corresponds to motion in a closed orbit (ellipse) in nonrelativistic mechanics. From (39.4) 
it is clear that in relativistic mechanics the trajectory can never be closed; when the angle 0 



96 


CONSTANT ELECTROMAGNETIC FIELDS 


§39 


changes by 2n, the distance r from the center does not return to its initial value. In place of 
ellipses we here get orbits in the form of open “rosettes”. Thus, whereas in nonrelativistic 
mechanics the finite motion in a Coulomb field leads to a closed orbit, in relativistic 
mechanics the Coulomb field loses this property. 

In (39.5) we must choose the positive sign for the root in case a < 0, and the negative sign 
if a > 0 [the opposite choice of sign would correspond to a reversal of the sign of the root in 
(39.1)]. 

For a < 0 the trajectories (39.5) and (39.6) are spirals in which the distance r approaches 
0 as 0 00 . The time required for the “falling in” of the charge to the coordinate origin is 

finite. This can be verified by noting that the dependence of the coordinate r on the time is 
determined by the equation dSjdS = const; substituting (39.3), we see that the time is 
determined by an integral which converges for r 0. 


PROBLEMS 


1. Determine the angle of deflection of a charge passing through a repulsive Coulomb field 
(a>0). 

Solution: The angle of deflection x equals / = tc — 2<^o» where 2<j>Q is the angle between the two 
asymptotes of the trajectory (39.4). We find 

IcM , fv Vc^M^-a^ 

X — n - , — tan~* - 

Vc^M^-a^ \ ca 

where v is the velocity of the charge at infinity. 

2. Determine the effective scattering cross section at small angles for the scattering of particles 
in a Coulomb field. 

Solution: The effective cross section da is the ratio of the number of particles scattered per second 
into a given element do of solid angle to the flux density of impinging particles (i.e., to the number 
of particles crossing one square centimeter, per second, of a surface perpendicular to the beam of 
particles). 

Since the angle of deflection / of the particle during its passage through the field is determined 
by the impact parameter q (i.e. the distance from the center to the line along which the particle 
would move in the absence of the field), 

do do do 

da = 2 nQdQ = 2 nQ j- » 

dx dx sin X 

where do = 2n sin xdxA The angle of deflection (for small angles) can be taken equal to the ratio 
of the change in momentum to its initial value. The change in momentum is equal to the time integral 
of the force acting on the charge, in the direction perpendicular to the direction of motion; it is 
approximately (alr^)'(Qjr). Thus we have 

If agdt 2 a 

^ p] + PQV 


(v is the velocity of the particles). From this we find the effective cross section for small x- 


da = 4 



^ do 

7 * 


In the nonrelativistic case, p ^ mv, and the expression coincides with the one obtained from the 
Rutherford formula^ for small x- 


t See Mechanics, § 18. 
i See Mechanics, § 19. 
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§ 40. The dipole moment 


We consider the field produced by a system of charges at large distances, that is, at 
distances large compared with the dimensions of the system. 

We introduce a coordinate system with origin anywhere within the system of charges. 
Let the radius vectors of the various charges be r^. The potential of the field produced by 
all the charges at the point having the radius vector Rq is 


4> = I 

a 


|Ro-r.j 


(40.1) 


(the summation goes over all charges); here Rq —are the radius vectors from the charges 
to the point where we are finding the potential. 

We must investigate this expansion for large Ro(Ro ^ O* To do this, we expand it in 
powers of vJRq. using the formula 


/(Ro-r)=/(Ro)-r-grad/(Ro) 


(in the grad, the differentiation applies to the coordinates of the vector Rq). To terms of first 
order, 

4> = - I • grad (40.2) 

The sum 


d = Z 




(40.3) 


is called the dipole moment of the system of charges. It is important to note that if the sum 
of all the charges, I e^, is zero, then the dipole moment does not depend on the choice of 
the origin of coordinates, for the radius vectors and of one and the same charge in two 
different coordinate systems are related by 


r; = r^ + a. 


where a is some constant vector. Therefore if 1 = 0, the dipole moment is the same 

in both systems: 

d' = Z ^-r; = Z + a Z = d. 


If we denote by ej", and the positive and negative charges of the system and 

their radius vectors, then we can write the dipole moment in the form 

d = X Z Z Z (40.4) 

where 


e; r; - X = Ro" Z “R<. Z 


R^ = 


z^; 


(40.5) 


are the radius vectors of the “charge centers” for the positive and negative charges. If 
Te^ = I e~ = e, then 

d = eR+_, (40.6) 


where R+_ =R'’'—R" is the radius vector from the center of negative to the center of 
positive charge. In particular, if we have altogether two charges, then R + _ is the radius 
vector between them. 

If the total charge of the system is zero, then the potential of the field of this system at large 
distances is 


0 = 



d • Rq 


(40.7) 
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The field intensity is; 

E = -grad = - -jj grad (d • Ro)-(d • Rq) grad 

Kq Kq I\q 

or finally, 

^ 3(nd)n-d 
^ = ’ 

where n is a unit vector along Rq. Another useful expression for the field is 


(40.8) 


E = (dV)V--. 


(40.9) 


Thus the potential of the field at large distances produced by a system of charges with 
total charge equal to zero is inversely proportional to the square of the distance, and the 
field intensity is inversely proportional to the cube of the distance. This field has axial 
symmetry around the direction of d. In a plane passing through this direction (which we 
choose as the z axis), the components of the vector E are: 


E, = d 


3 COS" 0— 1 
'^0 ’ 




3 sin 0 cos 0 

M ■ 


(40.10) 


The radial and tangential components in this plane are 




2 cos 0 

~w 



(40.11) 


§41. Multipole moments 


In the expansion of the potential in powers of I/Rq, 

0 = + + (41.1) 


the term is proportional to We saw that the first term, is determined by 

the sum of all the charges; the second term, sometimes called the dipole potential of 
the system, is determined by the dipole moment of the system. 

The third term in the expansion is 



cx^ xp 


—(-) 
dXMf \Ro/ 


(41.2) 


where the sum goes over all charges; we here drop the index numbering the charges; are 
the components of the vector r, and those of the vector Rq. This part of the potential is 
usually called the quadrupole potential. If the sum of the charges and the dipole moment of 
the system are both equal to zero, the expansion begins with 
In the expression (41.2) there enter the six quantities I ex^Xp. However, it is easy to see 
that the field depends not on six independent quantities, but only on five. This follows from 
the fact that the function I/Rq satisfies the Laplace equation, that is. 


(ro) (ro) 
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The tensor 

is called the quadrupole moment of the system. From the definition of it is clear that 
the sum of its diagonal elements is zero: 

= (41.4) 

Therefore the symmetric tensor has altogether five independent components. With the 
aid of we can write 

n - / I \ 

(41.5) 


^ 


or, performing the differentiation. 


1 


dXg^vXp Rq 


and using the fact that S^p D^p = = 0, 


'' i 


dX,dXi, \ 

.RoJ 

iX,Xp 

^aP 

Ro 

' R^o 



2Rl ■ 



(41.6) 


Like every symmetric three-dimensional tensor, the tensor can be brought to principal 
axes. Because of (41.4), in general only two of the three principal values will be independent. 
If it happens that the system of charges is symmetric around some axis (the z axis)t then 
this axis must be one of the principal axes of the tensor the location of the other two 
axes in the x, y plane is arbitrary, and the three principal values are related to one another: 

Z),, = Z),,= (41.7) 

Denoting the component by D (in this case it is simply called the quadrupole moment), 
we get for the potential 

-^PjicosQ), (41.8) 


"^^^^"" 4 ^^^ cos^0-l) = 


2Rl 


where 6 is the angle between Rq and the z axis, and P 2 is a Legendre polynomial. 

Just as we did for the dipole moment in the preceding section, we can easily show that 
the quadrupole moment of a system does not depend on the choice of the coordinate origin, 
if both the total charge and the dipole moment of the system are equal to zero. 

In similar fashion we could also write the succeeding terms of the expansion (41.1). The 
/*th term of the expansion defines a tensor (which is called the tensor of the 2^-pole moment) 
of rank /, symmetric in all its indices and vanishing when contracted on any pair of indices; 
it can be shown that such a tensor has 2/-I-1 independent components.} 

We shall express the general term in the expansion of the potential in another form, by 
using the well-known formula of the theory of spherical harmonics 


1 


1 


Ro*”**! yJRl + r^— 2 rRo cos X 1^0 Rq 


= E ^/(cos x). 


(41.9) 


t We are assuming a symmetry axis of any order higher than the second. 

t Such a tensor is said to be irreducible. The vanishing on contraction means that no tensor of lower 
rank can be formed from the components. 
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where x is the angle between Rq and r. We introduce the spherical angles 0, <I) and 0, 0, 
formed by the vectors R© and r, respectively, with the fixed coordinate axes, and use the 
addition theorem for the spherical harmonics: 

I r/ . I m f 

P,(cosx)= I (41.10) 

m=-t (/ + |m|)! 

where the PJ" are the associated Legendre polynomials. 

We also introduce the spherical functionsf 


(41.11) 


yus, 4>) = (- P?{cos 0 )^""^ m '^0. 

Then the expansion (41.9) takes the form: 

[r^I iS. w iTTi 

Carrying out this expansion in each term of (40.1), we finally get the following expression 
for the /*th term of the expansion of the potential: 


where 





(41.12) 

/ 4;r 

(41.13) 


The set of 2/+1 quantities form the 2'-pole moment of the system of charges 
The quantities defined in this way are related to the components of the dipole 
moment vector d by the formulas 




+^(d,±idy). 


The quantities are related to the tensor components by the relations 


e!,^> = - \ D„, 






(41.14) 


(41.15) 


PROBLEM 

Determine the quadrupole moment of a uniformly charged ellipsoid with respect to its center. 
Solution: Replacing the summation in (41.3) by an integration over the volume of the ellipsoid, 
we have: 

j j j ( 2 x^-y^- 2 ^dxdydz, etc. 

Let us choose the coordinate axes along the axes of the ellipsoid with the origin at its center; from 
symmetry considerations it is obvious that these axes are the principal axes of the tensor Dafi. By 
means of the transformation 

jc = jc'fl, y = y'b, z = z'c 


t In accordance with the definition used in quantum mechanics. 
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the integration over the volume of the ellipsoid 

-2 

— + —4-— = 1 

is reduced to integration over the volume of the unit sphere 
As a result we obtain: 

Z)xx = \ (2a^-b^-c^), Dyy = J i2b^-a^-c% 

D„ = ^-i2c^-a^-b^), 

where e = (4nl3)abcQ is the total charge of the ellipsoid. 


§ 42. System of charges in an external field 

We now consider a system of charges located in an external electric field. We designate 
the potential of this external field by (/)(r). The potential energy of each of the charges is 
<f>(TaX the total potential energy of the system is 

= (42.1) 

a 

We introduce another coordinate system with its origin anywhere within the system of 
charges; r^ is the radius vector of the charge in these coordinates. 

Let us assume that the external field changes slowly over the region of the system of 
charges, i.e. is quasiuniform with respect to the system. Then we can expand the energy U 
in powers of r^: 

C/ = ...*, (42.2) 

in this expansion the first term is 

= (42.3) 

where (f)o is the value of the potential at the origin. In this approximation, the energy of the 
system is the same as it would be if all the charges were located at one point (the origin). 
The second term in the expansion is 

= (grad 0)o-X^«''. 

Introducing the field intensity Eq at the origin and the dipole moment d of the system, we 
have 

~d-Eo. (42.4) 

The total force acting on the system in the external quasiuniform field is, to the order we 
are considering, 

F = EoXfa + [V(d-E)]o. 

If the total charge is zero, the first term vanishes, and 

F = (d*V)E, (42.5) 

i.e. the force is determined by the derivatives of the field intensity (taken at the origin). The 
total moment of the forces acting on the system is 

K = Z (•■. ^ ^.Eq) = d X Eo, 

i.e. To lowest order it is determined by the field intensity itself 


(42.6) 
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Let us assume that there are two systems, each having total charge zero, and with dipole 
moments dj and 62 , respectively. Their mutual distance is assumed to be large in comparison 
with their internal dimensions. Let us determine their potential energy of interaction, U. To 
do this we regard one of the systems as being in the field of the other. Then 

where Ej is the field of the first system. Substituting (40.8) for Ej, we find: 

(d, d2)R^-3(d, RKd^-R) 


U = 




(42.7) 


where R is the vector separation between the two systems. 

For the case where one of the systems has a total charge different from zero (and equal 
to e), we obtain similarly 

d R 

= (42.8) 

where R is the vector directed from the dipole to the charge. 

The next term in the expansion (42.1) is 

2 -" ^ dx^dxp 

Here, as in § 41, we omit the index numbering the charge; the value of the second 
derivative of the potential is taken at the origin; but the potential (j) satisfies Laplace’s 
equation, 

d^<i> 


Therefore we can write 


or, finally. 


dxl dx^dXf, 


= 0 . 




1 d^o V / 1 . 


y(2) _ ^ 


6 dx,dxg 


(42.9) 


The general term in the series (42.2) can be expressed in terms of the 2*-pole moments 
D'J,’ defined in the preceding section. To do this, we first expand the potential <^(r) in 
spherical harmonics; the general form of this expansion is 




00 I /' 

= II J2 

1 = 0 m=-iy ^ 


4n 


(42.10) 

where r. (?, <f> are the spherical coordinates of a point and the a,„ are constants. Forming the 
sum (42.1) and using the definition (41.13), we obtain: 

1 (42.11) 

m——l 




§ 43 . Constant magnetic field 

Let us consider the magnetic field produced by charges which perform a finite motion, in 
which the particles are always within a finite region of space and the momenta also always 
remain finite. Such a motion has a “stationary” character, and it is of interest to consider 
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the time average magnetic field H, produced by the charges; this field will now be a function 
only of the coordinates and not of the time, that is, it will be constant. 

In order to find equations for the average magnetic field H, we take the time average of the 
Maxwell equations 

1 dE 4n 

divH = 0,curlH = ---+ -j. 

c dt c 


The first of these gives simply 

divH = 0. (43.1) 

In the second equation the average value of the derivative dE/dt, like the derivative of any 
quantity which varies over a finite range, is zero (cf. the footnote on p. 84). Therefore the 
second Maxwell equation becomes 


1 o - 
curl H = — j. 

c 

These two equations determine the constant field H. 

We introduce the average vector potential A in accordance with 


(43.2) 


curl A = H. 


We substitute this in equation (43.2). We find 

__ ^ 4n 

grad diV A — AA = — j. 

c 

But wc know that the vector potential of a field is not uniquely defined, and we can impose 
an arbitrary auxiliary condition on it. On this basis, we choose the potential A so that 

divA = 0. (43.3) 

Then the equation defining the vector potential of the constant magnetic field becomes 


AA= - 



(43.4) 


It is easy to find the solution of this equation by noting that (43.4) is completely analogous 
to the Poisson equation (36.4) for the scalar potential of a constant electric field, where in 
place of the charge density q we here have the current density j/c. By analogy with the solution 
(36.8) of the Poisson equation, wc can write 

(43.5) 

where R is the distance from the field point to the volume element dV. 

In formula (43.5) we can go over from the integral to a sum over the charges, by sub¬ 
stituting in place of j the product ^v, and recalling that all the charges are pointlike. In this 
we must keep in mind that in the integral (43.5), R is simply an integration variable, and is 
therefore not subject to the averaging process. If we write in place of the integral 

j^dV, the sum 

then Rg here are the radius vectors of the various particles, which change during the motion 
of the charges. Therefore we must write _ 

where we average the whole expression under the summation sign. 


(43.6) 
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Knowing A, we can also find the magnetic field, 


H = curl A = curl - 
c 



dV, 


The curl operator refers to the coordinates of the field point. Therefore the curl can be 
brought under the integral sign and j can be treated as constant in the differentiation. 
Applying the well known formula 


curl /a = / curl a + grad / x a, 

where / and a are an arbitrary scalar and vector, to the product j. \/R, we get 


and consequently. 


curl|- = grad^ xj = 


jxR 

~W' 



J 




(43.7) 


(the radius vector R is directed from dV to the field point). This is the law of Biot and 
Savart. 


§ 44. Magnetic moments 


Let us consider the average magnetic field produced by a system of charges in stationary 
motion, at large distances from the system. 

We introduce a coordinate system with its origin anywhere within the system of charges, 
just as we did in § 40. Again we denote the radius vectors of the various charges by r^, and 
the radius vector of the point at which we calculate the field by Rq. Then Ro — r^ is the radius 
vector from the charge to the field point. According to (43.6), we have for the vector 
potential: 


A = 



6 V 


(44.1) 


As in § 40, we expand this expression in powers of r^. To terms of first order (we omit the 
index a), we have 


A = 



In the first term w'e can write 





But the average value of the derivative of a quantity changing within a finite interval (like 
I et) is zero. Thus there remains for A the expression 

We transform this expression as follows. Noting that v = r, we can write (remembering 
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X e(Ro = • Ro) + ^ Z ■ Ro) - r(v ■ Ro)]- 

Upon substitution of this expression in A, the average of the first term (containing the time 
derivative) again goes to zero, and we get 

A = 2^ Z • Ro) - r(v' Ro)]- 

We introduce the vector 

tn = ^ X V, (44.2) 


which is called the magnetic moment of the system. Then we get for A: 


— in X Ro 
A =- - 



X ni 


(44.3) 


Knowing the vector potential, it is easy to find the magnetic field. With the aid of the 
formula 

curl (a X b) = (b * V)a —(a * V)b-f a div b —b div a, 

we find 


H = curl A = curl div ^ -(m • V) 

Furthermore, 

div = Ro grad ^ + p div Rq = 0 

I\q IKq IKq 

and 


(m V) = p (m -V)Ro-f Ro(m -V) p = p " 

J\Q I\q i\Q I\q 


1 m 3 Ro(ni-Ro) 


Rl 


Thus, 


H = 


3n(m*n) —m 


Rl 


(44.4) 


where n is again the unit vector along Rq. We see that the magnetic field is expressed in terms 
of the magnetic moment by the same formula by which the electric field was expressed in 
terms of the dipole moment [see (40.8)]. 

If all the charges of the system have the same ratio of charge to mass, then we can write 


^ V' ^ V' 

= — • > X V =- mr x v. 

2 c ^ 


2 mc ' 


If the velocities of all the charges r c, then ms is the momentum p of the charge and we 
get 




(44.5) 


where M = I r x p is the mechanical angular momentum of the system. Thus in this case, 
the ratio of magnetic moment to the angular momentum is constant and equal to ejlmc. 
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PROBLEM 

Find the ratio of the magnetic moment to the angular momentum for a system of two charges 
(velocities v<^c). 

Solution: Choosing the origin of coordinates as the center of mass of the two particles we have 
=0 and pi = —p 2 = p, where p is the momentum of the relative motion. With the 
aid of these relations, we find 

1/^1 , ^2 \ AWi m2 - _ 

2c ymj m^y mi-fm^ 


§45. Larmor^s theorem 


Let us consider a system of charges in an external constant uniform magnetic field. 
The time average of the force acting on the system, 


F = £- vxH = jy-rxH, 

c dt c 


is zero, as is the time average of the time derivative of any quantity which varies over a 
finite range. The average value of the moment of the forces is 


K = ^ ^ (r X (V X H)) 

and is different from zero. It can be expressed in terms of the magnetic moment of the system, 
by expanding the vector triple product: 

K = I J {v(r • H) - H(v • r)} = IJ |v(r • H) - ^ H r^j. 

The second term gives zero after averaging, so that 

K = X J ^ Z 

[the last transformation is analogous to the one used in deriving (44.3)], or finally 

K = mxH. (45.1) 

We call attention to the analogy with formula (42.6) for the electrical case. 

The Lagrangian for a system of charges in an external constant uniform magnetic field 
contains (compared with the Lagrangian for a closed system) the additional term 

= A-v = X-^(Hx r) v = XL(rx v) H (45.2) 

[where we have used the expression (19.4) for the vector potential of a uniform field]. 
Introducing the magnetic moment of the system, we have: 

L„ = m*H. (45.3) 

We call attention to the analogy with the electric field; in a uniform electric field, the 
Lagrangian of a system of charges with total charge zero contains the term 

L^ = dE, 

which in that case is the negative of the potential energy of the charge system (see § 42). 
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We now consider a system of charges performing a finite motion (with velocities v c) 
in the centrally symmetric electric field produced by a certain fixed charge. We transform 
from the laboratory coordinate system to a system rotating uniformly around an axis 
passing through the fixed particle. From the well-known formula, the velocity v of the particle 
in the new coordinate system is related to its velocity v' in the old system bv the relation 

v' = v-h flxr, 


where r is the radius vector of the particle and fl is the angular velocity of the rotating co¬ 
ordinate system. In the fixed system the Lagrangian of the system of charges is 


^ = 1 : 



-u. 


where U is the potential energy of the charges in the external field plus the energy of their 
mutual interactions. The quantity 17 is a function of the distances of the charges from the 
fixed particle and of their mutual separations; when transformed to the rotating system it 
obviously remains unchanged. Therefore in the new system the Lagrangian is 


lYl 

^ = 1-2 


Let us assume that all the charges have the same charge-to-mass ratio ejm, and set 


= —H. 
2 mc 


(45.4) 


Then for sufficiently small H (when we can neglect terms in H the Lagrangian becomes; 

^2 2c ^ 


We see that it coincides with the Lagrangian which would have described the motion of the 
charges in the laboratory system of coordinates in the presence of a constant magnetic field 
(see (45.2)). 

Thus we arrive at the result that, in the nonrelativistic case, the behavior of a system of 
charges all having the same ejm, performing a finite motion in a centrally symmetric electric 
field and in a weak uniform magnetic field H, is equivalent to the behavior of the same system 
of charges in the same electric field in a coordinate system rotating uniformly with the angular 
velocity (45.4). This assertion is the content of the Larmor theorem, and the angular velocity 
Q. = eHjlmc is called the Larmor frequency. 

We can approach this same problem from a different point of view. If the magnetic field 
H is sufficiently weak, the Larmor frequency will be small compared to the frequencies of the 
finite motion of the system of charges. Then we may consider the averages, over times small 
compared to the period InjCl, of quantities describing the system. These new quantities will 
vary slowly in time (with frequency Q). 

Let us consider the change in the average angular momentum M of the system. According 
to a well-known equation of mechanics, the derivative of M is equal to the moment K of 
the forces acting on the system. We therefore have, using (45.1): 


dM 

IT 


= K = mxH. 


If the ejm ratio is the same for all particles of the system, the angular momentum and 
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magnetic moment are proportional to one another, and we find by using formulas (44.5) 
and (45.4): 

^=-SlxM. (45.5) 

dt ^ 

This equation states that the vector M (and with it the magnetic moment m) rotates with 
angular velocity —SI around the direction of the field, while its absolute magnitude and the 
angle which it makes with this direction remain fixed. (This motion is called the Larmor 
precession.) 
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§ 46. The wave equation 


The electromagnetic field in vacuum is determined by the Maxwell equations in which we 
must set /? = 0, j = 0. We write them once more: 


.T. 1 

curl E =-—, 

c at 

div H = 0, 

(46.1) 

curl H = - —, 
c dt 

div E = 0. 

(46.2) 


These equations possess nonzero solutions. This means that an electromagnetic field can 
exist even in the absence of any charges. 

Electromagnetic fields occurring in vacuum in the absence of charges are called electro¬ 
magnetic waves. We now take up the study of the properties of such waves. 

First of all we note that such fields must necessarily be time-varying. In fact, in the 
contrary case, dH/d/= dE/d/= 0 and the equations (46.1) and (46.2) go over into the 
equations (36.1), (36.2) and (43.1), (43.2) of a constant field in which, however, we now 
have p = 0,j = 0. But the solution of these equations which is given by formulas (36.8) and 
(43.5) becomes zero for /? = 0, j = 0. 

We derive the equations determining the potentials of electromagnetic waves. 

As we already know, because of the ambiguity in the potentials we can always subject 
them to an auxiliary condition. For this reason, we choose the potentials of the electro¬ 
magnetic wave so that the scalar potential is zero: 

0 = 0. (46.3) 

Then 

E=-i^, H = curlA. (46.4) 

c dt 


Substituting these two expressions in the first of equations (46.2), we get 


curl curl A = - AA-hgrad div A = — 


1 g"A 
dt^' 


(46.5) 


Despite the fact that we have already imposed one auxiliary condition on the potentials, 
the potential A is still not completely unique. Namely, we can add to it the gradient of an 
arbitrary function which does not depend on the time (meantime leaving 0 unchanged). 
In particular, we can choose the potentials of the electromagnetic wave so that 

div A = 0. 
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(46.6) 
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In fact, substituting for E from (46.4) in div E = 0, we have 

div — = — div A = 0, 
dt dt 

that is, div A is a function only of the coordinates. This function can always be made zero 
by adding to A the gradient of a suitable time-independent function. 

The equation (46.5) now becomes 

= 0. (46.7) 


AA- 


dt^ 


This is the equation which determines the potentials of electromagnetic waves. It is called 
the d'Alembert equation, or the wave equation.’^ 

Applying to (46.7) the operators curl and djdt, we can verify that the electric and magnetic 
fields E and H satisfy the same wave equation. 

We repeat the derivation of the wave equation in four-dimensional form. We write the 
second pair of Maxwell equations for the field in the absence of charges in the form 

dF^ 


dx^ 


= 0 . 


(This is equation (30.2) with = 0.) Substituting expressed in terms of the potentials, 


dxi dxy 


we get 






= 0. 


dXidx^ dxf-dx^ 

We impose on the potentials the auxiliary condition: 

dA^ 




= 0 . 


(46.8) 


(46.9) 


(This condition is called the Lorentz condition, and potentials that satisfy it are said to be in 
the Lorentz gauge.) Then the first term in (46.8) drops out and there remains 

d^A' d^A ‘ 


dx^ ^ dx^dx 

This is the wave equation expressed in four-dimensional form.J 
In three-dimensional form, the condition (46.9) is: 

1 d(f) 

4-div A = 0. 

c dt 

It is more general than the conditions ^ = 0 and div A = 0 that were used earlier; potentials 
that satisfy those conditions also satisfy (46.11). But unlike them the Lorentz condition has 
a relativistically invariant character: potentials satisfying it in one frame satisfy it in any 
other frame (whereas condition (46.6) is generally violated if the frame is changed). 

t The wave equation is sometimes written in the form DA = 0, where 

_ 1 

° dx,dx^ ^ 

is called the d'Alembertian operator. 

t It should be mentioned that the condition (46.9) still does not determine the choice of the potentials 
uniquely. We can add to A a term grad /, and subtract a term 1/c (cffct) from where the function /is 
not arbitrary but must satisfy the wave equation □/= 0. 


= 0 . 


(46.10) 


(46.11) 
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§ 47. Plane waves 

We consider the special case of electromagnetic waves in which the field depends only on 
one coordinate, say a* (and on the time). Such waves are said to be plane. In this case the 
equation for the field becomes 


dt^ dx^ ’ 

where by /is understood any component of the vectors E or H. 
To solve this equation, we rewrite it in the form 

/d d\/d d\, ^ 

\dt 8x)\dt''’‘^ 8x)^~ ’ 

and introduce new variables 

^ - 
c c 

so that / = -h X = (?y — (^). Then 


di 2 \dt 

so that the equation for /becomes 


-i} 


5 ^ 1/5 3 

8ff 2 \ 5 / ^ 8x 


(47.1) 


The solution obviously has the form/=where/i and/j are arbitrary functions. 
Thus 


Suppose, for example, /a = 0, so that 


;o that 


Let us clarify the meaning of this solution. In each plane x = const, the field changes with 
the time; at each given moment the field is different for different x. It is clear that the field 
has the same values for coordinates x and times t which satisfy the relation t—ixjc) = const, 
that is, 

X = const+CL 

This means that if, at some time / = 0, the field at a certain point x in space had some 
definite value, then after an interval of time t the field has that same value at a distance ct 
along the X axis from the original place. We can say that all the values of the electromagnetic 
field are propagated in space along the X axis with a velocity equal to the velocity of light, c. 

Thus, 




represents a plane wave moving in the positive direction along the X axis. It is easy to show 
that 

represents a wave moving in the opposite, negative, direction along the X axis. 
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In § 46 we showed that the potentials of the electromagnetic wave can be chosen so that 
(f) = 0, and div A = 0. We choose the potentials of the plane wave which we are now con¬ 
sidering in this same way. The condition div A = 0 gives in this case 



since all quantities are independent of y and z. According to (47.1) we then have also 
d^A Jdt^ = 0, that is, dAJdt = const. But the derivative dXjdt determines the electric field, 
and we see that the nonzero component A^, represents in this case the presence of a constant 
longitudinal electric field. Since such a field has no relation to the electromagnetic wave, we 
can set A^ = 0. 

Thus the vector potential of the plane wave can always be chosen perpendicular to the X 
axis, i.e. to the direction of propagation of that wave. 

We consider a plane wave moving in the positive direction of the X axis; in this wave, all 
quantities, in particular also A, are functions only of t — (xlc). From the formulas 

E = — - H = curl A, 

c ot 

we therefore obtain 

E = - ^ A', H = V X A = V X A' = - ^ n X A', (47.3) 

where the prime denotes differentiation with respect to / —(x/c) and n is a unit vector along 
the direction of propagation of the wave. Substituting the first equation in the second, we 
obtain 

H = nxE. (47.4) 

We see that the electric and magnetic fields E and H of a plane wave are directed perpen¬ 
dicular to the direction of propagation of the wave. For this reason, electromagnetic waves 
are said to be transverse. From (47.4) it is clear also that the electric and magnetic fields of 
the plane wave are perpendicular to each other and equal to each other in absolute value. 

The energy flux nn the plane wave, i.e. its Poynting vector is 


and since E • n = 0, 


S = :;^ExH = ;^Ex(nxE), 
4n 


S = — E^n = - 
4n 4n 


Thus the energy flux is directed along the direction of propagation of the wave. Since 

8?: ^ 4n 


is the energy density of the wave, we can write 

S = cWn, (47.5) 

in accordance with the fact that the field propagates with the velocity of light. 

The momentum per unit volume of the electromagnetic field is S/c^. For a plane wave this 
gives {W/c)n. We call attention to the fact that the relation between energy W and momen¬ 
tum W/c for the electromagnetic wave is the same as for a particle moving with the velocity 
of light [see (9.9)]. 
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The flux of momentum of the field is determined by the components of the Maxwell 
stress tensor (33.3). Choosing the direction of propagation of the wave as the X axis, we 
find that the only nonzero component of 7“^ is 


(47.6) 

As it must be, the flux of momentum is along the direction of propagation of the wave, and 
is equal in magnitude to the energy density. 

Let us find the law of transformation of the energy density of a plane electromagnetic 
wave when we change from one inertial reference system to another. To do this we start 
from the formula 



V 



(see the problem in § 33) and must substitute 


5'= cPT'cosa',<7i^= — PT'cos^a', 

where a' is the angle (in the K’ system) between the X' axis (along which the velocity V 
is directed) and the direction of propagation of the wave. We find: 



(47.7) 


Since W = E^jAn = H^jAn, the absolute values of the field intensities in the wave trans¬ 
form like V W. 


PROBLEMS 

1. Determine the force exerted on a wall from which an incident plane electromagnetic wave is 
reflected (with reflection coefficient R). 

Solution: The force f acting on unit area of the wall is given by the flux of momentum through 
this area, i.e., it is the vector with components 

/. = 

where N is the vector normal to the surface of the wall, and and are the components of the 
energy-momentum tensors for the incident and reflected waves. Using (47.6), we obtain: 

f= Prn(Nn)+B'V(Nn'). 

From the definition of the reflection coefficient, we have: W = RW. Also introducing the angle 
of incidence 0 (which is equal to the reflection angle) and writing out components, we find the 
normal force (“light pressure”) 

= W(\-\-R) cos2 d 

and the tangential force 

/= IV(l-R) sin 6/cos 0. 


2. Use the Hamilton-Jacobi method to find the motion of a charge in the field of a plane electro¬ 
magnetic wave with vector potential A[t—(x/c)J. 

Solution: We write the Hamilton-Jacobi equation in four-dimensional form: 


e , 

cx^ c 


dx^ c / 
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The fact that the field is a plane wave means that the A* are functions of one independent variable, 
which can be written in the form ( = jcS where k* is a constant four-vector with its square equal 
to zero, kik^ = 0 (see the following section). We subject the potentials to the Lorentz condition 

= 0 - 

dx‘ di 

for the variables field this is equivalent to the condition A^ki = 0. 

We seek a solution of equation (1) in the form 

where /* = (/®, f) is a constant vector satisfying the condition fiP = rn^c^ (S = —ftx^ is the 
solution of the Hamilton-Jacobi equation for a free particle with four-momentum = /‘). Sub¬ 
stitution in (1) gives the equation 

. .. * dF 2e ^ . 

-^AiA^-2y — -=0, 

dQ c 

where the constant y^kx /‘. Having determined F from this equation, we get 


Ty j ^ j 


Changing to three-dimensional notation with a fixed reference frame, we choose the direction of 
propagation of the wave as the x axis. Then { = cr—x^ while the constant y = f^—P. Denoting 
the two-dimensional vector /y,/^ by k, we find from the condition /</‘ = (/°)^— 


/ 0+/1 = 




We choose the potentials in the gauge in which ^ = 0, while A({) lies in the yz plane. Then equation 
(2) takes the form: 


S = K r--(c/ -f- a:)-- 




According to the general rules {Mechanics, § 47), to determine the motion we must equate the 
derivatives dSjdK, dSjdy to certain new constants, which can be made to vanish by a suitable choice 
of the coordinate and time origins. We thus obtain the parametric equations in {: 


= [ Aydi, [a 

y cy J y cy J 


cf = {-hx. 


The generalized momentum P = p-f-(^/c)A and the energy ^ are found by differentiating the 
action with respect to the coordinates and the time; this gives: 


Pv — 


= -Ag, 

c 


_ y 

2^ 2y cy ^ 2yc* ’ 

^ = (y+Px)c. 

If we average these over the time, the terms of first degree in the periodic function A(<J) vanish. 
We assume that the reference system has been chosen so that the particle is at rest in it on the average, 
i.e. so that its averaged momentum is zero. Then 

P — 

K = 0, = m^c^ -\--^A^. 



§48 MONOCHROMATIC PLANE WAVES 115 

The final formulas for determining the motion have the form: 

= (3) 

Pz ~ 0 y 2 Py ~ Pz~ 

2yc c c 

4’ = 0'+^(A2-A^). (4) 


§ 48. Monochromatic plane waves 

A very important special case of electromagnetic waves is a wave in which the field is a 
simply periodic function of the time. Such a wave is said to be monochromatic. All quantities 
(potentials, field components) in a monochromatic wave depend on the time through a 
factor of the form cos (co/ + a). The quantity cu is called the cyclic frequency of the vvavt^ (we 
shall simply call it the frequency). 

In the wave equation, the second derivative of the field with respect to the time is now 
d^fjdt^ = —coy, so that the distribution of the field in space is determined for a mono¬ 
chromatic wave by the equation 

co^ 

A/+-^/=0. (48.1) 

In a plane wave (propagating along the x axis), the field is a function only of r —(x/c). 
Therefore, if the plane wave is monochromatic, its field is a simply periodic function of 
(x/c). The vector potential of such a wave is most conveniently written as the real part of 
a complex expression: 

A = Re{Aoe““('‘^>} (48.2) 

Here Aq is a certain constant complex vector. Obviously, the fields E and H of such a 
wave have analogous forms with the same frequency cu. The quantity 



is called the wavelength-, it is the period of variation of the field with the coordinate x at a 
fixed time t. 

The vector 

k = - n (48.4) 

c 

(where n is a unit vector along the direction of propagation of the wave) is called the wave 
vector. In terms of it we can write (48.2) in the form 

A = Re{Aoc'<'‘'-"'>}, (48.5) 

which is independent of the choice of coordinate axes. The quantity which appears multiplied 
by I in the exponent is called the phase of the wave. 
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So long as we perform only linear operations, we can omit the sign Re for taking the real 
part, and operate with complex quantities as such.t Thus, substituting 

A = 

in (47.3), we find the relation between the intensities and the vector potential of a plane 
monochromatic wave in the form 


E = //cA, H = ikxA. (48.6) 

We now treat in more detail the direction of the field of a monochromatic wave. To be 
specific, we shall talk of the electric field 

(everything stated below applies equally well, of course, to the magnetic field). The quantity 
Eq is a certain complex vector. Its square El is (in general) a complex number. If the argument 
of this number is —2a (i.e. Eq = lEoj^"^'"), the vector b defined by 

Eo = (48.7) 

will have its square real, b^ = |Eo|^. With this definition, we write: 

E = (48.8) 

We write b in the form 

b = bj -f/b2, 

where bj and b 2 are real vectors. Since b^ = bj — b 2 + 2;bi • b 2 must be a real quantity, 
bi •b 2 = 0, i.e. the vectors bj and b 2 are mutually perpendicular. We choose the direction 
of bj as the y axis (and the x axis along the direction of propagation of the wave). We then 
have from (48.8): 

bi cos (o)t — k • r + a), 

(48.9) 

= ±b 2 sin (cot — k• r + a). 


where we use the plus (minus) sign if b 2 is along the positive (negative) z axis. From (48.9) it 
follows that 



(48.10) 


Thus we see that, at each point in space, the electric field vector rotates in a plane perpen¬ 
dicular to the direction of propagation of the wave, while its endpoint describes the ellipse 

(48.10). Such a wave is said to be elliptically polarized. The rotation occurs in the direction 
of (opposite to) a right-hand screw rotating along the x axis, if we have the plus (minus) sign 
in (48.9). 

If bi = b 2 , the ellipse (48.10) reduces to a circle, i.e. the vector E rotates while remaining 
constant in magnitude. In this case we say that the wave is circularly polarized. The choice 
of the directions of the y and z axes is now obviously arbitrary. We note that in such a wave 


t If two quantities A(r) and B(r) are written in complex form 

A(r) = Aoe-'^\ B(/) = 

then in forming their product we must first, of course, separate out the real part. But if, as it frequently 
happens, we are interested only in the time average of this product, it can be computed as 

i Re {A-B*}. 

In fact, we have: 

Re A• Re B = ^(Ao -f Aj • (Bq ^ 

When we average, the terms containing factors vanish, so that we are left with 

Re A Re B = i (Ao • BJ -f Aj • Bo) = ^ Re (A • B^). 
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the ratio of the y and z components of the complex amplitude Eq is 

1^=+/ (48.11) 

^Oy 

for rotation in the same (opposite) direction as that of a right-hand screw (right and left 
polarizations).! 

Finally, if fcj or bi equals zero, the field of the wave is everywhere and always parallel 
(or antiparallel) to one and the same direction. In this case the wave is said to be linearly 
polarized, or plane polarized. An elliptically polarized wave can clearly be treated as the 
superposition of two plane polarized waves. 

Now let us turn to the definition of the wave vector and introduce the four-dimensional 
wave vector with components 




(48.12) 


That these quantities actually form a four-vector is obvious from the fact that we get a 
scalar (the phase of the wave) when we multiply by x‘: 

= cu/-kr. (48.13) 

From the definitions (48.4) and (48.12) we see that the square of the wave four-vector is 
zero: 

A:‘>.. = 0. (48.14) 

This relation also follows directly from the fact that the expression 

A = 

must be a solution of the wave equation (46.10). 

As is the case for every plane wave, in a monochromatic wave propagating along the x 
axis only the following components of the energy-momentum tensor are different from zero 
(see § 47): 

'j’OO __ 'j’Ol __ _ yy 

By means of the wave four-vector, these equations can be written in tensor form as 

Wc^ 

(48.15) 

(O 

Finally, by using the law of transformation of the wave four-vector we can easily treat the 
so-called Doppler effect —the change in frequency w of the wave emitted by a source moving 
with respect to the observer, as compared to the “true” frequency (Uq of the same source in 
the reference system (Kq) in which it is at rest. 

Let Fbe the velocity of the source, i.e. the velocity of the Kq system relative to K. Accord¬ 
ing to the general formula for transformation of four-vectors, we have: 


- /c' 


fc( 0)0 ^ 


•n/^- 


Yl 

to Kc 


(the velocity of the K system relative to Kq is — V). Substituting k° = (o/c, 
=k cos a = ojjc cos a, where a is the angle (in the K system) between the direction of 


t We assume that the coordinate axes form a right-handed system. 
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emission of the wave and the direction of motion of the source, and expressing co in terms 
of cuq, we obtain: 


J 



0) = COq 


V 

1-cos a 

c 


(48.16) 


This is the required formula. For K c, and if the angle a is not too close to 7r/2, it gives: 


For a = 7r/2, we have: 


UJ ^ (JDq 



^ \ 

—* cos a . 

c / 



(48.17) 


(48.18) 


in this case the relative change in frequency is proportional to the square of the ratio Vic. 


PROBLEMS 


1. Determine the direction and magnitude of the axes of the polarization ellipse in terms of the 
complex amplitude Eq. 

Solution: The problem consists in determining the vector b = bi + /b 2 , whose square is real. We 
have from (48.7): 

= EoxE?= -2/b:yb2, (I) 

or 

b]^bl = A^-^ bib 2 = AB sin ^5, 


where we have introduced the notation 

\Eoy\ = A, |£o^| = 


T 



A 


b 


for the absolute values of Eoy and Eqz and for the phase difference S between them. Then 

26 , ,2 = ^A^ + B^ + 2ABs\ii6 ± y/A^ + B^-2AB sin d. ( 2 ) 

from which we get the magnitudes of the semiaxes of the polarization ellipse. 

To determine their directions (relative to the arbitrary initial axes y and z) we start from the 
equality 

Re {(Eo bi)(EJ bs)} =0, 


which is easily verified by substituting Eo = (bi-l-/b 2 )^ Writing out this equality in the y, z co¬ 
ordinates, we get for the angle 6 between the direction of bi and the y axis: 


tan 29 = 


2A B cos 5 
A^-B^ ’ 


(3) 


The direction of rotation of the field is determined by the sign of the x component of the vector 
bi K b 2 . Taking its expression from (I) 

2/(bi X b.), = £o. - E *,£ov = l^o.P - (^)*|> 

we see that the direction of bi x b 2 (whether it is along or opposite to the positive direction of the 
X axis), and the sign of the rotation (whether in the same direction, or opposite to the direction of a 
right-hand screw along the x axis) are given by the sign of the imaginary part of the ratio Eo^/Eov 
(plus for the first case and minus for the second). This is a generalization of the rule (48.11) for the 
case of circular polarization. 
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2. Determine the motion of a charge in the field of a plane monochromatic linearly polarized 
wave. 

Solution: Choosing the direction of the field E of the wave as the y axis, we write: 

cE 

Ey = E^Eo cos (oi, Ay^A = - - sin co( 


({ = /—a:/c). From formulas (3) and (4) of problem 2, § 47, we find (in the reference system in 
which the particle is at rest on the average) the following representation of the motion in terms of 
the parameter rt = 

e'^Elc . bEqC 

X = - — 2 - j Sin 2yy, y=—cos rj, z=0, 




9j e^El . - 

t — -5-2-5 2 //, 


- 


Ayay 


cos 2 i 7 , 


yco‘ 

eEo . 

Py =-Sin rj. 


2^* 

/>X = 0. 


The charge moves in the x, y plane in a symmetric figure-8 curve with its longitudinal axis along 
the y axis. During a period of the motion, #? varies from 0 to In. 

3. Determine the motion of a charge in the field of a circularly polarized wave. 

Solution: For the field of the wave we have: 

Ey = Eq cos co(, Em ** Eo sin co^, 


j ^^0 . « . 

Ay - -sin coCt Am • 


The motion is given by the formulas 


ecEo 

y -- 2 cos (ot, 

yor 


cEo 

i — cos co(. 

CO 


ecEo . 

z --ST sin car, 

yea* 


Pm = 0, Py^ 


eEo . 

s — sin car, 
ca 


Pm^ 


eEo 

(O 


■ cos car. 


Qjr 


Thus the charge moves in the y, z plane along a circle of radius ecEolyco^ with a momentum having 
the constant magnitude p = cEqIw ; at each instant the direction of the momentum p is opposite to 
the direction of the magnetic field H of the wave. 


§ 49. Spectral resolution 

Every wave can be subjected to the process of spectral resolution, i.e. can be represented as 
a superposition of monochromatic waves with various frequencies. The character of this 
expansion varies according to the character of the time dependence of the field. 

One category consists of those cases where the expansion contains frequencies forming a 
discrete sequence of values. The simplest case of this type arises in the resolution of a purely 
periodic (though not monochromatic) field. This is the usual expansion in Fourier series; 
it contains the frequencies which are integral multiples of the “fundamental” frequency 
cuo - 27c/r, where T is the period of the field. We write it in the form 

/- I (49.1) 

»■» -00 

(where/is any of the quantities describing the field). The quantities/ are defined in terms 
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of the function /by the integrals 

r /2 

= (49.2) 

-r/2 

Because /(/) must be real, 

(49.3) 

In more complicated cases, the expansion may contain integral multiples (and sums of 
integral multiples) of several different incommensurable fundamental frequencies. 

When the sum (49.1) is squared and averaged over the time, the products of terms with 
different frequencies give zero because they contain oscillating factors. Only terms of the 
form fnf-n = l/,l^ remain. Thus the average of the square of the field, i.e. the average 
intensity of the wave, is the sum of the intensities of its monochromatic components: 

P = t |/«P = 2 r \f„\\ (49.4) 

n = — X n = 1 

(where it is assumed that the average of the function/over a period is zero, i.e./o = /= 0). 

Another category consists of fields which are expandable in a Fourier integral containing 
a continuous distribution of different frequencies. For this to be possible, the function f{t) 
must satisfy certain definite conditions; usually we consider functions which vanish for 
r ± 00 . Such an expansion has the form 


/(0 = 



— 00 


(49.5) 


where the Fourier components are given in terms of the function f(t) by the integrals 


L = J (49.6) 

— 00 

Analogously to (49.3), 

f-u =/,:• (49.7) 

Let us express the total intensity of the wave, i.e. the integral ofover all time, in terms 
of the intensity of the Fourier components. Using (49.5) and (49.6), we have; 




f{/,. \fe 

J L 



or, using (49.7), 


00 00 00 



(49.8) 


§ 50. Partially polarized light 

Every monochromatic wave is, by definition, necessarily polarized. However we usually 
have to deal with waves which are only approximately monochromatic, and which contain 
frequencies in a small interval Acu. We consider such a wave, and let co be some average 
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frequency for it. Then its field (to be specific we shall consider the electric field E) at a fixed 
point in space can be written in the form 

Eo(Oe-‘^ 

where the complex amplitude Eo(t) is some slowly varying function of the time (for a strictly 
monochromatic wave Eq would be constant). Since Eq determines the polarization of the 
wave, this means that at each point of the wave, its polarization changes with time; such a 
wave is said to be partially polarized. 

The polarization properties of electromagnetic waves, and of light in particular, are 
observed experimentally by passing the light to be investigated through various bodies! 
and then observing the intensity of the transmitted light. From the mathematical point of 
view this means that we draw conclusions concerning the polarization properties of the light 
from the values of certain quadratic functions of its field. Here of course we are considering 
the time averages of such functions. 

Quadratic functions of the field are made up of terms proportional to the products 
E*Ep or Eg,Ep. Products of the form 

£ 17 _ r 17 j-2i(ot I7*4t r-* _ jn* r** 

which contain the rapidly oscillating factors give zero when the time average is taken. 
The products £,£; = £o.£o% do not contain such factors, and so their averages are net 
zero. Thus we see that the polarization properties of the light are completely characterized 
by the tensor 

J,, = £“£^. (50.1) 

Since the vector Eq always lies in a plane perpendicular to the direction of the wave, the 
tensor has altogether four components (in this section the indices a, p are understood 
to take on only two values: a, ^ = 1, 2, corresponding to the v and z axes; the x axis is 
along the direction of propagation of the wave). 

The sum of the diagonal elements of the tensor (we denote it by J) is a real quantity— 
the average value of the square modulus of the vector Eo (or E): 

J = J,, = E;"^. (50.2) 

This quantity determines the intensity of the wave, as measured by the energy flux density. 
To eliminate this quantity which is not directly related to the polarization properties, we 
introduce in place of J^p the tensor 

Pap = (50.3) 

for which p^^= \ \ we call it the polarization tensor. 

From the definition (50.1) we see that the components of the tensor 7^^, and consequently 
also p^p, are related by 

PaP ~ Ppa (50.4) 

(i.e. the tensor is hermitian). Consequently the diagonal components pu and P 22 ^^e real 
(with P 11 +P 22 = 0 while P 21 = P* 2 - Thus the polarization is characterized by three real 
parameters. 

Let us study the conditions that the tensor p^p must satisfy for completely polarized light. 
In this case Eq = const, and so we have simply 

dap = dPaP — E^OaE^Op (50.5) 


t For example, through a Nicol prism. 
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(vvithoui averaging), i.e. the components of the tensor can be written as products of com¬ 
ponents of some constant vector. The necessary and sufficient condition for this is that the 
determinant vanish: 

\Poifi\ — Pw p22~~ P\lp2\ (50.6) 

The opposite case is that of unpolarized or natural light. Complete absence of polarization 
means that all directions (in the r. plane) are equivalent. In other words the polarization 
tensor must have the form: 


Pufi ~ (50.7) 

The determinant is 

In the general case of arbitrary polarization the determinant has values between 0 and i.*! 
By the degree of polarization we mean the positive quantity P, defined from 

= (50.8) 


It runs from the value 0 for unpolarized to 1 for polarized light. 

arbitrary tensor can be split into two parts—a symmetric and an antisymmetric 
part. Of these, the first 

^xli ~ liPjiP'^ P0]) 


is real because of the hermiticity of p,^. The antisymmetric part is pure imaginary. Like any 
antisymmetric tensor of rank equal to the number of dimensions, it reduces to a pseudo¬ 
scalar (see the footnote on p. 17): 


where A is a real pseudoscalar, e^p is the unit antisymmetric tensor (with components 
= -^^21 = Thus the polarization tensor has the form: 


Pip ~~ ^ip 


5 ,, = 5 




(50.9) 


i.e, it reduces to one real symmetric tensor and one pseudoscalar. 

For a circularly polarized wave, the vector = const, where 

^02 = i i^oi • 

It is easy to see that then = while ^ = ±1. On the other hand, for a linearly 
polarized wave the constant vector can be chosen to be real, so that = 0. In the general 
case the quantity A may be called the degree of circular polarization; it runs through values 
from -h 1 to - 1, where the limiting values correspond to right- and left-circularly polarized 

waves, respectively. 

The real symmetric tensor like any symmetric tensor, can be brought to principal 
a.xcs, w'ith different principal values which we denote by and ^ 2 . The directions of the 
principal axes are mutually perpendicular. Denoting the unit vectors along these directions 
by and we can write ^ap in the form: 

e „<2) (2) ; 4_; 

The quantities and /.2 positive and take on values from 0 to 1. 


^ I (5Q IQ) 


t The fact that the determinant is positive for an> tensor of the form (50.1) is easily seen by considering 
the averaging, for simplicity, as a summation over discrete values, and using the well-known algebraic 
inequalit> 
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Suppose that ^ = 0, so that = 5.^. Each of the two terms in (50.10) has the form of 
a product of two components of a constant vector or In other words, 

each of the terms corresponds to linearly polarized light. Furthermore, we see that there 
is no term in (50.10) containing products of components of the two waves. This means that 
the two parts can be regarded as physically independent of one another, or, as one says, they 
are incoherent. In fact, if two waves are independent, the average value of the product 
is equal to the product of the averages of each of the factors, and since each of them 

is zero, 

£l^> = 0. 

Thus we arrive at the result that in this case {A = 0) the partially polarized light can be 
represented as a superposition of two incoherent waves (with intensities proportional to 
and ^ 2 ), linearly polarized along mutually perpendicular directions.! (In the general case 
of a complex tensor one can show that the light can be represented as a superposition of 
two incoherent elliptically polarized waves, whose polarization ellipses are similar and 
mutually perpendicular (see problem 2 ).) 

Let <l) be the angle between the axis 1 (the y axis) and the unit vector then 

^ = (cos 0 , sin 0 ), = (- sin cos </>). 

Introducing the quantity / = Ai ~ X 2 (assume /, > A 2 ), we write the components of the 
tensor (50.10) in the following form: 


, __ 1/I+ /cos 2<^ Ismlcp \ 
'"""n /sin 2 ^ l-/cos2(^/ 


(50.11) 


Thus, for an arbitrary choice of the axesj and r, the polarization properties of the wave can 
be characterized by the following three real parameters: A —the degree of circular polariza¬ 
tion, /—the degree of maximum linear polarization, and 0 —the angle between the direction 
of maximum polarization and the y axis. 

In place of these parameters one can choose another set of three parameters: 


(Ji = /sin20, ^2 = A, (^3 = /cos2(/) (50.12) 

(the Stokes parameters). The polarization tensor is expressed in terms of them as 


2U.+/^i 


(50.13) 


All three parameters run through values from —1 to 4-1. The parameter (^3 characterizes 
the linear polarization along the y and z axes: the value 1^3 = 1 corresponds to complete 
linear polarization along the y axis, and (^3 = — 1 to complete polarization along the r axis. 
The parameter characterizes the linear polarization along directions making an angle of 
45° with the y axis: the value (Ji = 1 means complete polarization at an angle (j) = n 14, 
while (J, = — 1 means complete polarization at 0 = —n/4.l 


t The determinant 15'«^1 = ^A 2 ; suppose that Xi>X 2 \ then the degree of polarization, as defined in 
(50.8), is P = 1 — 2 X 2 . In the present case {A = 0) one frequently characterizes the degree of polarization by 
using the depolarization coefficient, defined as the ratio X 2 IX 1 . 

t For a completely elliptically polarized wave with axes of the ellipse bi and b 2 (see § 48), the Stokes 
parameters are: 

(^1 = 0 , ^2=^±2b,b2. l^3 = bi-bl 

Here theaxis is along bi, while the two signs in ^2 correspond to directions of b 2 along and opposite to the 
direction of the z axis. 
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The determinant of (50.13) is equal to 

= (50.14) 

Comparing with (50.8), we see that 

P = V^j+?f+y|. (50.15) 

Thus, for a given overall degree of polarization P, different types of polarization are 
possible, characterized by the values of the three quantities <^ 3 * ^^e sum of whose 

squares is fixed; they form a sort of vector of fixed length. 

We note that the quantities ^2 — ^ = / are invariant under Lorentz trans¬ 

formations. This remark is already almost obvious from the very meaning of these quantities 
as degrees of circular and linear polarization.f 


PROBLEMS 

1. Resolve an arbitrary partially polarized light wave into its “natural” and “polarized” parts. 
Solution: This resolution means the representation of the tensor Jap in the form 

The first term corresponds to the natural, and the second to the polarized parts of the light. To 
determine the intensities of the parts we note that the determinant 

co¬ 
writing JaB =^JpaB the form (50.13) and solving the equation, we get 

The intensity of the polarized part is =/—/(«> =/p. 

The polarized part of the light is in general an elliptically polarized wave, where the directions 
of the axes of the ellipse coincide with the principal axes of the tensor Sap. The lengths bi and 62 of 
the axes of the ellipse and the angle formed by the axis bi and the y axis are given 
by the equations: 

I 

b] + b\--JP. Xan2(l>=y. 

C3 

2. Represent an arbitrary partially polarized wave as a superposition of two incoherent ellip¬ 
tically polarized waves. 

Solution: For the hermitian tensor paB the “principal axes” are determined by two unit complex 
vectors n (n n* = 1 ), satisfying the equations 

PaB^B ~ ( 1 ) 

The principal values and X 2 are the roots of the equation 

\paB~~^^aB\ == 0 . 

Multiplying (1) on both sides by we have: 

A = p«,/i;/jg = 

from which we see that 2 i, X 2 are real and positive. Multiplying the equations 

Pat = .^1 pit «*!’* = .^2 

t For a direct proof, we note that since the field of the wave is transverse in any reference frame, it is clear 
from the start that the tensor pnB remains two-dimensional in any new frame. The transformation of paB into 
PaB leaves unchanged the sum of absolute squares pae ptn (in fact, the form of the transformation does not 
depend on the specific polarization properties of the light, while for a completely polarized wave this sum 
is 1 in any reference system). Because this transformation is real, the real and imaginary parts of the tensor 
PaB (50.9) transform independently, so that the sums of the squares of the components of each separately 
remain constant, and are expressed in terms of / and A. 
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for the first by and for the second by taking the difference of the results and using the 
hermiticity of we get: 

It then follows that = 0, i.e. the unit vectors and are mutually orthogonal. 

The expansion of the wave is provided by the formula 

One can always choose the complex amplitude so that, of the two mutually perpendicular com¬ 
ponents, one is real and the other imaginary (compare § 48). Setting 

= ^1, wT = ibi 

(where now bi and 62 are understood to be normalized by the condition 1), we get from 

the equation = Q: 

/7^f = /^2, n^l^ = bi. 

We then see that the ellipses of the two elliptically polarized vibrations are similar (have equal axis 
ratio), and one of them is turned through 90° relative to the other. 

3. Find the law of transformation of the Stokes parameters for a rotation of the>^, z axes through 
an angle 

Solution: The law is determined by the connection of the Stokes parameters to the components of 
the two-dimensional tensor in the yz plane, and is given by the formulas 

<?; = <^1 cos 2^-^3 sin 2 ii>, sin 2^J-f ^3 cos 1 <I>, = (^ 2 . 


§51. The Fourier resolution of the electrostatic field 


The field produced by charges can also be formally expanded in plane waves (in a Fourier 
integral). This expansion, however, is essentially different from the expansion of electro¬ 
magnetic waves in vacuum, for the field produced by charges does not satisfy the homo¬ 
geneous wave equation, and therefore each term of this expansion does not satisfy the 
equation. From this it follows that for the plane waves into which the field of charges can be 
expanded, the relation = cu^/c^, which holds for plane monochromatic electromagnetic 
waves, is not fulfilled. 

In particular, if we formally represent the electrostatic field as a superposition of plane 
waves, then the “frequency” of these waves is clearly zero, since the field under consideration 
does not depend on the time. The wave vectors themselves arc, of course, different from zero. 

We consider the field produced by a point charge e, located at the origin of coordinates. 
The potential 0 of this field is determined by the equation (see § 36) 

A0 = ’-Aned{r), (51.1) 


We expand 0 in a Fourier integral, i.e., we represent it in the form 


+ 00 



00 


(51.2) 


where d^k denotes dk^dkydk^. In this formula 0k = | (f>(r)e ‘'‘ 'dy. Applying the Laplace 
operator to both sides of (51.2), we obtain 


+ 00 



00 
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SO that the Fourier component of the expression A(/> is 

On the other hand, we can find {A<t>)^ by taking Fourier components of both sides of 
equation (51.1), 

(A(^)k = - (■ 4Ke5{T)e-‘'^'dV = -4ne. 


Equating the two expressions obtained for (A</>),j, we find 



This formula solves our problem. 

Just as for the potential 0, we can expand the field 


+ 00 



With the aid of (51.2), we have 

E = -grad J ' ~ J 

— oc 


d^k 


(51.3) 


(51.4) 


Comparing with (51.4), we obtain 

„ , , 4nek 

Ek = - ik(^k = - '■ -p- • (51.5) 

From this we see that the field of the waves, into which we have resolved the Coulomb field, 
is directed along the wave vector. Therefore these waves can be said to be longitudinal. 


§ 52. Characteristic vibrations of the field 


We consider an electromagnetic field (in the absence of charges) in some finite volume of 
space. To simplify further calculations we assume that this volume has the form of a rect¬ 
angular parallelepiped with sides A, B, C, respectively. Then we can expand all quantities 
characterizing the field in this parallelepiped in a triple Fourier series (for the three co¬ 
ordinates). This expansion can be written (e.g. for the vector potential) in the form: 

A = XAk<’''‘' (52.1) 

k 

explicitly indicating that A is real. The summation extends here over all possible values of 
the vector k whose components run through the values 


K 


2nn^ 




(52.2) 


where n,., n. are positive or negative integers. Since A is real, the coefficients in the expan¬ 
sion (52.1) are related by the equations A.,^ = AjJ'. From the equation div A = 0 it follows 
that for each k, 

k-Ak = 0, (52.3) 

i.e., the complex vectors A,^ are “perpendicular" to the corresponding wave vectors k. The 
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vectors A,, are, of course, functions of the time; from the wave equation (46.7), they satisfy 
the equation 

+ = 0. (52.4) 

If the dimensions Ay By C oi the volume are sufficiently large, then neighboring values 
of kj,y ky, k^ (for which differ by unity) are very close to one another. In this case 

we may speak of the number of possible values of A:,, ky, k^ in the small intervals A/:,, ^ky, 
A/r,. 

Since to neighboring values of, say, k^, there correspond values of differing by unity, 
the number Aai^^ of possible values of k^ in the interval A/:, is equal simply to the number of 
values of in the corresponding interval. Thus, we obtain 


= ;r' 

In "" 


4», - i Mv 




The total number Am of possible values of the vector k with components in the intervals 
AA-,^, Lky, A/Tj is equal to the product An^^AnyAn^, that is, 

An = Ak,Ak,Ak,, (52.5) 

where V = ABC is the volume of the field. It is easy to determine from this the number of 
possible values of the wave vector having absolute values in the interval Ak, and directed 
into the element of solid angle Ao. To get this we need only transform to polar coordinates 
in the “A space" and write in place of Ak ^AkyAk^ the element of volume in these coordinates. 
Thus 

Am = k^AkAo, (52.6) 

Replacing Ao by 4;r, we find the number of possible values of k with absolute value in 
the interval Ak and pointing in all directions: An = {VI2n^)k^Ak. 

We calculate the total energy 


-i 


(e^+hV^ 


of the field, expressing it in terms of the quantities A,^. For the electric and magnetic fields 
we have 

E = -- A = y Aue**"", 
c ct 


H = curl A = 

k 


(52.7) 


When calculating the squares of these sums, we must keep in mind that all products of 
terms with wave vectors k and k' such that k#k' give zero on integration over the whole 
volume. In fact, such terms contain factors of the form e*^**^** ^ ^ and the integral, e.g. of 


A . 2n 


/ 


dXy 


with integer m, different from zero, gives zero. In those terms with k' = — k, the exponentials 
drop out and integration over dV gives just the volume V. 

As a result, we obtain 






• AJ + (k X Ak) • (k X a;) 
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From (52.3). we ha\e 

(kx AK)-(kxAt) = A’A^-A^ 

so that 

152 . 8 ) 

Each term of this sum corresponds to one of the terms of the expansion (52.1). 

Because of (52.4), the vectors A^^ are harmonic functions of the time with frequencies 
co^. - ck, depending only on the absolute value of the wave vector. Depending on the 
choice of these functions, the terms in the expansion (52.1) can represent standing or running 
plane wa'cs. We shall write the expansion so that its terms describe running waves. To do 
this we write it in the form 

A = y + a*6>~'‘' ^) (52.9) 

k 

which explicitly exhibits that A is real, and each of the vectors a,, depends on the time 
according to the law 

*k^^~ y (52.10) 

Then each individual term in the sum (52.9) will be a function only of the difference 
k-r —cuj./, which corresponds to a wave propagating in the k direction. 

Comparing the expansions (52.9) and (52.1), we find that their coefficients are related 
by the formulas 

and from (52.10) the time derivatives are related by 

Ak = — — 

Substituting in (52.8), we express the field energy in terms of the coefficients of the expansion 
(52.9). Terms with products of the form or a*-a* cancel one another; also noting 

that the sums and differ only in the labeling of the summation index, 

and therefore coincide, we finally obtain: 

> = «?k = ^akak*- (52.11) 

Thus the total energy of the field is expressed as a sum of the energies associated with 
each of the plane waves individually. 

In a completely analogous fashion, we can calculate the total momentum of the field, 


for which we obtain 


y k 

rk c* 


(52.12) 


This result could have been anticipated in view of the relation between the energy and 
momentum of a plane wave (see § 47). 

The expansion (52.9) succeeds in expressing the field in terms of a series of discrete 
parameters (the vectors a,.), in place of the description in terms of a continuous series of 
parameters, which is essentially what is done when we give the potential A(x, }\ z, /) at all 
points of space. We now make a transformation of the variables a,^, which has the result 
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that the equations of the field lake on a form similar to the canonical equations (Hamilton 
equations) of mechanics. 

We introduce the real “canonical variables’’ Q|^ and Pi^ according to the relations 

Q. = \/^(a. + ak*), (52.13) 




The Hamiltonian of the field is obtained by substituting these expressions in the energy 

= I = I KPk + c^iQk). (52.14) 

k k 

Then the Hamilton equations = Ok coincide with P,^ = Q,,, which is thus a con¬ 

sequence of the equations of motion. (This was achieved by an appropriate choice of the 
coefficient in (52.13).) The equations of motion, djfjdQ^ = — Pj^, become the equations 

Ok + <«iQ. = 0, (52.15) 

that is, they are identical with the equations of the field. 

Each of the vectors Q,j and P,^ is perpendicular to the wave vector k, i.e. has two in¬ 
dependent components. The direction of these vectors determines the direction of polariza¬ 
tion of the corresponding travelling wave. Denoting the two components of the vector Q^^ 
(in the plane perpendicular to k) by =1,2, we have 

Qk X Qkj) 

and similarly for P^. Then ^ 

= X ki’ kj = (52.16) 

k; 

We see that the Hamiltonian splits into a sum of independent terms each of which 
contains only one pair of the quantities P.r Each such term corresponds to a traveling 
wave with a definite wave vector and polarization. The quantity has the form of the 
Hamiltonian of a one-dimensional “oscillator”, performing a simple harmonic vibration. 
For this reason, one sometimes refers to this result as the expansion of the field in terms of 
oscillators. 

We give the formulas which express the field explicitly in terms of the variables P,^, Q,^. 
From (52.13), we have 

ak = ^ (Pk- '■‘"kek), ^ ^ (‘f’k + '■‘"kCk)- (52.17) 

Substituting these expressions in (52.1), we obtain for the vector potential of the field: 


A = 2 /^ ^ {ckQi, cos k • r — P,^ sin k • r). 

For the electric and magnetic fields, we find 

E = (<^^Qk sin k T + Pk cos k -r), 

'V V' k 

H = —2 Y, ^ sin kT + (kxPk)cos k-r}. 


(52.18) 


(52.19) 
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§ 53. Geometrical optics 

A plane wave is characterized by the property that its direction of propagation and 
amplitude are the same everywhere. Arbitrary electromagnetic waves, of course, do not 
have this property. Nevertheless, a great many electromagnetic waves, which are not plane, 
have the property that within each small region of space they can be considered to be plane. 
For this, it is clearly necessary that the amplitude and direction of the wave remain practically 
constant over distances of the order of the wavelength. If this condition is satisfied, we can 
introduce the so-called wave surface, i.e. a surface at all of whose points the phase of the 
wave is the same (at a given time). (The wave surfaces of a plane wave are obviously 
planes perpendicular to the direction of propagation of the wave.) In each small region of 
space we can speak of a direction of propagation of the wave, normal to the wave surface. 
In this way we can introduce the concept of rays —curves whose tangents at each point 
coincide with the direction of propagation of the wave. 

The study of the laws of propagation of waves in this case constitutes the domain of 
geometrical optics. Consequently, geometrical optics considers the propagation of waves, 
in particular of light, as the propagation of rays, completely divorced from their wave 
properties. In other words, geometrical optics corresponds to the limiting case of small 
wavelength, A 0. 

We now take up the derivation of the fundamental equation of geometrical optics—the 
equation determining the direction of the rays. Let / be any quantity describing the field 
of the wave (any component of E or H). For a plane monochromatic wave,/has the form 

/= + ^ + ^53 j ) 

(we omit the Re; it is understood that we take the real part of all expressions). 

We write the expression for the field in the form 

(53.2) 

In case the wave is not plane, but geometrical optics is applicable, the amplitude a is, 
generally speaking, a function of the coordinates and time, and the phase which is called 
the eikonaly does not have a simple form, as in (53.1). It is essential, however, that ^ be a 
large quantity. This is clear immediately from the fact that it changes by In when we move 
through one wavelength, and geometrical optics corresponds to the limit A 0. 

Over small space regions and time intervals the eikonal ij/ can be expanded in series; to 
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*0 + ’--^+' 


dt 


(the origin for coordinates and time has been chosen within the space region and time 
interval under consideration; the derivatives are evaluated at the origin). Comparing this 
expression with (53 we can write 

Oil/ dll/ 

k = — = grad 0 = - (53.3) 


which corresponds to the fact that in each small region of space (and each small interval of 
time) the wave can be considered as plane. In four-dimensional form, the relation (53.3) is 
expressed as 


/c,= 


dij/ 


(53.4) 


where ki is the wave four-vector. 

We saw in § 48 that the components of the four-vector k' are related by k^k' = 0. Sub¬ 
stituting (53.4), we obtain the equation 


dip d\l/ 

dXi dx' 


(53.5) 


This equation, the eikonal equation, is the fundamental equation of geometrical optics. 

The eikonal equation can also be derived by direct transition to the limit A -► 0 in the 
wave equation. The field / satisfies the wave equation 

Substituting / = we obtain 


d^a 

dxidx' 






dxidx' 


dxj dx' 


(53.6) 


But the eikonal as we pointed out above, is a large quantity; therefore we can neglect 
the first three terms compared with the fourth, and we arrive once more at equation (53.5). 

We shall give certain relations which, in their application to the propagation of light in 
vacuum, lead only to completely obvious results. Nevertheless, they are important because, 
in their general form, these derivations apply also to the propagation of light in material 
media. 

From the form of the eikonal equation there results a remarkable analogy between 
geometrical optics and the mechanics of material particles. The motion of a material 
particle is determined by the Hamilton-Jacobi equation (16.11). This equation, like the 
eikonal equation, is an equation in the first partial derivatives and is of second degree. As 
we know, the action S is related to the momentum p and the Hamiltonian 3^ of the particle 
by the relations 


P = 




- 


dt' 


Comparing these formulas with the formulas (53.3), we see that the wave vector plays the 
same role in geometrical optics as the momentum of the particle in mechanics, while the 
frequency plays the role of the Hamiltonian, i.e., the energy of the particle. The absolute 
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magnitude k of the wave vector is related to the frequency by the formula k = co/c. This 
relation is analogous to the relation p = ^jc between the momentum and energy of a particle 
with zero mass and velocity equal to the velocity of light. 

For a particle, we have the Hamilton equations 


P 


cr 



In view of the analogy we have pointed out, we can immediately write the corresponding 
equations for rays: 


k 


> 

or 



(53.7) 


In vacuum, cu = ck, so that k = 0, v = cn (n is a unit vector along the direction of propaga¬ 
tion); in other words, as it must be, in vacuum the rays are straight lines, along which the 
light travels with velocity c. 

The analogy between the wave vector of a wave and the momentum of a particle is made 
especially clear by the following consideration. Let us consider a wave which is a super¬ 
position of monochromatic waves with frequencies in a certain small interval and occupying 
some finite region in space (this is called a wave packet). We calculate the four-momentum of 
the field of this wave, using formula (32.6) with the energy-momentum tensor (48.15) (for 
each monochromatic component). Replacing A:' in this formula by some average value, 
we obtain an expression of the form 

P‘ = Ak\ (53.8) 

where the coefficient of proportionality A between the two four-vectors P* and k^ is some 
scalar. In three-dimensional form this relation gives: 

p = ^k, ^ = A(d. (53.9) 

Thus we see that the momentum and energy of a wave packet transform, when we go from 
one reference system to another, like the wave vector and the frequency 

Pursuing the analogy, we can establish for geometrical optics a principle analogous to the 
principle of least action in mechanics. However, it cannot be written in Hamiltonian form as 
d\Ldt — 0, since it turns out to be impossible to introduce, for rays, a function analogous 
to the Lagrangian of a particle. Since the Lagrangian of a particle is related to the Hamil¬ 
tonian 3^ by the equation L = p • /^p—, replacing the Hamiltonian 3^ by the 

frequency co and the momentum by the wave vector k, we should have to write for the 
Lagrangian in optics k -dcoldV. —cu. But this expression is equal to zero, since cu = ck. The 
impossibility of introducing a Lagrangian for rays is also clear directly from the considera¬ 
tion mentioned earlier that the propagation of rays is analogous to the motion of particles 
with zero mass. 

If the wave has a definite constant frequency cu, then the time dependence of its field is 
given by a factor of the form Therefore for the eikonal of such a wave we can write 

ijj = - cui + j/^o(x, y, z), (53.10) 

where ij/o is a function only of the coordinates. The eikonal equation (53.5) now takes the 
form 

(grad (53.11) 


The wave surfaces are the surfaces of constant eikonal, i.e. the family of surfaces of the form 
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y* = const. The rays themselves are at each point normal to the corresponding 
wave surface; their direction is determined by the gradient 
As is well known, in the case where the energy is constant, the principle of least action 
for particles can also be written in the form of the so-called principle of Maupertuis: 

8 S = 8 j p-dl = 0, 

where the integration extends over the trajectory of the particle between two of its points. 
In this expression the momentum is assumed to be a function of the energy and the co¬ 
ordinates. The analogous principle for rays is called Fermat's principle. In this case, we 
can write by analogy: 

= 5 Jk-dl = 0. (53.12) 

In vacuum, k = (cu/c)n, and we obtain (Jl -n = dl): 

8jdl = 0, (53.13) 

which corresponds to rectilinear propagation of the rays. 


§ 54. Intensity 

In geometrical optics, the light wave can be considered as a bundle of rays. The rays 
themselves, however, determine only the direction of propagation of the light at each point; 
there remains the question of the distribution of the light intensity in space. 

On some wave surface of the bundle of rays under consideration, we isolate an in¬ 
finitesimal surface element. From differential geometry it is known that every surface has. 
at each of its points, two (generally different) principal radii of curvature. Let ac and bd 
(Fig. 7) be elements of the principal circles of curvature, constructed at a given element of 



the wave surface. Then the rays passing through a and c meet at the corresponding center of 
curvature Oi, while the rays passing through b and d meet at the other center of curvature 
^ 2 . 

For fixed angular openings of the beams starting from Oi and O 2 , the lengths of the arcs 
ac and bd are, clearly, proportional to the corresponding radii of curvature Ri and R 2 (i e. 
to the lengths Oj O and O 2 O). The area of the surface element is proportional to the product 
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of the lengths ac and bd, i.e., proportional to /? 2 * In other words, if we consider the 
element of the wave surface bounded by a definite set of rays, then as we move along them 
the area of the element will change proportionally to /?, /? 2 . 

On the other hand, the intensity, i.e. the energy flux density, is inversely proportional to 
the surface area through which a given amount of light energy passes. Thus we arrive at the 
result that the intensity is 


const 

R.R." 


(54.1) 


This formula must be understood as follows. On each ray {AD in Fig. 7) there are definite 
points Oi and O 2 , which are the centers of curvature of all the wave surfaces intersecting 
the given ray. The distances 00^ and OO 2 from the point O where the wave surface inter¬ 
sects the ray, to the points and O 2 , are the radii of curvature and Ri of the wave 
surface at the point O. Thus formula (54.1) determines the change in intensity of the light 
along a given ray as a function of the distances from definite points on this ray. We emphasize 
that this formula cannot be used to compare intensities at different points on a single wave 
surface. 

Since the intensity is determined by the square modulus of the field, we can write for the 
change of the field itself along the ray 


/ = 


const 

\R,R2 




(54.2) 


where in the phase factor we can write either or The quantities and 
^ikRi ^ given ray) differ from each other only by a constant factor, since the difference 
—/? 2 » the distance between the two centers of curvature, is a constant. 

If the two radii of curvature of the wave surface coincide, then (54.1) and (54.2) have the 
form: 


const 


const 

R 


^ikR 


(54.3) 


This happens always when the light is emitted from a point source (the wave surfaces are 
then concentric spheres and R is the distance from the light source). 

From (54.1) we see that the intensity becomes infinite at the points R^ = 0, R 2 = 0, i.e. 
at the centers of curvature of the wave surface. Applying this to all the rays in a bundle, we 
find that the intensity of the light in the given bundle becomes infinite, generally, on two 
surfaces—the geometrical loci of all the centers of curvature of the wave surfaces. These 
surfaces are called caustics. In the special case of a beam of rays with spherical wave surfaces, 
the two caustics fuse into a single point (focus). 

We note from well-known results of differential geometry concerning the properties of the 
loci of centers of curvature of a family of surfaces, that the rays are tangent to the caustic. 

It is necessary to keep in mind that (for convex wave surfaces) the centers of curvature of 
the wave surfaces can turn out to lie not on the rays themselves, but on their extensions 
beyond the optical system from which they emerge. In such cases we speak of imaginary 
caustics (or foci). In this case the intensity of the light does not become infinite anywhere. 

As for the increase of intensity to infinity, in actuality we must understand that the 
intensity does become large at points on the caustic, but it remains finite (see the problem 
in § 59). The formal increase to infinity means that the approximation of geometrical optics 
is never applicable in the neighborhood of the caustic. To this is related the fact that the 
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change in phase along the ray can be determined from formula (54.2) only over sections of 
the ray which do not include its point of tangency to the caustic. Later (in § 59), we shall 
show that actually in passing through the caustic the phase of the field decreases by njl. 
This means that if, on the section of the ray before its first intersection with the caustic, the 
field is proportional to the factor (x is the coordinate along the ray), then after passage 
through the caustic the field will be proportional to same thing occurs in the 

neighborhood of the point of tangency to the second caustic, and beyond that point the field 
is proportional to 


§ 55. The angular eikonal 

A light ray traveling in vacuum and impinging on a transparent body will, on its emergence 
from this body, generally have a direction different from its initial direction. This change in 
direction will, of course, depend on the specific properties of the body and on its form. 
However, it turns out that one can derive general laws relating to the change in direction of a 
light ray on passage through an arbitrary material body. In this it is assumed only that 
geometrical optics is applicable to rays propagating in the interior of the body under con¬ 
sideration. As is customary, we shall call such transparent bodies, through which rays of 
light propagate, optical systems. 

Because of the analogy mentioned in § 53, between the propagation of rays and the motion 
of particles, the same general laws are valid for the change in direction of motion of a particle, 
initially moving in a straight line in vacuum, then passing through some electromagnetic 
field, and once more emerging into vacuum. For definiteness, we shall, however, always 
speak later of the propagation of light rays. 

We saw in a previous section that the eikonal equation, describing the propagation of the 
rays, can be written in the form (53.11) (for light of a definite frequency). From now on we 
shall, for convenience, designate by ^ the eikonal divided by the constant cu/c. Then the 
basic equation of geometrical optics has the form: 

(V^)^ = l. (55.1) 

Each solution of this equation describes a definite beam of rays, in which the direction 
of the rays passing through a given point in space is determined by the gradient of ij/ at that 
point. However, for our purposes this description is insufficient, since we are seeking general 
relations determining the passage through an optical system not of a single definite bundle of 
rays, but of arbitrary rays. Therefore we must use an eikonal expressed in such a form 
that it describes all the generally possible rays of light, i.e. rays passing through any pair of 
points in space. In its usual form the eikonal ^(r) is the phase of the rays in a certain bundle 
passing through the point r. Now we must introduce the eikonal as a function |/<(r, r') of the 
coordinates of two points (r, r' are the radius vectors of the initial and end points of the ray). 
A ray can pass through each pair of points r, r', and ^(r, r^ is the phase difference (or, as it 
is called, the optical path length) of this ray between the points r and r'. From now on we 
shall always understand by r and r' the radius vectors to points on the ray before and after 
its passage through the optical system. 

t Although formula (54.2) itself is not valid near the caustic, the change in phase of the field corresponds 
formally to a change in sign (i.e. multiplication by of Ri or in this formula. 



136 


THE PROPAGATION OF LIGHT 


§55 


If in r') one of the radius vectors, say r', is fixed, then ^ as a function of r describes 
a definite bundle of rays, namely, the bundle of rays passing through the point r'. Then ij/ 
must satisfy equation (55.1), where the differentiations are applied to the components of r. 
Similarly, if r is assumed fixed, we again obtain an equation for r'), so that 

(V,^)^ = l, (V,,^)2 = l. (55.2) 

The direction of the ray is determined by the gradient of its phase. Since ^(r, r') is the 
difference in phase at the points r and r', the direction of the ray at the point r' is given by 
the vector n' = dij//dr\ and at the point r by the vector n = — dip/dr. From (55.2) it is clear 
that n and n' are unit vectors: 

n2 = n'2 = l. (55.3) 

The four vectors r, r', n, n' are interrelated, since two of them (n, n') are derivatives of a 
certain function i// with respect to the other two (r, r'). The function i// itself satisfies the 
auxiliary conditions (55.2). 

To obtain the relation between n, n', r, r', it is convenient to introduce, in place of i/j, 
another quantity, on which no auxiliary condition is imposed (i.e., is not required to satisfy 
any differential equations). This can be done as follows. In the function ij/ the independent 
variables are r and r', so that for the differential di// we have 

dd/ di// 

= — *<ir+ —/dr' = —n-t/r + n'-rfr'. 

dr dr 


We now make a Legendre transformation from r, r' to the new independent variables n, 
n', that is, we write 

di// = —^/(n‘r)-f r-t/n-f d(n'‘r')—r'-dn', 
from which, introducing the function 


X = n'‘r'~nT-^, (55.4) 

we have 

dx = — r-dn+r'-dn'. (55.5) 

The function x is called the angular eikonal; as we see from (55.5), the independent 
variables in it are n and n'. No auxiliary conditions are imposed on x- In fact, equation (55.3) 
now states only a condition referring to the independent variables: of the three components 
nx, A7y, /!„ of the vector n (and similarly for n'), only two are independent. As independent 
variables we shall use /i^, /i„ then 

n, = n; = 

Substituting these expressions in 

dx = — Xdnx — y dHy — zdn^-^x' dnx + y dn'y-^z' dn'^, 
we obtain for the differential dx : 

at) 4n,- (z- ^ (/- >') (z'- | dn’. 

From this we obtain, finally, the following equations: 



dn; 

dn'/ 


(55.6) 
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which is the relation sought between n, n', r, r'. The function x characterizes the special 
properties of the body through which the rays pass (or the properties of the field, in the case 
of the motion of a charged particle). 

For fixed values of n, n', each of the two pairs of equations (55.6) represent a straight line. 
These lines are precisely the rays before and after passage through the optical system. Thus 
the equation (55.6) directly determines the path of the ray on the two sides of the optical 
system. 


§ 56. Narrow bundles of rays 

In studying the passage of beams of rays through optical systems, special interest attaches 
to bundles whose rays all pass through one point (such bundles are said to be hoinocentric). 

After passage through an optical system, homocentric bundles in general cease to be 
homocentric, i.e. after passing through a body the rays no longer come together in any one 
point. Only in exceptional cases will the rays starting from a luminous point come together 
after passage through an optical system and all meet at one point (the image of the luminous 
point).t 

One can show (see § 57) that the only case for which all homocentric bundles remain 
strictly homocentric after passage through the optical system is the case of identical imaging, 
i.e., the case where the image differs from the object only in its position or orientation, or is 
mirror inverted. 

Thus no optical system can give a completely sharp image of an object (having finite 
dimensions) except in the trivial case of identical imaging.^ Only approximate, but not 
completely sharp images can be produced of an extended body, in any case other than for 
identical imaging. 

The most important case where there is approximate transition of homocentric bundles 
into homocentric bundles is that of sufficiently narrow beams (i.e. beams with a small 
opening angle) passing close to a particular line (for a given optical system). This line is 
called the optic axis of the system. 

Nevertheless, we must note that even infinitely narrow bundles of rays (in the three- 
dimensional case) are in general not homocentric; we have seen (Fig. 7) that even in such a 
bundle different rays intersect at different points (this phenomenon is called astigmatism). 
Exceptions are those points of the w ave surface at which the two principal radii of curvature 
are equal—a small region of the surface in the neighborhood of such points can be considered 
as spherical, and the corresponding narrow bundle of rays is homocentric. 

We consider an optical system having axial symmetry. § The axis of symmetry of the 
system is also its optical axis. The wave surface of a bundle of rays traveling along this axis 
also has axial symmetry; as we know, surfaces of rotation have equal radii of curvature at 
their points of intersection with the symmetry axis. Therefore a narrow bundle moving in this 
direction remains homocentric. 

t The point of intersection can lie either on the rays themselves or on their continuations; depending on 
this, the image is said to be real or virtual. 

J Such imaging can be produced with a plane mirror. 

§ It can be shown that the problem of image formation with the aid of narrow bundles, moving in the 
neighborhood of the optical axis in a nonaxially-symmetric system, can be reduced to image formation in 
an axially-symmetric system plus a subsequent rotation of the image thus obtained, relative to the object. 
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To obtain general quantitative relations, determining image formation with the aid of 
narrow bundles, passing through an axially-symmctric optical system, we use the general 
equations (55.6) after determining first of all the form of the function x the case under 
consideration. 

Since the bundles of rays are narrow and move in the neighborhood of the optical axis, 
the vectors n, n' for each bundle are directed almost along this axis. If we choose the optical 
axis as the X axis, then the components riy, n., riy, will be small compared with unity. As 
for the components n^; \ and can be approximately equal to either +1 or -1. 

In the first case the rays continue to travel almost in their original direction, emerging into 
the space on the other side of the optical system, which in this case is called a lens. In the 
second the rays change their direction to almost the reverse; such an optical system is called 
a mirror. 

Making use of the smallness of aj', we expand the angular eikonal x ('^y» 

A?') in series and stop at the first terms. Because of the axial symmetry of the whole system, 
/ must be invariant with respect to rotations of the coordinate system around the optical 
axis. From this it is clear that in the expansion of x there can be no terms of first order, 
proportional to the first powers of the v- and z-components of the vectors n and n'; such 
terms would not have the required invariance. The terms of second order which have the 
required property are the squares and and the scalar product n n'. Thus, to terms of 
second order, the angular eikonal of an axially-symmetric optical system has the form 

Q h 

X = const+ ^ (nj + n^)+/(n,.n; + fi,/i:)+ - {n'y^ + n',^), (56.1) 


where /, g, h are constants. 

For definiteness, we now consider a lens, so that we set z 1; for a mirror, as we shall 
show later, all the formulas have a similar appearance. Now substituting the expression 
(56.1) in the general equations (55.6), we obtain: 


ny{x-g)-fny = j, /ai^H-a7;(x'+ /i) = y\ 

n,{x-g)-fn', = z, /ai^ +a?:(x'+/?) = z'. 


We consider a homocentric bundle emanating from the point x, y, z ; let the point x\ y' z' be 
the point in which all the rays of the bundle intersect after passing through the lens. If the first 
and second pairs of equations (56.2) were independent, then these four equations,/or given 
.X, T, z, x', y\ z\ would determine one definite set of values a?^., a?'., az', that is, there would 

be just one ray starting from the point x, v, z, which would pass through the point x, y\ z'. 
In order that all rays starting from x, }\ z shall pass through x', y\ z\ it is consequently 
necessary that the equations (56.2) not be independent, that is, one pair of these equations 
must be a consequence of the other. The necessary condition for this dependence is that the 
coefficients in the one pair of equations be proportional to the coefficients of the other pair. 
Thus we must have 


In particular. 


^-9 ^ __ / 

f x' + h / z'* 

(x-^)(x' + /i)= 


(56.3) 

(56.4) 


The equations we have obtained give the required connection between the coordinates of 
the image and object for image formation using narrow bundles. 
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The points x = g and .x' = —/? on the optical axis are called the principal foci of the optical 
system. Let us consider bundles of rays parallel to the optical axis. The source point of such 
rays is, clearly, located at infinity on the optical axis, that is, x = oo. From (56.3) we see that 
in this case, x' = —A. Thus a parallel bundle of rays, after passage through the optical 
system, intersects at the principal focus. Conversely, a bundle of rays emerging from the 
principal focus becomes parallel after passage through the system. 

In the equation (56.3) the coordinates x and x' are measured from the same origin of co¬ 
ordinates, lying on the optical axis. It is, however, more convenient to measure the co¬ 
ordinates of object and image from different origins, choosing them at the corresponding 
principal foci. As positive direction of the coordinates we choose the direction from the 
corresponding focus toward the side to which the light travels. Designating the new co¬ 
ordinates of object and image by capital letters, we have 

X^x-g, X' = x' + li, Y = y, T =/, Z = z, Z'= z'. 

The equations of image formation (56.3) and (56.4) in the new coordinates take the form 

XX' = -/^ (56.5) 




(56.6) 


The quantity /is called the principal focal length of the system. 

The ratio Y'jY is called the lateral magnification. As for the longitudinal magnification, 
since the coordinates are not simply proportional to each other, it must be written in dif¬ 
ferential form, comparing the length of an element of the object (along the direction of the 
axis) with the length of the corresponding element in the image. From (56.5) we get for the 
“longitudinal magnification” 


dX' 

dX 




(56.7) 


We see from this that even for an infinitely small object, it is impossible to obtain a 
geometrically similar image. The longitudinal magnification is never equal to the transverse 
(except in the trivial case of identical imaging). 

A bundle passing through the point A" =/on the optical axis intersects once more at the 
point A"' = —/ on the axis; these two points are called principal points. From equation 
(56.2) (nyX—fn'y = 7, n^X—fn*^ = Z) it is clear that in this case (A"=/, 7 = Z = 0), we 
have the equations = /i', Thus every ray starting from a principal point crosses 

the optical axis again at the other principal point in a direction parallel to its original 
direction. 

If the coordinates of object and image are measured from the principal points (and not 
from the principal foci), then for these coordinates ^ and we have 




Substituting in (56.5) it is easy to obtain the equations of image formation in the form 


1 1 1 
^ r” 7' 


(56.8) 


One can show that for an optical system with small thickness (for example, a mirror or a 
thin lens), the two principal points almost coincide. In this case the equation (56.8) is 
particularly convenient, since in it (J and are then measured practically from one and the 
same point. 
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If the focal distance is positive, then objects located in front of the focus (X > 0) are 
imaged erect (Y'lY > 0); such optical systems are said to be converging. If/< 0, then for 
X > 0 we have Y'jY < 0, that is, the object is imaged in inverted form; such systems are 
said to be diverging. 

There is one limiting case of image formation which is not contained in the formulas 
(56.8); this is the case where all three coefficients/, g, h are infinite (i.e. the optical system has 
an infinite focal distance and its principal foci are located at infinity). Going to the limit of 
infinite/, g, h in (56.4) we obtain 



Since we are interested only in the case where the object and its image are located at finite 
distances from the optical system, /, g, h must approach infinity in such fashion that the 
ratios hjg, {f^—gh);g are finite. Denoting them, respectively, by and p, we have 

A*' = a^Y + /?. 

For the other two coordinates we now have from the general equation (56.7): 

v' z' 

- = - = ± a. 

y - 

Finally, again measuring the coordinates a and x' from different origins, namely from some 
arbitrary point on the axis and from the image of this point, respectively, we finally obtain 
the equations of image formation in the simple form 

X' = Oi^x, y' = ±ay, Z' = ±aZ. (56.9) 

Thus the longitudinal and transverse magnifications are constants (but not equal to each 
other). This case of image formation is called telescopic. 

All the equations (56.5) through (56.9), derived by us for lenses, apply equally to mirrors, 
and even to an optical system without axial symmetry, if only the image formation occurs 
by means of narrow bundles of rays traveling near the optical axis. In this, the reference 
points for the a coordinates of object and image must always be chosen along the optical 
axis from corresponding points (principal foci or principal points) in the direction of propaga¬ 
tion of the ray. In doing this, we must keep in mind that for an optical system not possessing 
axial symmetry, the directions of the optical axis in front of and beyond the system do not lie 
in the same plane. 


PROBLEMS 

1. Find the focal distance for image formation with the aid of two axially-symmetric optical 
systems whose optical axes coincide. 

Solution: Let / and /2 be the focal lengths of the two systems. For each system separately, we 
have 

Since the image produced by the first system acts as the object for the second, then denoting by / the 
distance between the rear principal focus of the first system and the front focus of the second, we 
have X 2 = —/; expressing X 2 in terms of Xu we obtain 

y, _ ^X^f2^ 
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from which it is clear that the principal foci of the composite system are located at the points 
Xi = — X 2 ' == / 2 ^// and the focal length is 

/■= —hJl 

^ I 


(to choose the sign of this expression, we must write the corresponding equation for the transverse 
magnification). 



3 


X ■ 0 


X 


Fig. 8. 

In case / = 0, the focal length /= 00 , that is, the composite system gives telescopic image for¬ 
mation. In this case we have X 2 = Xi(f 2 lfi)^y that is, the parameter a in the general formula 
(56.9) is a = / 2 //i. 

2. Find the focal length for charged particles of a “magnetic lens” in the form of a longitudinal 
homogeneous field in the section of length / (Fig. 8).t 

Solution: The kinetic energy of the particle is conserved during its motion in a magnetic field; 
therefore the Hamilton-Jacobi equation for the reduced action 5o(r) (where the total action is 
(S = —is 


where 




= -r == const. 


Using formula (19.4) for the vector potential of the homogeneous magnetic field, choosing the x 
axis along the field direction and considering this axis as the optical axis of an axially-symmetric 
optical system, we get the Hamilton-Jacobi equation in the form: 


/a^oV 

( a/- j 4c* ^ 


2,2 


( 1 ) 


where r is the distance from the x axis, and So is a function of x- and r. 

For narrow beams of particles propagating close to the optical axis, the coordinate r is small, so 
that accordingly we try to find So as a power series in r. The first two terms of this series are 

So=px-T h o’(Ar)r^, (2) 

where o(x) satisfies the equation 


4c“ 


(3) 


In region 1 in front of the lens, we have: 


where < 0 is a constant. This solution corresponds to a free beam of particles, emerging along 
straight line rays from the point x = Xi on the optical axis in region 1. In fact, the action function 

t This might be the field inside a long solenoid, when we neglect the disturbance of the homogeneity of the 
field near the ends of the solenoid. 
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for the free motion of a particle with a momentum /> in a direction out from the point x = xi is 

_ 2 

5o pVr^ + (x- p{x --Vi) + — -^ 

2(x-xi) 

Similarly, in region 2 behind the lens we write: 

.T«' = — 

jr-.V2 


where the constant Xj is the coordinate of the image of the point Xi. 

In region 3 inside the lens, the solution of equation (3) is obtained by separation of variables, 
and gives; 



where C is an arbilrarv constant. 

I he constant C and .v^ (for given .v,) arc determined by the requirements of continuity of (t(x) 
for .V ^ 0 and x - /: 




^cot C 
2r 



Eliminating the constant C from these equations, we find: 


wheret 


^== - 


(Vi -g) (A'2 f//) = 

h = g + I 

/= 


Icp eHI 
-Jj 

eH Icp 


eH sin 


ejU 

Icp 


§ 57. Image formation with broad bundles of rays 

The formation of images with the aid of narrow bundles of rays, which was considered 
in the previous section, is approximate; it is the more exact (i.e. the sharper) the narrower 
the bundles. We now go over to the question of image formation with bundles of rays of 
arbiliary breadth. 

in contrast to the formation of an image of an object by narrow beams, which can be 
achieved for any optical system having axial symmetry, image formation with broad beams 
is possible only for specially constituted optical systems. Even with this limitation, as already 
pointed out in § 56, image formation is not possible for all points in space. 

The later derivations are based on the following essential remark. Suppose that all rays, 
starting from a certain point O and traveling through the optical system, intersect again at 
some other point 0\ It is easy to see that the optical path length ^ is the same for all these 
rays. In the neighborhood of each of the points O, 0\ the wave surfaces for the rays inter¬ 
secting in them are spheres w'ith centers at O and 0\ respectively, and, in the limit as we 
approach O and 0\ degenerate to these points. But the wave surfaces are the surfaces of 
constant phase, and therefore the change in phase along different rays, between their points 
of intersection with two given wave surfaces, is the same. From what has been said, it follows 
that the total change in phase between the points O and O' is the same (for the different 
rays). 


t The value of y'is given with the correct sign. However, to show this requires additional investigation. 
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Let us consider the conditions which must be fulfilled in order to have formation of an 
image of a small line segment using broad beams; the image is then also a small line segment. 
We choose the directions of these segments as the directions of the ^ and axes, with origins 
at any two corresponding points O and O’ of the object and image. Let if/ be the optical path 
length for the rays starting from O and reaching O'. For the rays starting from a point 
infinitely near to O with coordinate d^, and arriving at a point of the image with coordinate 
d^'y the optical path length is where 


dll/ dll/ 

dq dq 


We introduce the “magnification” 



as the ratio of the length d^' of the element of the image to the length d^ of the imaged 
element. Because of the smallness of the line segment which is being imaged, the quantity a 
can be considered constant along the line segment. Writing, as usual, dij//dq= —/j^, 
dij/jd^' = n'^ (n^y n'^ are the cosines of the angles between the directions of the ray and the 
corresponding axes ^ and (J'), we obtain 

dll/ = ((y..n'^-n^)di. 

As for every pair of corresponding points of object and image, the optical path length 
ilz+dij/ must be the same for all rays starting from the point d^ and arriving at the point d^'. 
From this we obtain the condition: 


a * n't — Ht = const. (57.1) 

This is the condition we have been seeking, which the paths of the rays in the optical system 
must satisfy in order to have image formation for a small line segment using broad beams. 
The relation (57.1) must be fulfilled for all rays starting from the point O. 

Let us apply this condition to image formation by means of an axially-symmetric optical 
system. We start with the image of a line segment coinciding with the optical axis (x axis); 
clearly the image also coincides with the axis. A ray moving along the optical axis (Hj, = 1), 
because of the axial symmetry of the system, does not change its direction after passing 
through it, that is, n'^ is also 1. From this it follows that const in (57.1) is equal in this case 
to a,—1, and we can rewrite (57.1) in the form 




Denoting by 0 and 0' the angles subtended by the rays with the optical axis at points of the 
object and image, we have 

0 0 ' 

1—/I- = 1— cos 0 = 2 sin^ 1 —n' = 1 —cos 0' = 2 sin' - . 

X 2 2 


Thus we obtain the condition for image formation in the form 

. 0 
sin - 

— = const = 


(57.2) 



144 


THE PROPAGATION OF LIGHT 


§58 

Next, let us consider the imaging of a small portion of a plane perpendicular to the optical 
axis of an axially symmetric system; the image will obviously also be perpendicular to this 
axis. Applying (57.1) to an arbitrary segment lying in the plane which is to be imaged, we get: 

sin 0' — sin 0 = const, 

where 0 and 0' are again the angles made by the beam with the optical axis. For rays 
emerging from the point of intersection of the object plane with the optical axis, and directed 
along this axis (0 = 0), we must have 0' = 0, because of symmetry. Therefore const is zero, 
and we obtain the condition for imaging in the form 

-—- = const = a^. (57.3) 

sin 0' 

As for the formation of an image of a three-dimensional object using broad beams, it is 
easy to see that this is impossible even for a small volume, since the conditions (57.2) and 
(57.3) are incompatible. 


§ 58. The limits of geometrical optics 

From the definition of a monochromatic plane wave, its amplitude is the same everywhere 
and at all times. Such a wave is infinite in extent in all directions in space, and exists over the 
whole range of time from — oo to + td. Any w'ave whose amplitude is not constant every¬ 
where at all limes can only be more or less monochromatic. We now take up the question of 
the “degree of non-monochromaticity" of a w'avc. 

Let us consider an electromagnetic wave w'hose amplitude at each point is a function of 
the lime. Let ojq be some average frequency of the wave. Then the field of the wave, for 
example the electric field, at a given point has the form Eo(0^”"'°^- This field, although it is of 
course not monochromatic, can be expanded in monochromatic waves, that is, in a Fourier 
integral. The amplitude of the component in this expansion, with frequency w, is propor¬ 
tional to the integral 

+ X 

- X 

The factor is a periodic function whose average value is zero. If Eq were exactly 

constant, then the integral would be exactly zero, for co ^ coq. If, however, Eo(0 is variable, 
but hardly changes over a time interval of order l/lcu —cOqI, then the integral is almost equal 
to zero, the more exactly the slower the variation of Eq. In order for the integral to be sig¬ 
nificantly different from zero, it is necessary that Eo(/) vary significantly over a time interval 
of the order of l/|c/j —coo|. 

We denote by A/ the order of magnitude of the time interval during which the amplitude 
of the w ave at a given point in space changes significantly. From these considerations, it now 
follows that the frequencies deviating most from cOq, which appear with reasonable intensity 
in the spectral resolution of this wave, are determined by the condition l/|co —cuqI'^A/. If 
we denote by Ao) the frequency interval (around the average frequency cuq) which enters in 
the spectral resolution of the wave, then we have the relation 


Aco At ^ 1. 


(58.1) 
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We see that a wave is the more monochromatic (i.e. the smaller Aa>) the larger A/, i.e. the 
slower the variation of the amplitude at a given point in space. 

Relations similar to (58.1) are easily derived for the wave vector. Let A,v, Av, Az be the 
orders of magnitude of distances along the X, Y, Z axes, in which the wave amplitude 
changes significantly. At a given time, the field of the wa\e as a function of the coordinates 
has the form 

where ko is some average value of the wave vector. By a' completely analogous derivation to 
that for (58.1) we can obtain the interval Ak of values contained in the expansion of the wave 
into a Fourier integral: 

Ak^Ax - 1, Ak^.Ay - I, Ak,Az - 1. (58.2) 

Let us consider, in particular, a wa\e which is radiated during a finite time interval. W e 
denote by At the order of magnitude of this interval. The amplitude at a given point in space 
changes significantly during the time At in the course of which the w'ave travels completely 
past the point. Because of the relations (58.1) we can now say that the “lack of mono¬ 
chromaticity” of such a wave, Aco, cannot be smaller than 1/A/ (it can of course be larger): 

Aa> ^ -J- . (58.3) 


Similarly, if Ax, Ay, Az are the orders of magnitude of the extension of the w ave in space, 
then for the spread in the values of components of the wave vector, entering in the resolution 
of the wave, we obtain 

Ak,^^, Aky^-^, A/c, (58.4) 

Ax ^ Ay Az 

From these formulas it follows that if we have a beam of light of finite width, then the 
direction of propagation of the light in such a beam cannot be strictly constant. Taking the 
X axis along the (average) direction of light in the beam, we obtain 


Oy^ 


k Av 



(58.5) 


where Oy is the order of magnitude of the deviation of the beam from its average direction in 
the XY plane and /. is the w'avelength. 

On the other hand, the formula (58.5) answers the question of the limit of sharpness of 
optical image formation. A beam of light whose rays, according to geometrical optics, would 
all intersect in a point, actually gives an image not in the form of a point but in the form of a 
spot. For the width A of this spot, we obtain, according to (58.5), 


A ^ 


1 

kO 


A 

O' 


(58.6) 


where 0 is the opening angle of the beam. This formula can be applied not only to the image 
but also to the object. Namely, we can state that in observing a beam of light emerging 
from a luminous point, this point cannot be distinguished from a body of dimensions //O. 
In this way formula (58.6) determines the limiting resolving power of a microscope. The 
minimum value of A, which is reached for 0 1, is A, in complete agreement with the fact 

that the limit of geometrical optics is determined by the wavelength of the light. 
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PROBLEM 

Determine the order of magnitude of the smallest width of a light beam produced from a parallel 
beam at a distance / from a diaphragm. 

Solution: Denoting the size of the aperture in the diaphragm by ci, we have from (58.5) for the 
angle of deflection of the beam (the “diffraction angle"), /. V, so that the width of the beam is of order 
d- The smallest value of this quantity V 


§ 59. Diffraction 

The laws of geometrical optics are strictly correct only in the ideal case when the wave¬ 
length can be considered to be infinitely small. The more poorly this condition is fulfilled, 
the greater are the deviations from geometrical optics. Phenomenon which are the con¬ 
sequence of such deviations are called diffraction phenomena. 

Diffraction phenomena can be observed, for example, if along the path of propagation of 
the light t there is an obstacle—an opaque body (we call it a screen) of arbitrary form or, for 
example, if the light passes through holes in opaque screens. If the laws of geometrical optics 
were strictly satisfied, there would be beyond the screen regions of “shadow” sharply 
delineated from regions where light falls. The diffraction has the consequence that, instead 
of a sharp boundary between light and shadow, there is a quite complex distribution of the 
intensity of the light. These diffraction phenomena appear the more strongly the smaller the 
dimensions of the screens and the apertures in them, or the greater the wavelength. 

The problem of the theory of diffraction consists in determining, for given positions and 
shapes of the objects (and locations of the light sources), the distribution of the light, that is, 
the electromagnetic field over all space. The exact solution of this problem is possible only 
through solution of the wave equation with suitable boundary conditions at the surface of 
the body, these conditions being determined also by the optical properties of the material. 
Such a solution usually presents great mathematical difficulties. 

However, there is an approximate method which for many cases is a satisfactory solution 
of the problem of the distribution of light near the boundary between light and shadow. This 
method is applicable to cases of small deviation from geometrical optics, i.e. when firstly, the 
dimensions of all bodies are large compared with the wavelength (this requirement applies 
both to the dimensions of screens and apertures and also to the distances from the bodies to 
the points of emission and observation of the light); and secondly when there are only small 
deviations of the light from the directions of the rays given by geometrical optics. 

Let us consider a screen with an aperture through which the light passes from given 
sources. Figure 9 shows the screen in profile (the heavy line); the light travels from left to 
right. We denote by u some one of the components of E or H. Here we shall understand u 
to mean a function only of the coordinates, i.e. without the factor determining the time 
dependence. Our problem is to determine the light intensity, that is, the field u, at any 
point of observation P beyond the screen. For an approximate solution of this problem in 
cases where the deviations from geometrical optics are small, we may assume that at the 
points of the aperture the field is the same as it would have been in the absence of the screen. 
In other words, the values of the field here are those which follow directly from geometrical 

+ In what follows, in discussing diffraction we shall talk of the diffraction of light; all these same con¬ 
siderations also apply, of course, to any electromagnetic wave. 
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Fig. 9. 


optics. At all points immediately behind the screen, the field can be set equal to zero. In this 
the properties of the screen (i.e. of the screen material) obviously play no part. It is also 
obvious that in the cases we are considering, what is important for the diffraction is only the 
shape of the edge of the aperture, while the shape of the opaque screen is unimportant. 

We introduce some surface which covers the aperture in the screen and is bounded by its 
edges (a profile of such a surface is shown in Fig. 9 as a dashed line). We break up this surface 
into sections with area df, whose dimensions are small compared with the size of the aperture, 
but large compared with the wavelength of the light. We can then consider each of these 
sections through which the light passes as if it were itself a source of light v\a\ es spreading 
out on all sides from this section. We shall consider the field at the point P to be the result of 
superposition of the fields produced by all the sections df of the surface covering the aperture. 
(This is called Huygens' principle,) 

The field produced at the point P by the section df 'is obviously proportional to the value u 
of the field at the section ^^itself (we recall that the field at dfis assumed to be the same as it 
would have been in the absence of the screen). In addition, it is proportional to the projection 
df„ of the area df on the plane perpendicular to the direction n of the ray coming from the 
light source to df This follows from the fact that no matter what shape the element df 
has, the same rays will pass through it provided its projection df„ remain fixed, and 
therefore its effect on the field at P will be the same. 

Thus the field produced at the point P by the section dfis proportional to udf„. Further¬ 
more, we must still take into account the change in the amplitude and phase of the wave 
during its propagation from df to P, The law of this change is determined by formula 
(54.3). Therefore udf^ must be multiplied by (I//?)e'^^ (where R is the distance from df io P, 
and k is the absolute value of the wave vector of the light), and we find that the required 
field is 

eikR 

au -- df„, 

where a is an as yet unknown constant. The field at the point P, being the result of the 
addition of the fields produced by all the elements df is consequently equal to 



where the integral extends over the surface bounded by the edge of the aperture. In the 
approximation we are considering, this integral cannot, of course, depend on the form of this 
surface. Formula (59.1) is, obviously, applicable not only to diffraction by an aperture 
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in a screen, but also to diffraction by a screen around which the light passes freely. In that 
case the surface of integration in (59.1) extends on all sides from the edge of the screen. 

To determine the constant a, we consider a plane wave propagating along the X axis; 
the wave surfaces are parallel to the plane YZ. Let u be the value of the field in the YZ plane. 
Then at the point P, which we choose on the X axis, the field is equal to On the 

other hand, the field at the point P can be determined starting from formula (59.1), choosing 
as surface of integration, for example, the YZ plane. In doing this, because of the smallness 
of the angle of diffraction, only those points of the YZ plane are important in the integral 
which lie close to the origin, i.e. the points for which y, z x (x is the coordinate of the 
point P). Then 

R = + / + xx+ — -, 

2x 

and (59.1) gives 


+ 00 +00 



where u is a constant (the field in the YZ plane); in the factor 1//?, we can put jc = const. 

By the substitution v = ^sjlxjk these two integrals can be transformed to the integral 

+ 00 + 00 + 00 _ 

J J cos + i J sin d^ = + 

- 00 - 00 — OO 

and we get 

ikx 

u. = aue'' — . 

^ k 

On the other hand, = we'*'", and consequently 

k 

Substituting in (59.1), we obtain the solution to our problem in the form 

C ku 

In deriving formula (59.2), the light source was assumed to be essentially a point, and the 
light was assumed to be strictly monochromatic. The case of a real, extended source, which 
emits non-monochromatic light, does not, however, require special treatment. Because of the 
complete independence (incoherence) of the light emitted by different points of the source, 
and the incoherence of the different spectral components of the emitted light, the total 
diffraction pattern is simply the sum of the intensity distributions obtained from the diffrac¬ 
tion of the independent components of the light. 

Let us apply formula (59.2) to the solution of the problem of the change in phase of a ray 
on passing through its point of tangency to the caustic (see the end of § 54). We choose as 
our surface of integration in (59.2) any wave surface, and determine the field Up at a point P, 
lying on some given ray at a distance x from its point of intersection with the wave surface 
we have chosen (we choose this point as coordinate origin O, and as YZ plane the plane 
tangent to the wave surface at the point O). In the integration of (59.2) only a small area of 
the wave surface in the neighborhood of O is important. If the A"Tand A"Zplanesare chosen 
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to coincide with the principal planes of curvature of the wave surface at the point O, then 
near this point the equation of the surface is 



where jRj and R 2 are the radii of curvature. The distance R from the point on the wave 
surface with coordinates X, y, z, to the point P with coordinates .v, 0, 0, is 


R = \!{x-Xy'+ x-f — 





On the wave surface, the field u can be considered constant; the same applies to the factor 
IjR. Since we are interested only in changes in the phase of the wave, we drop coefficients 
and write simply 



(59.3) 


— 00 


— 00 


The centers of curvature of the wave surface lie on the ray we are considering, at the 
points X = Ri and x ^ R 2 ', these are the points where the ray is tangent to the caustic. 
Suppose R 2 < Ri - For x < R 2 , the coefficients of / in the exponentials appearing in the two 
integrands are positive, and each of these integrals is proportional to (1 4-/). Therefore on 
the part of the ray before its first tangency to the caustic, we have For R 2 < x < R^, 

that is, on the segment of the ray betw'een its two points of tangency, the integral over y is 
proportional to 1 + /, but the integral over z is proportional to 1 — /, so that their product does 
not contain /. Thus we have here Up ^ jn 

neighborhood of the first caustic, its phase undergoes an additional change of — 7r/2. 
Finally, for x > R^, we have Up ^ that is, on passing in the neighborhood 

of the second caustic, the phase once more changes by — njl. 


PROBLEM 

Determine the distribution of the light intensity in the neighborhood of the point w here the ray 
is tangent to the caustic. 

Solution: To solve the problem, we use formula (59.2), taking the integral in it over any wave 
surface which is sufficiently far from the point of tangency of the ray to the caustic. In Fig. 10, ab 
is a section of this wave surface, and a'b' is a section of the caustic; ab' is the evolute of the curve 



Fig. 10. 
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ab. We are interested in the intensity distribution in the neighborhood of the point O where the ray 
QO is tangent to the caustic; we assume the length D of the segment QO of the ray to be large. We 
denote by x the distance from the point O along the normal to the caustic, and assume positive 
values X for points on the normal in the. direction of the center of curvature. 

The integrand in (59.2) is a function of the distance R from the arbitrary point Q' on the wave 
surface to the point P, From a well-known property of the evolute, the sum of the length of the seg¬ 
ment Q'O' of the tangent at the point O' and the length of the arc OO' is equal to the length QO 
of the tangent at the point O. For points O and O' which are near to each other we have 00' = Oq 
{q is the radius of curvature of the caustic at the point O). Therefore the length Q'O' = D — Oq. The 
distance Q'O (along a straight line) is approximately (the angle 0 is assumed to be small) 

Q'O ^ Q'O'-Q sin ^ = D—Oq^q sin 0 ^ D—q—. 

6 

Finally, the distance R = Q'P is equal to R ^ Q'O—x sin 0 ^ Q'O—xO, that is, 

R^ D-xO-IqO^. 

Substituting this expression in (59.2), we obtain 





dd 


(the slowly varying factor 1/Z) in the integrand is unimportant compared with the exponential 
factor, so we assume it constant). Introducing the new integration variable (f= (koliy^ 0, we get 

where <!)(/) is the Airy function.t 
For the intensity / ^ we wTite: 

(concerning the choice of the constant factor, cf. below). 

For large positive values of .v, we have from this the asymptotic formula 



t The Airy function <!)(/) is defined as 


00 



0 


(see Quantum Mechanics, Mathematical Appendices,§ b). For large positive values of the argument, the 
asymptotic expression for <l)(r) is 

1 / 2 3 / 2 \ 

<f(0 5: — exp Jt j, (2) 

that is, <!>(/) goes exponentially to zero. For large negative values of t, the function <b{t) oscillates with 
decreasing amplitude according to the law: 


' (ZJJUi sin (i (- 


/) 3 / 2 _ 


TT 

4 


) 


The Airy function is related to the MacDonald function (modified Hankel function) of order 1/3: 

0(/) = 


(3) 

(4) 


Formula (2) corresponds to the asymptotic expansion of KAt ): 


KAt) 



e~\ 
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that is, the intensity drops exponentially (shadow region). For large negative values of x, we have 



that is, the intensity oscillates rapidly; its average value over these oscillations is 



From this meaning of the constant A is clear—it is the intensity far from the caustic which would be 
obtained from geometrical optics neglecting diffraction effects. 

The function <!)(/) attains its largest value, 0.949, for / = —1.02; correspondingly, the maximum 
intensity is reached at = —1.02, where 

At the point where the ray is tangent to the caustic (x = 0), we have 7 = 0.89/1/: [since 

<D(0) = 0.629]. 

Thus near the caustic the intensity is proportional to k^^^, that is, to (A is the wavelength). 
For A-->0, the intensity goes to infinity, as it should (see § 54). 


§ 60. Fresnel diffraction 

If the light source and the point P at which we determine the intensity of the light are 
located at finite distances from the screen, then in determining the intensity at the point P, 
only those points are important which lie in a small region of the wave surface over which we 
integrate in (59.2)—the region which lies near the line joining the source and the point P, 
In fact, since the deviations from geometrical optics are small, the intensity of the light 
arriving at P from various points of the wave surface decreases very rapidly as we move 
away from this line. Diffraction phenomena in which only a small portion of the wave 
surface plays a role are called Fresnel diffraction phenomena. 

Let us consider the Fresnel diffraction by a screen. From what we have just said, for a 
given point P only a small region at the edge of the screen is important for this diffraction. 
But over sufficiently small regions, the edge of the screen can always be considered to be a 
straight line. We shall therefore, from now on, understand the edge of the screen to mean 
just such a small straight line segment. 

We choose as the XY plane a plane passing through the light source Q (Fig. 11) and 
through the line of the edge of the screen. Perpendicular to this, we choose the plane XZ so 
that it passes through the point Q and the point of observation P, at which we try to deter¬ 
mine the light intensity. Finally, we choose the origin of coordinates O on the line of the edge 
of the screen, after which the positions of all three axes are completely determined. 



Fig. 11. 
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Let the distance from the light source Q to the origin be We denote the x-coordinate 
of the point of observation P by Dp, and its z-coordinate, i.e. its distance from the XY 
plane, by d. According to geometrical optics, the light should pass only through points 
lying above the X Y plane; the region below the XY plane is the region which according to 
geometrical optics should be in shadow (region of geometrical shadow). 

We now determine the distribution of light intensity on the screen near the edge of the 
geometrical shadow, i.e. for values of d small compared with Dp and D^. A negative d 
means that the point P is located within the geometrical shadow. 

As the surface of integration in (59.2) we choose the half-plane passing through the line 
of the edge of the screen and perpendicular to the XY plane. The coordinates x and y of 
points on this surface are related by the equation x — y tan a (a is the angle between the line 
of the edge of the screen and the Y axis), and the z-coordinate is positive. The field of the 
wave produced by the source Q, at the distance from it, is proportional to the factor 
Therefore the field u on the surface of integration is proportional to 

u ^ exp {ikJy^-hz^-^(Dq-^y tan a)^}. 

In the integral (59.2) we must now substitute for R, 

R = y^ + dy -^(Dp-y tan a)^. 

The slowly varying factors in the integrand are unimportant compared with the exponential. 
Therefore we may consider l/R constant, and write dy dz in place of df^^. We then find that 
the field at the point P is 

+ 00 00 

’^\l{D~-y tan a)^ + (z“d)^+;^^)} dydz. (60.1) 

As we have already said, the light passing through the point P comes mainly from points 
of the plane of integration which are in the neighborhood of O. Therefore in the integral 
(60.1) only values of i’ and z which are small (compared with and Dp) are important. For 
this reason we can write 

- - _j_ 2^ 

y(Z), + j tan a)^ + + 2 ^ i), + —I- y tan a, 

tana)^ + (z -df + y^ - y tan a. 

We substitute this in (60.1). Since we are interested only in the field as a function of the 
distance d, the constant factor exp {ik{Dp-^D^] can be omitted; the integral over y also 
gives an expression not containing d, so we omit it also. We then find 

00 


This expression can also be written in the form 



(60.2) 
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The light intensity is determined by the square of the field, that is, by the square modulus 
|Wp|^. Therefore, when calculating the intensity, the factor standing in front of the integral 
is irrelevant, since when multiplied by the complex conjugate expression it gives unity. An 
obvious substitution reduces the integral to 


Mp~ I" 


where 


vv = d . 

Thus, the intensity / at the point P is: 


(60.3) 


(60.4) 




where 


C(2) 




(c(w^)+^y+(s(w^)+iy|, 

(60.5) 

\ z 

j* COS drj. 

_ 

S(z) = J sin t]^ dr] 



are called the Fresnel integrals. Formula (60.5) solves our problem of determining the light 
intensity as a function of d. The quantity Iq is the intensity in the illuminated region at 
points not too near the edge of the shadow; more precisely, at those points with w > 1 
(C(oo) = S(co) = i in the limit w cc). 

The region of geometrical shadow corresponds to negative w. It is easy to find the 
asymptotic form of the function I(w) for large negative values of w. To do this we proceed 
as follows. Integrating by parts, we have 



1 


gi"-* + 


|H’| 



Integrating by parts once more on the right side of the equation and repeating this process, 
we obtain an expansion in powers of 1/|h’|: 


00 





1 1 
2/ w 4|wp 


(60.6) 


Although an infinite series of this type does not converge, nevertheless, because the suc¬ 
cessive terms decrease very rapidly for large values of \w\, the first term already gives a good 
representation of the function on the left for sufficiently large \ w\ (such a series is said to be 
asymptotic). Thus, for the intensity /(h’), (60.5), we obtain the following asymptotic formula, 
valid for large negative values of w: 



(60.7) 


We see that in the region of geometric shadow, far from its edge, the intensity goes to zero 
as the inverse square of the distance from the edge of the shadow. 
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We now consider positive values of w, that is, the region above the XY plane. We write 



+ oc —w cc 

J e'"' drj- j e*”' = (1 + /) ^ - J e*”' drj. 


— w - 00 — 00 w 

For sufficiently large w, we can use an asymptotic representation for the integral standing 
on the right side of the equation, and we have 


— w 

Substituting this expression in (60.5), we obtain 



(60.8) 


(60.9) 


Thus in the illuminated region, far from the edge of the shadow, the intensity has an infinite 
sequence of maxima and minima, so that the ratio I/Iq oscillates on both sides of unity. 
With increasing u’, the amplitude of these oscillations decreases inversely with the distance 
from the edge of the geometric shadow, and the positions of the maxima and minima steadily 
approach one another. 

For small u’, the function I(w) has qualitatively this same character (Fig. 12). In the region 
of the geometric shadow, the intensity decreases monotonically as we move away from the 
boundary of the shadow. (On the boundary itself, I/Iq = j.) For positive vr, the intensity has 
alternating maxima and minima. At the first (largest) maximum, I/Jq = 1.37. 


§61. Fraunhofer diffraction 

Of special interest for physical applications are those diffraction phenomena which occur 
when a plane parallel bundle of rays is incident on a screen. As a result of the diffraction, 
the beam ceases to be parallel, and there is light propagation along directions other than the 
initial one. Let us consider the problem of determining the distribution over direction of the 
intensity of the diffracted light at large distances beyond the screen (this formulation of the 
problem corresponds to Fraunhofer diffraction). Here we shall again restrict ourselves to the 
case of small deviations from geometrical optics, i.e. we shall assume that the angles of 
deviation of the rays from the initial direction (the diffraction angles) arc small. 


j. 



Fig. 12. 
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This problem can be solved by starting from the general formula (59.2) and passing to the 
limit where the light source and the point of observation are at infinite distances from the 
screen. A characteristic feature of the case we are considering is that, in the integral which 
determines the intensity of the diffracted light, the whole wave surface over which the integral 
is taken is important (in contrast to the case of Fresnel diffraction, where only the portions 
of the wave surface near the edge of the screens are important).t 

However, it is simpler to treat this problem anew, without recourse to the general formula 

(59.2). 

Let us denote by Uq the field which would exist beyond the screens if geometrical optics 
were rigorously valid. This field is a plane wave, but its cross section has certain regions 
(corresponding to the “shadows” of opaque screens) in which the field is zero. We denote 
by S the part of the plane cross-section on which the field w© is different from zero; since 
each such plane is a wave surface of the plane wave, Uq = const over the whole surface S. 

Actually, however, a wave with a limited cross-sectional area cannot be strictly plane 
(see § 58). In its spatial Fourier expansion there appear components with wave vectors 
having different directions, and this is precisely the origin of the diffraction. 

Let us expand the field w© into a two-dimensional Fourier integral with respect to the co¬ 
ordinates y, z in the plane of the transverse cross-section of the wave. For the Fourier 
components, we have: 




' dy dz, 


where the vectors q are constant vectors in the y, z plane; the integration actually extends 
only over that portion S of the y, z plane on which Uq is different from zero. If k is the wave 
vector of the incident wave, the field component gives the wave vector k' = k + q. 

Thus the vector q = k' — k determines the change in the wave vector of the light in the diffrac¬ 
tion. Since the absolute values k = k' = w/c, the small diffraction angles 0^, 0^ in the xy- and 
A'z-planes are related to the components of the vector q by the equations 



(61.2) 


For small deviations from geometrical optics, the components in the expansion of the 
field Uq can be assumed to be identical with the components of the actual field of the dif¬ 
fracted light, so that formula (61.1) solves our problem. 

The intensity distribution of the diffracted light is given by the square \u^\^ as a function 
of the vector q. The quantitative connection with the intensity of the incident light is 
established by the formula 



(61.3) 


t The criteria for Fresnel and Fraunhofer diffraction are easily found by returning to formula (60.2) and 
applying it, for example, to a slit of width a (instead of to the edge of an isolated screen). The integration 
over z in (60.2) should then be taken between the limits from 0 to a. Fresnel diffraction corresponds to the 
case when the term containing in the exponent of the integrand is important, and the upper limit of the 
integral can be replaced by co. For this to be the case, we must have 



On the other hand, if this inequality is reversed, the term in can be dropped; this corresponds to the case of 
Fraunhofer diffraction. 
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[compare (49.8)]. From this we see that the relative intensity diffracted into the solid angle 
is given by 


do = de,de, 


dq,dq, ^ S 

(2;:)^ \27tc/ Mq 


do. 


(61.4) 


Let us consider the Fraunhofer diffraction from two screens which are “complementary”: 
the first screen has holes where the second is opaque and conversely. We denote by and 
the field of the light diffracted by these screens (when the same light is incident in both 
cases). Since and are expressed by integrals (61.1) taken over the surfaces of the 
apertures in the screens, and since the apertures in the two screens complement one another 
to give the whole plane, the sum is the Fourier component of the field obtained 

in the absence of the screens, i.e. it is simply the incident light. But the incident light is a 
rigorously plane wave with definite direction of propagation, so that += 0 for all 


nonzero values of q 


Thus we have 


^=-u 


( 2 ) 


( 1)|2 _ 


q 

( 2)12 


or for the corresponding intensities. 


forq7«^0. (61.5) 

This means that complementary screens give the same distribution of intensity of the 
diffracted light (this is called Babinet's principle). 

We call attention here to one interesting consequence of the Babinet principle. Let us 
consider a blackbody, i.e. one which absorbs completely all the light falling on it. According 
to geometrical optics, when such a body is illuminated, there is produced behind it a region 
of geometrical shadow, whose cross-sectional area is equal to the area of the body in the 
direction perpendicular to the direction of incidence of the light. However, the presence of 
diffraction causes the light passing by the body to be partially deflected from its initial 
direction. As a result, at large distances behind the body there will not be complete shadow 
but, in addition to the light propagating in the original direction, there will also be a certain 
amount of light propagating at small angles to the original direction. It is easy to determine 
the intensity of this scattered light. To do this, we point out that according to Babinet’s 
principle, the amount of light deviated because of diffraction by the body under considera¬ 
tion is equal to the amount of light which would be deviated by diffraction from an aperture 
cut in an opaque screen, the shape and size of the aperture being the same as that of the 
transverse section of the body. But in Fraunhofer diffraction from an aperture all the light 
passing through the aperture is deflected. From this it follows that the total amount of light 
scattered by a blackbody is equal to the amount of light falling on its surface and absorbed 
by it. 


PROBLEMS 

1. Calculate the Fraunhofer diffraction of a plane wave normally incident on an infinite slit 
(of width la) with parallel sides cut in an opaque screen. 

Solution: We choose the plane of the slit as the yz plane, with the z axis along the slit (Fig. 13 
shows a section of the screen). For normally incident light, the plane of the slit is one of the wave 
surfaces, and we choose it as the surface of integration in (61.1). Since the slit is infinitely long, the 
light is deflected only in the xy plane [since the integral (61.1) becomes zero for q. -A 0]. 

Therefore the field should be expanded only in the y coordinate: 
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K 



X 


Fig. 13. 


The intensity of the diffracted light in the angular range dd is 


^7 = 


Iq uj^dq _ Iq s\n^ had 
la Uq\ In nak 6^ 


dd. 


where k = w/c, and Iq is the total intensity of the light incident on the slit. 

dljdd as a function of diffraction angle has the form shown in Fig. 14. As 6 increases toward 
either side from ^ = 0, the intensity goes through a series of maxima with rapidly decreasing 
height. The successive maxima are separated by minima at the points 0 = nnika (where n is an 
integer); at the minima, the intensity falls to zero. 



2. Calculate the Fraunhofer diffraction by a diffraction grating—a plane screen in which are cut 
a series of identical parallel slits (the width of the slits is la, the width of opaque screen between 
neighboring slits is lb, and the number of slits is N). 


Solution: We choose the plane of the grating as the yz plane, with the z axis parallel to the slits. 
Diffraction occurs only in the xy plane, and integration of (61.1) gives: 


N - 1 1 _p~2iNqd 

n «o 1 cr 


where t/ = and wj is the result of the integration over a single slit. Using the results of problem 
1, we get: 

loa /sin Nqd\^/sin qa\^ _ Iq /sin Nk9d\^ sin^ ka6 
Nn\ sin qd J \ qa ) ^ Nnak\ sin kdd ) 6^ 

(Iq is the total intensity of the light passing through all the slits). 
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For the case of a large number of slits (A^->oo), this formula can be written in another form. For 
values ^7 = nnid, where n is an integer, dlldq has a maximum; near such a maximum (i.e. for 
qd = nn - e, with e small) 

,, , /sin ^flX^sin^ A'c , 

But for S—>cc, we have the formulat 

i. sin^ Nx , 

I'm ——=S{x). 

We therefore have, in the neighborhood of each maximum: 

,, , a f%\nqa\^ , , 

dl = Iq—( - I S{e)de, 

d\ qa J 

i.e., in the limit the widths of the maxima are infinitely narrow and the total light intensity in the 
/I'ih maximum is 


= /O -o- 


d sin^ (nnajd) 


3. Find the distribution of intensity over direction for the diffraction of light which is incident 
normal to the plane of a circular aperture of radius a. 

Solution: We introduce cylindrical coordinates z, r, ^ with the z axis passing through the center 
of the aperture and perpendicular to its plane. It is obvious that the diffraction is symmetric about 
the z axis, so that the vector q has only a radial component qr=q = kO. Measuring the angle 4> 
from the direction q, and integrating in (61.1) over the plane of the aperture, we find: 


J j^g-^i’co»»rd<l)dr = Inuo j Jo(.qr)rdr, 


where Jq is the zero’th order Bessel function. Using the well-known formula 


jQiqr)rdr= ~ Ji{aq), 


we then have 


u^ = 2n—Ji(aq), 
Q 


and according to (61,4) we obtain for the intensity of the light diffracted into the element of solid 
angle do : 

, J'iiakO) . 
dl = /o- do, 

where h is the total intensity of the light incident on the aperture. 


t For .V 7 ^ 0 the function on the left side of the equation is zero, while according to a well-known formula 
of the theory of Fourier series, 

- a 

From this we see that the properties of this function actually coincide with those of the ^-function (see the 
footnote on p. 70). 



CHAPTER 8 


THE FIELD OF MOVING CHARGES 


§ 62. The retarded potentials 


In Chapter 5 we studied the constant field, produced by charges at rest, and in Chapter 6, 
the variable field in the absence of charges. Now we take up the study of varying fields in the 
presence of arbitrarily moving charges. 

We derive equations determining the potentials for arbitrarily moving charges. This 
derivation is most conveniently done in four-dimensional form, repeating the derivation at 
the end of § 46, with the one change that we use the second pair of Maxwell equations in the 
form (30.2) 

dF^ _ .. 

8x'‘ ~ c^' 


The same right-hand side also appears in (46.8), and after imposing the Lorentz condition 

dA' 1 dS 

—. = 0, i.e. --^+divA = 0, (62.1) 

c dt 

on the potentials, we get 


3M* 4n .1 
dxi-dx^ c ^ 


(62.2) 


This is the equation which determines the potentials of an arbitrary electromagnetic field. 
In three-dimensional form it is written as two equations, for A and for <^: 


. . 1 5^A 4n 

AA r =-j, 

1 5^0 

A6 j = —47tQ, 


(62.3) 

(62.4) 


For constant fields, these reduce to the already familiar equations (36.4) and (43.4), and for 
variable fields without charges, to the homogeneous wave equation. 

As we know, the solution of the inhomogeneous linear equations (62.3) and (62.4) can be 
represented as the sum of the solution of these equations without the right-hand side, and a 
particular integral of these equations with the right-hand side. To find the particular solution, 
we divide the whole space into infinitely small regions and determine the field produced by 
the charges located in one of these volume elements. Because of the linearity of the field 
equations, the actual field will be the sum of the fields produced by all such elements. 

The charge de in a given volume element is, generally speaking, a function of the time. 
If we choose the origin of coordinates in the volume element under consideration, then the 
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charge density is g = de(t) 5(R), where R is the distance from the origin. Thus we must 
solve the equation 

- p ^ = - Mt) S(R). (62.5) 


Everywhere, except at the origin, ^(R) = 0, and we have the equation 

1 d^d) 


(62.6) 


It is clear that in the case we are considering (f> has central symmetry, i.e., (f> is& function 
only of R. Therefore if we write the Laplace operator in spherical coordinates, (62.6) reduces 
to 


1 


dRj dt^ 

To solve this equation, we make the substitution <j> = x(R, t)IR. Then, we find for x 

^ _ 1 _ 0 


dR^ 




But this is the equation of plane waves, whose solution has the form (see § 47): 




Since we only want a particular solution of the equation, it is sufficient to choose only one 
of the functions fi and/j- Usually it turns out to be convenient to take/z = 0 (concerning 
this, see below). Then, everywhere except at the origin, <l> has the form 


</> = 



(62.7) 


So far the function x is arbitrary; we now choose it so that we also obtain the correct 
value for the potential at the origin. In other words, we must select x so that at the origin 
equation (62.5) is satisfied. This is easily done noting that as R -> 0, the potential increases 
to infinity, and therefore its derivatives with respect to the coordinates increase more rapidly 
than its time derivative. Consequently as R ^ 0, we can, in equation (62.5), neglect the term 
(llc^)l(d^<t>/dt^) compared with A</>. Then (62.5) goes over into the familiar equation (36.9) 
leading to the Coulomb law. Thus, near the origin, (62.7) must go over into the Coulomb 
law, from which it follows that x(0 = de(t), that is. 



From this it is easy to get to the solution of equation (62.4) for an arbitrary distribution of 
charges q{x, y, z, t). To do this, it is sufficient to write de = gdV {dVis the volume element) 
and integrate over the whole space. To this solution of the inhomogeneous equation (62.4) 
we can still add the solution of the same equation without the right-hand side.Thu$, 
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the general solution has the form: 


t) = j + (62.8) 

R = r-r', dV = dx'dy'dz' 

where 


r = (x, r), r'= {x', y\ z'); 

R is the distance from the volume element dV to the “field point” at which we determine the 
potential. We shall write this expression briefly as 


(f>= \ ^^^^dV + cl>o, (62.9) 

where the subscript means that the quantity q is to be taken at the time t — ^Rjc), and the 
prime on dV has been omitted. 

Similarly we have for the vector potential: 

A=- (dV + Ao, (62.10) 

c J R 

where Aq is the solution of equation (62.3) without the right-hand term. 

The potentials (62.9) and (62.10) (without (t)Q and Aq) are called the retarded potentials. 

In case the charges are at rest (i.e. density q independent of the time), formula (62.9) goes 
over into the well-known formula (36.8) for the electrostatic field; for the case of stationary 
motion of the charges, formula (62.10), after averaging, goes over into formula (43.5) for the 
vector potential of a constant magnetic field. 

The quantities Aq and in (62.9) and 62.10) are to be determined so that the conditions 
of the problem are fulfilled. To do this it is clearly sufficient to impose initial conditions, that 
is, to fix the values of the field at the initial time. However we do not usually have to deal 
with such initial conditions. Instead we are usually given conditions at large distances from 
the system of charges throughout all of time. Thus, we may be told that radiation is incident 
on the system from outside. Corresponding to this, the field which is developed as a result 
of the interaction of this radiation with the system can differ from the external field only by 
the radiation originating from the system. This radiation emitted by the system must, at large 
distances, have the form of waves spreading out from the system, that is, in the direction of 
increasing R. But precisely this condition is satisfied by the retarded potentials. Thus these 
solutions represent the field produced by the system, while 0o and Aq must be set equal to 
the external field acting on the system. 


§ 63. The Lienard-Wiechert potentials 

Let us determine the potentials for the field produced by a charge carrying out an assigned 
motion along a trajectory r = ro(/). 

According to the formulas for the retarded potentials, the field at the point of observation 
P{x, y, z) at time t is determined by the state of motion of the charge at the earlier time t\ 
for which the time of propagation of the light signal from the point ro(/'), where the charge 
was located,to the field point P just coincides with the difference t — t\ Let R(/) = r —ro(0 
be the radius vector from the charge e to the point P; like ro(0 it is a given function of the 
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time. Then the time t' is determined by the equation 


t' + 


RW) 

c 


= /. 


(63.1) 


For each value of / this equation has just one root r'.f 
In the system of reference in which the particle is at rest at time the potential at the 
point of observation at time t is Just the Coulomb potential, 



A = 0. 


(63.2) 


The expressions for the potentials in an arbitrary reference system can be found directly 
by finding a four-\ ector which for v = 0 coincides with the expressions just given for (f) and 
A. Noting that, according to (63.1), (j) in (63.2) can also be written in the form 




e 


we find that the required four-vector is: 

A‘ = 



(63.3) 


where is the four-velocity of the charge, = [c(/ —/'), r —r'], where x\ y\ z\ t' are 
related by the equation (63.1), which in four-dimensional form is 

(63.4) 


Now once more transforming to three-dimensional notation, we obtain, for the potentials 
of the field produced by an arbitrarily moving point charge, the following expressions: 



(63.5) 


where R is the radius vector, taken from the point where the charge is located to the point 
of observation P, and all the quantities on the right sides of the equations must be evaluated 
at the time determined from (63.1). The potentials of the field, in the form (63.5), are 
called the Lienard-Wiechert potentials. 

To calculate the intensities of the electric and magnetic fields from the formulas 


E 


--- - grad (j), 
c ot 


H = curl A, 


we must differentiate (f) and A with respect to the coordinates x, y, z of the point, and the 
time t of observation. But the formulas (63.5) express the potentials as functions of t\ and 
only through the relation (63.1) as implicit functions of x, z, /. Therefore to calculate the 


t This point is obvious but it can be verified directly. To do this we choose the field point P and the time 
of observation t as the origin O of the four-dimensional coordinate system and construct the light cone (§ 2) 
with its vertex at O. The lower half of the cone, containing the absolute past (with respect to the event O), is 
the geometrical locus of world points such that signals sent from them reach O. The points in which this 
hypersurface intersects the world line of the charge are precisely the roots of (63.1). But since the velocity of a 
particle is always less than the velocity of light, the inclination of its world line relative to the time axis is 
everywhere less than the slope of the light cone. It then follows that the world line of the particle can inter¬ 
sect the lower half of the light cone in only one point. 
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required derivatives we must first calculate the derivatives of t Differentiating the relation 
R(t') = with respect to t, we get 


OR dR dt' R ydt' / 
dt dt' dt R dt ^ \ dt) 


(The value of dR/dt' is obtained by differentiating the identity R^ = and substituting 
dR{t ')/dt ' = — v(/'). The minus sign is present because R is the radius vector from the charge 
e to the point P, and not the reverse.) 

Thus, 


dt' 1 

Rc 


(63.6) 


Similarly, differentiating the same relation with respect to the coordinates, we find 

grad t = - - grad R(.t)=^ - - ( — grad t + -), 
c c \ct RJ 


so that 


grad = — 




(63.7) 


With the aid of these formulas, there is no difficulty in carrying out the calculation of the 
fields E and H. Omitting the intermediate calculations, we give the final results: 

..2 


E = e 


1 -- 

--/-3 (r--r)+ \ -3 R X {(r- - r) X A. (63.8) 


H = -RxE. 


(63.9) 


Here, v = d\ldt'; all quantities on the right sides of the equations refer to the time t'. It is 
interesting to note that the magnetic field turns out to be everywhere perpendicular to the 
electric. 

The electric field (63.8) consists of two parts of different type. The first term depends only 
on the velocity of the particle (and not on its acceleration) and varies at large distances like 
1/R^. The second term depends on the acceleration, and for large R it varies like 1/P. Later 
(§ 66) we shall see that this latter term is related to the electromagnetic waves radiated by the 
particle. 

As for the first term, since it is independent of the acceleration it must correspond to the 
field produced by a uniformly moving charge. In fact, for constant velocity the difference 


c 

is the distance R, from the charge to the point of observation at precisely the moment of 
observation. It is also easy to show directly that 
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where 0, is the angle between R, and v. Consequently the first term in (63.8) is identical 
with the expression (38.8). 


PROBLEM 


Derive the Lienard-Wiechert potentials by integrating (62.9-10). 
Solution: We write formula (62.8) in the form: 


(^(r, 0 = - t + ^-\r -x’^didV 

(and similarly for A(r,/)), introducing the additional delta function and thus eliminating the 
implicit arguments in the function q . For a point charge, moving in a trajectory r = ro(/), we have: 

q ( s \ r) = e^[r'-ro(r)]. 

Substituting this expression and integrating over dV\ we get: 


j |r-ro(r)| 


T-/+- |r-ro(T)| 

c 


The T integration is done using the formula 


SlF(r)] = 


S(r-t' ) 

FVi 


[where /' is the root of F{t') = 0], and gives formula (63.5). 


§ 64. Spectral resolution of the retarded potentials 


The field produced by moving charges can be expanded into monochromatic waves. The 
potentials of the different monochromatic components of the field have the form 

The charge and current densities of the system of charges producing the field can 
also be expanded in a Fourier series or integral. It is clear that each Fourier component of q 
and j is responsible for the creation of the corresponding monochromatic component of the 
field. 

In order to express the Fourier components of the field in terms of the Fourier components 
of the charge density and current, we substitute in (62.9) for (f) and q respectively, 
and We then obtain 

C e ^ 

Factoring and introducing the absolute value of the wave vector k = cu/c, we have: 


Similarly, for we get 



e. dV. 


A„.= 



JkR 


CR 


dV. 


(64.1) 

(64.2) 
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We note that formula (64.1) represents a generalization of the solution of the Poisson 
equation to a more general equation of the form 

A(t)^ + k^(t)^ = -471^^ (64.3) 

(obtained from equations (62.4) for depending on the time through the factor 
If we were dealing with expansion into a Fourier integral, then the Fourier components 
of the charge density would be 

+ 00 

J Qe^^'dt. 

- 00 

Substituting this expression in (64.1), we get 

+ 00 

(t>. = (64.4) 

- 00 

We must still go over from the continuous distribution of charge density to the point charges 
whose motion we are actually considering. Thus, if there is just one point charge, we set 

Q = £-<5[r-ro(0], 

where ro(0 is the radius vector of the charge, and is a given function of the time. Substituting 
this expression in (64.4) and carrying out the space integration [which reduces to replacing 
r by ro(0]> we get: 

00 

= ^ (64.5) 

- 00 

where now R(t) is the distance from the moving particle to the point of observation. 
Similarly we find for the vector potential: 


A = 
^<0 


e 

c 


/ 


J<0lt + Jl(t)/c] 

R{t) 


- 00 


(64.6) 


where v = ro(0 is the velocity of the particle. 

Formulas analogous to (64.5), (64.6) can also be written for the case where the spectral 
resolution of the charge and current densities contains a discrete series of frequencies. Thus, 
for a periodic motion of a point charge (with period T = IuIojq) the spectral resolution of the 
field contains only frequencies of the form wcuq, and the corresponding components of the 
vector potential are 

T 



^iiia>o[f + X(f)/c]^^ 

m 


(64.7) 


(and similarly for 0„). In both (64.6) and (64.7) the Fourier components are defined in 
accordance with § 49. 


PROBLEM 

Find the expansion in plane waves of the field of a charge in uniform rectilinear motion. 
Solution: We proceed in similar fashion to that used in § 51. We write the charge density in the 
form o = e^(r—vr), where v is the velocity of the particle. Taking Fourier components of the 
equation = —Ane ^(r—v/), we find (D^)!! = 
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On the other hand, from 

we have 

Thus, 

from which, finally 




{Irrf 

1 c^4 


(□4k=-A"4 2 .2- 


A'^4 — 4nee 


4 ^ 4ne- 


m 


From this it follows that the wave with wave vector k has the frequency r; -= k • v. Similarly, we 
obtain for the vector potential, 

- i(k • v)t 

Ak = 47te — 

A2- 


Finally, we have for the fields. 


("tT 


k V 


. , (kv) 

k- V 


E|i = —/k4 -Ak = 4nei - 

c 


-Ct’J 


^-J(k* V)r 


«« .. * 4ne . kx V w 

Hk =/kx Ak =" — /-t: -r-o 

c 




§ 65. The Lagrangian to terms of second order 

In ordinary classical mechanics, we can describe a system of particles interacting with 
each other with the aid of a Lagrangian which depends only on the coordinates and velocities 
of these particles (at one and the same time). The possibility of doing this is, in the last 
analysis, dependent on the fact that in mechanics the velocity of propagation of interactions 
is assumed to be infinite. 

We already know that because of the finite velocity of propagation, the field must be 
considered as an independent system with its own “degrees of freedom”. From this it follows 
that if we have a system of interacting particles (charges), then to describe it we must consider 
the system consisting of these particles and the field. Therefore, when we take into account 
the finite velocity of propagation of interactions, it is impossible to describe the system of 
interacting particles rigorously with the aid of a Lagrangian, depending only on the co¬ 
ordinates and velocities of the particles and containing no quantities related to the internal 
“degrees of freedom” of the field. 

However, if the velocity v of all the particles is small compared with the velocity of light, 
then the system can be described by a certain approximate Lagrangian. It turns out to be 
possible to introduce a Lagrangian describing the system, not only when all powers of vjc 
are neglected (classical Lagrangian), but also to terms of second order, v^lc^. This last 
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remark is related to the fact that the radiation of electromagnetic waves by moving charges 
(and consequently, the appearance of a “self’’-field) occurs only in the third approximation 
in vfc (see later, in § 67).t 

As a preliminary, we note that in zero’th approximation, that is, when we completely 
neglect the retardation of the potentials, the Lagrangian for a system of charges has the form 


a a>b 




ab 


(65.1) 


(the summation extends over the charges which make up the system). The second term is the 
potential energy of interaction as it would be for charges at rest. 

To get the next approximation, we proceed in the following fashion. The Lagrangian for a 
charge e, in an external field is 

-rriaC^ (65.2) 


Choosing any one of the charges of the system, we determine the potentials of the field 
produced by all the other charges at the position of the first, and express them in terms of the 
coordinates and velocities of the charges which produce this field (this can be done only 
approximately—for <f>, to terms of order v^/c^, and for A, to terms in v/c). Substituting the 
expressions for the potentials obtained in this way in (65.2), we get the Lagrangian for one of 
the charges of the system (for a given motion of the other charges). From this, one can then 
easily find the Lagrangian for the whole system. 

We start from the expressions for the retarded potentials 



A = i f hz^dV. 

c J R 


If the velocities of all the charges are small compared with the velocity of light, then the 
charge distribution does not change significantly during the time R/c. Therefore we can 
expand ft-jj/c and in series of powers of R/c. For the scalar potential we thus find, to 
terms of second order: 



Id 
c dt 


/ 


1 


J RgdV 


(e without indices is the value of q at time t; the time differentiations can clearly be taken 
out from under the integral sign). But ^gdV is the constant total charge of the system. 
Therefore the second term in our expression is zero, so that 




(65.3) 


We can proceed similarly with A. But the expression for the vector potential in terms of 
the current density already contains 1/c, and when substituted in the Lagrangian is multiplied 
once more by 1/c. Since we are looking for a Lagrangian which is correct only to terms of 
second order, we can limit ourselves to the first term in the expansion of A, that is, 

(fi5.4) 

(we have substituted j = gv). 


t For systems consisting of particles with the same charge-to-mass ratio, the appearance of radiation is put off 
to the fifth approximation in v/c; in such a case there is a Lagrangian to terms of fourth order in v/c. [See B. M. 
Barker and R. F. O’Connel, Can. J. Phys. 58, 1659 (1980).] 
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Let us first assume that there is only a single point charge e. Then we obtain from (65.3) 
and (65.4), 

, e e d^R ^ e\ 
where R is the distance from the charge. 

We choose in place of 0 and A other potentials 0' and A', making the transformation (see 
§ 18): 

= A' = A + grad/, 


in which we choose for / the function 


Then we getf 


0' = 

^ R 


2c dt ‘ 


,, e\ e ^cR 
A = ■“ “h ~ V —. 
cR 2c at 


To calculate A' we note first of all that Sl{dRldt) = (dldt)VR. The grad operator here 
means differentiation with respect to the coordinates of the field point at which we seek the 
value of A'. Therefore VR is the unit vector n, directed from the charge e to the field point, 
so that 


We also write: 


., e , 

A = + ;r "• 

cR 2c 


5 /R\ R __ 
dt \r) ■“ R R^' 


But the derivative — R for a given field point is the velocity v of the charge, and the derivative 
R is easily determined by differentiating R^ = R^ that is, by writing 

= -R V. 

Thus, 

— v + n(n-v) 

""" R ' 

Substituting this in the expression for A', we get finally: 


0 ' 

^ R 


e[v + (v *11)11] 
*- 


If there are several charges then we must, clearly, sum these expressions over all the charges. 

Substituting these expressions in (65.2), we obtain the Lagrangian for the charge 
(for a fixed motion of the other charges). In doing this we must also expand the first term in 
(65.2) in powers of vjc, retaining terms up to the second order. Thus we find: 

Z. o C b ^ab ^ ^ab 

(the summation goes over all the charges except e^; is the unit vector from Cb to O* 


t These potentials no longer satisfy the Lorentz condition (62.1), nor the equations (62.3-4). 
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From this, it is no longer difficult to get the Lagrangian for the whole system. It is easy 
to convince oneself that this function is not the sum of the for all the charges, but has the 
form 






a*^b 




(65.7) 


8C^ a>b2c^Kb 

Actually, for each of the charges under a given motion of all the others, this function L 
goes over into as given above. The expression (65.7) determines the Lagrangian of a 
system of charges correctly to terms of second order. (It was first obtained by C. G. Darwin, 
1922.) 

Finally we find the Hamiltonian of a system of charges in this same approximation. This 
could be done by the general rule for calculating from L; however it is simpler to proceed 
as follows. The second and fourth terms in (65.7) are small corrections to (65.1). On the 
other hand, we know from mechanics that for small changes of L and the additions to 
them are equal in magnitude and opposite in sign (here the variations of L are considered 
for constant coordinates and velocities, while the changes in 3^ refer to constant coordinates 
and momenta).! 

Therefore we can at once write yf, subtracting from 

a a>b ^ab 

the second and fourth terms of (65.7), replacing the velocities in them by the first approxima¬ 
tion v„ = Thus, 


a 2m, a 


Pt 


8c^mf Rab 


- I 




a'^b 


Ic^m^rribRn 


[p« • Pi+ (P«-na(,XPl. •"«!>)] 


(65.8) 


PROBLEMS 


I. Determine (correctly to terms of second order) the center of inertia of a system of interacting 
particles. 

Solution: The problem is solved most simply by using the formula 

Y^ata+SfVrdV 

__ £ _ 

'^<?a+sfvdy 

a 

[see (14.6)], where is the kinetic energy of the particle (including its rest energy), and IV is the 
energy density of the field produced by the particles. Since the contain the large quantities 
niaC^, it is sufficient, in obtaining the next approximation, to consider only those terms in and 
[V which do not contain c, i.e. we need consider only the nonrelativistic kinetic energy of the particles 
and the energy of the electrostatic field. We then have: 


/ 


fVrdV-- 


E^rdV 


rj 


{Vip^rdV 


q)bk(p • XdV ; 


t See Mechanics, § 40. 
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the integral over the infinitely distant surface vanishes; the second integral also is transformed 
into a surface integral and vanishes, while we substitute = —Ang in the third integral and obtain: 


J pprdV=^-^eaf>ara, 

where is the potential produced at the point ta by all the charges other than ^o t 
Finally, we get: 



(with a summation over all b except b = a), where 


= 




is the total energy of the system. Thus in this approximation the coordinates of the center of inertia 
can actually be expressed in terms of quantities referring only to the particles. 

2. Write the Hamiltonian in second approximation for a system of two particles, omitting the 
motion of the system as a whole. 

Solution: We choose a system of reference in which the total momentum of the two particles is 
zero. Expressing the momenta as derivatives of the action, we have 


Pi +P2 — dr I -f dS/ dr 2 — 0 . 

From this it is clear that in the reference system chosen the action is a function of r = r 2 —ri, the 
difference of the radius vectors of the two particles. Therefore we have p 2 = —Pi=P, where 
p = cSI(r is the momentum of the relative motion of the particles. The Hamiltonian is 



JL\ 4- 

m 2 ^/ r 2 mim 2 C^r 


[p2^(p-n)2]. 


t The elimination of the self-field of the particles corresponds to the mass “renormalization” mentioned 
in the footnote on p. 90). 
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§ 66. The field of a system of charges at large distances 


We consider the field produced by a system of moving charges at distances large compared 
with the dimensions of the system. 

We choose the origin of coordinates O anywhere in the interior of the system of charges. 
The radius vector from O to the point P, where we determine the field, we denote by Rq, 
and the unit vector in this direction by n. Let the radius vector of the charge element 
de ^ gdV be r, and the radius vector from de to the point P be R. Obviously R = Rq —r. 

At large distances from the system of charges, Rq > r, and we have approximately. 


R = |Ro-rj ^ Rq-t h, 


We substitute this in formulas (62.9), (62.10)for the retarded potentials. In the denominator 
of the integrands we can neglect r*n compared with Rq. In t-^Rjc), however, this is 
generally not possible; whether it is possible to neglect these terms is determined not by the 
relative values of RqIc and r • (n/c), but by how much the quantities q and j change during 
the time r • (n/c). Since Rq is constant in the integration and can be taken out from under the 
integral sign, we get for the potentials of the field at large distances from the system of 
charges the expressions: 




At sufficiently large distances from the system of charges, the field over small regions of 
space can be considered to be a plane wave. For this it is necessary that the distance be large 
compared not only with the dimensions of the system, but also with the wavelength of the 
electromagnetic waves radiated by the system. We refer to this region of space as the Mate 
zone of the radiation. 

In a plane wave, the fields E and H are related to each other by (47.4), E = H x n. Since 
H = curl A, it is sufficient for a complete determination of the field in the wave zone to 
calculate only the vector potential. In a plane wave we have H = (l/c)Axn [see (47.3)], 
where the dot indicates differentiation with respect to time.f Thus, knowing A, we find H 


t In the present case, this formula is easily verified also by direct computation of the curl of the expression 
(66.2), and dropping terms in XjRl in comparison with terms 1 //?o- 
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and E from the formulas :t 

H = - A X n, 
c 


E = 


1 

c 


(A X n) X n. 


(66.3) 


,We note that the feld at large distances is inversely proportional to the first power of the 
distance Rq from the radiating system. We also note that the time t enters into the expressions 
(66.1) to (66.3) always in the combination t — (Ro/c). 

For the radiation produced by a single arbitrarily moving point charge, it turns out to be 
convenient to use the Lienard-Wiechert potentials. At large distances, we can replace the 
radius vector R in formula (63.5) by the constant vector Rq, and in the condition (63.1) 
determining t we must set R = Rq — Tq • n(ro(0 is the radius vector of the charge). Thus,J 



where t' is determined from the equality 

,, ro(j') Ro 

c c 


(66.4) 


(66.5) 


The radiated electromagnetic waves carry off enercrv. The energy flux is given by the 
Poynting vector which, for a plane wave, is 

S = c — n. 

4n 

The intensity dl of radiation into the element of solid angle do is defined as the amount of 
energy passing in unit time through the element df = Rldo of the spherical surface with 
center at the origin and radius Rq. This quantity is clearly equal to the energy flux density S 
multiplied by df, i.e. 

dI=:c^Rldo. ( 66 . 6 ) 

4n 

Since the field H is inversely proportional to Rq, we see that the amount of energy radiated 
by the system in unit time into the element of solid angle do is the same for all distances (if 
the values of t—{RQlc) are the same for them). This is, of course, as it should be, since the 
energy radiated from the system spreads out with velocity c into the surrounding space, not 
accumulating or disappearing anywhere. 

We derive the formulas for the spectral resolution of the field of the waves radiated by the 
system. These formulas can be obtained directly from those in § 64. Substituting in (64.2) 
R = Rq-t niin which we can set R = Rq in the denominator of the integrand), we get for 
the Fourier components of the vector potential: 

JkRo f* 

A. = —J (66.7) 

(where k = kn). The components and E^^ are determined using formula (66.3). Sub¬ 
stituting in it for H, E, A, respectively, and then dividing by 


t The formula E = — (l/c)A [see (47.3)] is here not applicable to the potentials A, since they do not 
satisfy the same auxiliary condition as was imposed on them in § 47. 

t In formula (63.8) for the electric field, the present approximation corresponds to dropping the first 
term in comparison with the second. 
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e we find 

H^ = /kxA„„ E^=~(kxAJxk. (66.8) 

CO 

When speaking of the spectral distribution of the intensity of radiation, we must dis¬ 
tinguish between expansions in Fourier series and Fourier integrals. We deal with the expan¬ 
sion into a Fourier integral in the case of the radiation accompanying the collision of charged 
particles. In this case the quantity of interest is the total amount of energy radiated during the 
time of the collision (and correspondingly lost by the colliding particles). Suppose is the 
energy radiated into the element of solid angle do in the form of waves with frequencies in 
the interval dco. According to the general formula (49.8), the part of the total radiation lying 
in the frequency interval dcojln is obtained from the usual formula for the intensity by 
replacing the square of the field by the square modulus of its Fourier component and multi¬ 
plying by 2. Therefore we have in place of (66.6): 

= (66.9) 

If the charges carry out a periodic motion, then the radiation field must be expanded in a 
Fourier series. According to the general formula (49.4) the intensities of the various com¬ 
ponents of the Fourier resolution are obtained from the usual formula for the intensity by 
replacing the field by the Fourier components and then multiplying by two. Thus the intensity 
of the radiation into the element of solid angle do, with frequency co = hcoq equals 

= ( 66 . 10 ) 

Finally, we give the formulas for determining the Fourier components of the radiation 
field directly from the given motion of the radiating charges. For the Fourier integral 
expansion, we have: 

00 

L = f je'-^'di. 

— 00 

Substituting this in (66.7) and changing from the continuous distribution of currents to a 
point charge moving along a trajectory Fq = ro(t) (see § 64), we obtain: 

+ 00 
JkKo r 

A^ =- (66.11) 

cRo J 

~ 00 

Since y — dx^ldt, ydt = dxQ and this formula can also be written in the form of a line 
integral taken along the trajectory of the charge: 

pikRo I* 

A, = ^ —J (66.12) 

According to (66.8), the Fourier components of the magnetic field have the form: 

(66.13) 

c Rq J 

If the charge carries out a periodic motion in a closed trajectory, then the field must be 
expanded in a Fourier series. The components of the Fourier series expansion are obtained 
by replacing the integration overall times in formulas (66.11) to (66.13) by an average over 
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the period T of the motion (see § 49). For the Fourier component of ithe magnetic field with 
frequency cu = twjQ = nilnjT), we have 


j 

0 


(66.14) 


In the second integral, the integration goes over the closed orbit of the particle. 


PROBLEM 

Find the four-dimensional expression for the spectral resolution of the four-momentum radiated 
by a charge moving along a given trajectory. 

Solution: Substituting (66.8) in (66.9), and using the fact that, because of the condition (62.1), 
k<f>^., = k • A,,„ we find: 

/V/.j rlc^ Hoy 

= y- Rido ‘f. 

in in in in 

Representing the four-potential Au^ in a form analogous to (66.12), we get: 

d^n<o- /A /:* do dk, 

where denotes the four-vector 

X 'I t\p{—ikix^)dx^ 

and the integration is performed along the world line of the trajectory of the particle. Finally, 
changing to four-dimensional notation [including the four-dimensional “volume element” in 
/:-space, as in (10.1 a)], we find for the radiated four-momentum: 

e^k^ 

= ^ d{kmk-^)d^k. 


§ 67. Dipole radiation 

The time r -(n/c) in the integrands of the expressions (66.1) and (66.2) for the retarded 
potentials can be neglected in cases where the distribution of charges changes little during 
this time. It is easy to find the conditions for satisfying this requirement. Let T denote the 
order of magnitude of the time during which the distribution of the charges in the system 
changes significantly. The radiation of the system will obviously contain periods of order 
T (i.e. frequencies of order l/T). We further denote by a the order of magnitude of the 
dimensions of the system. Then the time r - (n/c) ^ ajc. In order that the distribution of the 
charges in the system shall not undergo a significant change during this time, it is necessary 
that ajc T. But cT is just the wavelength /. of the radiation. Thus the condition a <cT 
can be written in the form 

(67.1) 

that is, the dimensions of the system must be small compared with the radiated wavelength. 
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We note that this same condition (67.1) can also be obtained from (66.7). In the integrand, 
r goes through values in an interval of the order of the dimensions of the system, since outside 
the system j is zero. Therefore the exponent ik -r is small, and can be neglected for those 
waves in which ka<\y which is equivalent to (67.1). 

This condition can be written in still another form by noting that T ajvy so that X ^ cajv, 
if V is of the order of magnitude of the velocities of the charges. From a 4^ X, we then find 

c, (67.2) 

that is, the velocities of the charges must be small compared with the velocity of light. 

We shall assume that this condition is fulfilled, and take up the study of the radiation at 
distances from the radiating system large compared with the wavelength (and consequently, 
in any case, large compared with the dimensions of the system). As was pointed out in § 66, 
at such distances the field can be considered as a plane wave, and therefore in determining 
the field it is sufficient to calculate only the vector potential. 

The vector potential (66.2) of the field now has the form 

A = (67.3) 

where the time t' = t~-(Rolc) now no longer depends on the variable of integration. Sub¬ 
stituting j = ^v, we rewrite (67.3) in the form 

A=i-(5;«) 

(the summation goes over all the charges of the system; for brevity, we omit the index t '— 
all quantities on the right side of the equation refer to time t '). But 

II «■■=«*• 

where d is the dipole moment of the system. Thus, 

A = 4- 

CKq 

With the aid of formula (66.3) we find that the magnetic field is equal to 

H = -4" ^ 
c Rq 

and the electric field to 

E = 4— (d X n) X n. (67.6) 

c^Ro 

We note that in the approximation considered here, the radiation is determined by the 
second derivative of the dipole moment of the system. Radiation of this kind is called dipole 
radiation. 

Since d *= E «r, 3 = E et. Thus the charges can radiate only if they move with acceleration. 
Charges in uniform motion do not radiate. This also follows directly from the principle of 
relativity, since a charge in uniform motion can be considered in the inertial system in which 
it is at rest, and a charge at rest does not radiate. 
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Substituting (67.5) in (66.6), \vc get the intensity of the dipole radiation: 

1 ( 1 ^ 

dl = -—^ (3 X n)^ do = --—r sin^ 0 do, (67.7) 

4nr 

where 6 is the angle between d and n. This is the amount of energy radiated by the system 
in unit time into the element of solid angle do. We note that the angular distribution of 
the radiation is given by the factor sin^ 0. 

SubstiUiling do — In sin 0 dO and integrating over 0 from 0 to n, we find for the total 
radiation 

/ = ^a^ (67.8) 


If we have just one charge moving in the external field, then d = er and d = ev/, where w 
is the acceleration of the charge. Thus the total radiation of the moving charge is 


/ = 


’ 


(67.9) 


We note that a closed system of particles, for all of which the ratio of charge to mass is 
the same, cannot radiate (by dipole radiation). In fact, for such a system, the dipole moment 


d = ^ er 



= const ^ mr, 


where const is the charge-to-mass ratio common to all the charges. But Z/?7r = RI/«, 
where R is the radius vector of the center of inertia of the system (remember that all of the 
velocities are small, v c, so that non-rclativistic mechanics is applicable). Therefore A is 
proportional to the acceleration of the center of inertia, which is zero, since the center of 
inertia moves uniformly. 

Finally, we give the formula for the spectral resolution of the intensity of dipole radiation. 
For radiation accompanying a collision, we introduce the quantity d(j^ of energy radiated 
throughout the time of the collision in the form of waves with frequencies in the interval 
dcx)/2n (see § 66). It is obtained by replacing the vector A in (67.8) by its Fourier component 
A^ and multiplying by 2: 


=—{d 
' 3c’' In 


For determining the Fourier components, we have 

from which A^ = -cu^d^. Thus, we get 


Aw* , 
^ 1 ? 


do) 

2n' 


(67.10) 


For periodic motion of the particles, we obtain in similar fashion the intensity of radiation 
with frequency oj — in the form 
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PROBLEMS 


1. Find the radiation from a dipole d, rotating in a plane with constant angular velocity Q.f 
Solution: Choosing the plane of the rotation as the x, y plane, we have; 

<^z = ^0 cos Clt, dy = do sin Clt. 

Since these functions are monochromatic, the radiation is also monochromatic, with frequency 
(0 = Cl. From formula (67.7) we find for the angular distribution of the radiation (averaged over 
the period of the rotation): 

— d^Cl^ 

dI^--~.(\-\-cos^ 0)do, 
one 

where 0 is the angle between the direction n of the radiation and the z axis. The total radiation is 

The polarization of the radiation is along the vector clxn = a;^nxd. Resolving it into com¬ 
ponents in the n, z plane and perpendicular to it, we find that the radiation is elliptically polarized, 
and that the ratio of the axes of the ellipse is equal to Ug = cos O', in particular, the radiation 
along the z axis is circularly polarized. 

2. Determine the angular distribution of the radiation from a system of charges, moving as a 
whole (with velocity v), if the distribution of the radiation is known in the reference system in which 
the system is at rest as a whole. 

Solution : Let 

dr ™/(cos 0\ (i>')do\ do' =r/(cos 6')d(f>' 

be the intensity of the radiation in the K' frame which is attached to the moving charge system 
<t>' are the polar coordinates; the polar axis is along the direction of motion of the system). The 
energy d<^ radiated during a time interval dt in the fixed (laboratory) reference frame K, is related 
to the energy d^' radiated in the K' system by the transformation formula 



(the momentum of radiation propagating in a given direction is related to itsenergy by the equation 
|t/P| == ddje). The polar angles, 0, 0' of the direction of the radiation in the K and K' frames are 
related by formulas (5.6), and the azimuths 4> and <!>' are equal. Finally, the lime interval dt' in the 
K' system corresponds to the time 



in the K system. 

As a result, we find for the intensity dl = (dS jdt) do in the K system: 



Thus, for a dipole moving along the direction of its own axis, f ^ const • sin^ 0\ and by using the 


t The radiation from a rotator or a symmetric top which has a dipole moment is of this type. In the first 
case, d is the total dipole moment of the rotator; in the second case d is the projection of the dipole moment 
of the top on a plane perpendicular to its axis of precession (i.e. the direction of the total angular momentum). 
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formula just obtained, we find; 

dl = const • \^-^ do. 


§ 68. Dipole radiation during collisions 

In problems of radiation during collisions, one is seldom interested in the radiation 
accompanying the collision of two particles moving along definite trajectories. Usually we 
have to consider the scattering of a whole beam of particles moving parallel to each other, 
and the problem consists in determining the total radiation per unit current density of 
particles. 

If the current density is unity, i.e. if one particle passes per unit time across unit area of 
the cross-section of the beam, then the number of particles in the flux which have “impact 
parameters” between q and is Inq dg (the area of the ring bounded by the circles of 
radius g and g-\-dg). Therefore the required total radiation is gotten by multiplying the total 
radiation from a single particle (with given impact parameter) by 2ng dg and integrat¬ 
ing over g from 0 to oo. The quantity determined in this way has the dimensions of energy 
times area. We call it the effective radiation (in analogy to the effective cross-section for 
scattering) and denote it by x:t 

00 

X = j AS'-lngdg. (68.1) 

0 

We can determine in completely analogous manner the effective radiation in a given solid 
angle element do, in a given frequency interval dw, etc.J 

We derive the general formula for the angular distribution of radiation emitted in the 
scattering of a beam of particles by a centrally symmetric field, assuming dipole radiation. 

The intensity of the radiation (at a given time) from each of the particles of the beam under 
consideration is determined by formula (67.7), in which d is the dipole moment of the particle 
relative to the scattering center.§ First of all we average this expression over all directions of 
the vectors d in the plane perpendicular to the beam direction. Since (3 x n)^ = 3^ —(n *3)^, 
the averaging affects only (n *3)^. Because the scattering field is centrally symmetric and the 
incident beam is parallel, the scattering, and also the radiation, has axial symmetry around 
an axis passing through the center. We choose this axis as x axis. From symmetry, it is 
obvious that the first powers dy, cl^ give zero on averaging, and since is not subjected to 
the averaging process, 

d^dy = d^d^ = 0 . 

The average values of d^ and d] are equal to each other, so that 

t The ratio of x. to the energy of the radiating system is called the cross section for energy loss by radiation. 

t If the expression to be integrated depends on the angle of orientation of the projection of the dipole 
moment of the particle on the plane transverse to the beam, then we must first average over all directions in 
this plane and only then multiply by 27:^ do and integrate. 

§ Actually one usually deals with the dipole moment of two particles—the scatterer and the scattered 
particle—relative to their common center of inertia. 
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Keeping all this in mind, we find without difficulty: 

(JTnp = + til) + - ^^l) cos" 0, 


where 0 is the angle between the direction n of the radiation and the x axis. 

Integrating the intensity over the time and over all impact parameters, we obtain the 
following final expression giving the effective radiation as a function of the direction of 
radiation: 


where 


3 

47tC'^ L 


A + B 


3 cos" 0— 1 


9 


( 68 . 2 ) 


00 +00 


^ = J d^dtlnQdg, B = ^ |* J — 2dl)dt2nQdQ. (68.3) 


0 — 00 


0 — 00 


The second term in (68.2) is written in such a form that it gives zero when averaged over all 
directions, so that the total effective radiation is x = We call attention to the fact that 
the angular distribution of the radiation is symmetric with respect to the plane passing 
through the scattering center and perpendicular to the beam, since the expression (68.2) is 
unchanged if we replace 0 hy n — O. This property is specific to dipole radiation, and is no 
longer true for higher approximations in v/c. 

The intensity of the radiation accompanying the scattering can be separated into two 
parts—radiation polarized in the plane passing through the x axis and the direction n 
(we choose this plane as the xy plane), and radiation polarized in the perpendicular plane .yz. 

The vector of the electric field has the direction of the vector 


nx(clxn) = n(n(l)~(l 

[see (67.6)]. The component of this vector in the direction perpendicular to the xy plane is— 
flfj, and its projection on the xy plane is |sin —cos Ody\. This latter quantity is most con¬ 
veniently determined from the z-component of the magnetic field which has the direction 
fl X n. 

Squaring E and averaging over all directions of the vector ci in the yz plane, we see first 
of all that the product of the projections of the field on the xy plane and perpendicular to it, 
vanishes. This means that the intensity can actually be represented as the sum of two 
independent parts—the intensities of the radiation polarized in the two mutually per¬ 
pendicular planes. 

The intensity of the radiation with its electric vector perpendicular to the xy plane is 
determined by the mean square of — d\). For the corresponding part of the 

effective radiation, we obtain the expression 

CO +00 

= J (A}-dl;)dt2nQdQ. (68.4) 

0 — 00 

We note that this part of the radiation is isotropic. It is unnecessary to give the expression 
for the effective radiation with electric vector in the xy plane since it is clear that 

dx\-\-dxi = 

In a similar way we can get the expression for the angular distribution of the effective 
radiation in a given frequency interval da>: 
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j r X r./ ,3cos^0-l] do dw 

where 

00 00 

= “J" J B{co) = y j (do,-3^02^Ie^^^?• 

0 0 


(68.5) 


( 68 . 6 ) 


§ 69. Radiation of low frequency in collisions 

Let us consider the low-frequency “tail" of the spectral distribution of the bremsstrahlung: 
the range of frequencies that is low compared to the frequency vJq around which the main 
part of the radiation is concentrated: 


a)<^ajQ. 


(69.1) 


We shall not assume that the velocities of the colliding particles are small compared to the 
light velocity, as was done in the preceding paragraph; the following formulas are valid 
for arbitrary velocities. In the nonrelativistic case, coq'^ 1/t, where t is the order of magni¬ 
tude of the duration of the collision; in the ultrarelativistic case, coq is proportional to the 
square of the energy of the radiating particle (cf. § 77). 

In the integral 

00 

H„= I He““'dt, 

— 00 

the field H of the radiation is significantly different from zero only during a time interval of 
the order of I/cuq. Therefore, in accord with condition (69.1), we can assume that I in 
the integral, so that we can replace by unity; then 

00 

H„= J Hdt. 

— 00 

Substituting H = Axn/c and carrying out the time integration, we get: 

H„ = ^A,-A,)xn, (69.2) 

c 


where A 2 — Aj is the change in the vector potential produced by the colliding particles during 
the time of the collision. 

The total radiation (with frequency co) during the time of the collision is found by sub¬ 
stituting (69.2) in (66.9): 

[(^2 - A,) X n]^ do dco. (69.3) 

4C71 


We can use the Lienard-Wiechert expression (66.4) for the vector potential, and obtain: 

12 

do doj, (69.4) 


“ 4;rV 


Vj X n 


(l/c)nv2 I 


1 xn JT 

l,c')n-v,J_ 


where Vj and are the velocities of the particle before and after the collision, and the sum is 



§69 RADIATION OF LOW FREQUENCY IN COLLISIONS 181 

taken over the two colliding particles. We note that the coefficient of dto is independent of 
frequency. In other words, at low frequencies [condition (69.1)], the spectral distribution is 
independent of frequency, i.e. dS^Jdoj tends toward a constant limit as co O.t 

If the velocities of the colliding particles are small compared with the velocity of light, then 
(69.4) becomes 

=T-T^ [I e(v2-yi)xn]-dodco. (69.5) 

471 C 

This expression corresponds to the case of dipole radiation, with the vector potential given 
by formula (67.4). 

An interesting application of these formulas is to the radiation produced in the emission 
of a new charged particle (e.g. the emergence of a ^-particle from a nucleus). This process is 
to be treated as an instantaneous change in the velocity of the particle from zero to its 
actual value. [Because of the symmetry of formula (69.5) with respect to interchange of Vj 
and V 2 , the radiation originating in this process is identical with the radiation which would 
be produced in the inverse process—the instantaneous stopping of the particle.] The 
essential point is that, since the “time" for the process is t condition (69.1) is actually 
satisfied for all frequencies. J 


PROBLEM 


Find the spectral distribution of the total radiation produced when a charged particle is emitted 
which moves with velocity r. 

Solution: According to formula (69.4) (in which we set V 2 = v, Vi = 0), we have: 


d<^. 


0 

Evaluation of the integral gives :§ 


sin^ 0 


('-^cos 0 ^ 


In sin OdO, 


d^^ = - (Un — -l\dio. 
nc \v c — v / 

For v<^c, this formula goes over into 


2eH^ 

= ^-3 dco. 

3nc^ 


( 1 ) 


which can also be obtained directly from (69.5). 


t By integrating over the impact parameters, we can obtain an analogous result for the effective radiation 
in the scattering of a beam of particles. However it must be remembered that this result is not valid for the 
effective radiation when there is a Coulomb interaction of the colliding particles, because then the integral 
over Q is divergent (logarithmically) for large o. We shall see in the next section that in this case the effective 
radiation at low frequencies depends logarithmically on frequency and does not remain constant. 

t However, the applicability of these formulas is limited by the quantum condition that hoj be small 
compared with the total kinetic energy of the particle. 

§ Even though, as we have already pointed out, condition (69.1) is satisfied for all frequencies, because the 
process is “instantaneous" we cannot find the total radiated energy by integrating (1) over (j—the integral 
diverges at high frequencies. We mention that, aside from the violation of the conditions for classical 
behavior at high frequencies, in the present case the cause of the divergence lies in the incorrect formulation 
of the classical problem, in which the particle has an infinite acceleration at the initial time. 
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§70 


In this section we present, for reference purposes, a series of formulas relating to the 
dipole radiation of a system of two charged particles; it is assumed that the velocities of the 
particles are small compared with the velocity of light. 

Uniform motion of the system as a whole, i.e. motion of its center of mass, is not of 
interest, since it does not lead to radiation, therefore we need only consider the relative 
motion of the particles. We choose the origin of coordinates at the center of mass. Then the 
dipole moment of the system d = CiTj-f C 2 r 2 has the form 


e^nu-e^mi 

d =-— 

+7722 

where the indices 1 and 2 refer to the two 
between them, and 



(70.1) 


particles, and r = r|—r, is the radius vector 


771 , 7722 

= :— 

772 , + 7722 

is the reduced mass. 

We start with the radiation accompanying the elliptical motion of two particles attracting 
each other according to the Coulomb law'. As we know' from mechanicst, this motion can be 
expressed as the motion of a particle with mass // in the ellipse whose equation in polar 
coordinates is 

l+£cos0=—^(70.2) 

r 


where the semimajor axis a and the eccentricity c are 


a 



e = 



2 kr M 


/a" 


(70.3) 


Here is the total energy of the particles (omitting their rest energy!) and is negative for a 
finite motion; M — is the angular momentum, and a is the constant in the Coulomb 
law': 

a = 


The time dependence of the coordinates can be expressed in terms of the parametric 
equations 


r = a{i—e cos 


t = 



((^-£sin 0. 


(70.4) 


One full revolution in the ellipse corresponds to a change of the parameter ^ from 0 to 2;r; 
the period of the motion is 


7 = 271 



We calculate the Fourier components of the dipole moment. Since the motion is periodic 
we are dealing with an expansion in Fourier series. Since the dipole moment is proportional 
to the radius vector r, the problem reduces to the calculation of the Fourier components of 
the coordinates x = r cos (j), y — r sin (f). The time dependence of x and y is given by the 


t See Mechanics, § 15. 
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X = a{cos ^ — s), 


= a \/1 —sin 


cuot = ^ —£ sin (^. 
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(70.5) 


Here we have introduced the frequency 


ojq = 2njT = • 

a/c 

Instead of the Fourier components of the coordinates, it is more convenient to calculate 
the Fourier components of the velocities, using the fact that x„ = —ia>Qnx„; y„ = —ia)ony„. 
We have 

T 


= f 

— iiOQti (jl>q)iT J 


'^xdt. 


But xdt = dx = —a sin Qdq\ transforming from an integral over t to one over we have 


2n 


x„ = — ~ f sin Jc- 

2nn J 


Similarly, we find 


2k 


2k 


yn = 


ia\ 1— 


2nn 


J* sin i) 


cos ^dQ = 


ia\ 1 — c 


J* ^inii-csin 




dQ 


2nne 

0 0 

(in going from the first to the second integral, we write the integrand as cos ^ = 
(cose — 1/fi) + l/£; then the integral with cos (^—1/e can be done, and gives identically 
zero). Finally, we use a formula of the theory of Bessel functions, 

2k n 

~ r ^i{ni-xsmo = - f COS (n^ — x siu (^)rfc = J„{x), (70.6) 

2n J n J 

0 0 

where J„{x) is the Bessel function of integral order n. As a final result, we obtain the follow¬ 
ing expression for the required Fourier components: 


n . iflVl—£‘ 


= J'nine), y„ = 
n 


ns 


dnine) 


(70.7) 


(the prime on the Bessel function means differentiation with respect to its argument). 

The expression for the intensity of the monochromatic components of the radiation is 
obtained by substituting x„ and y„ into the formula 

.. 4^4 / ^ ^ \2 


(W’ + W) 


[see (67.11)]. Expressing a and wq in terms of the characteristics of the particles, we obtain 
finally: 

64n^S’* 


L = -: 




(— - —) [y;^(nE)+ Jl(ne) . 
\m, nij/ L e J 


(70.8) 


In particular, we shall give the asymptotic formula for the intensity of very high harmonics 
(large n) for motion in an orbit which is close to a parabola (e close to 1). For this purpose, 
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we use the formula 



n > I I, 


(70.9) 


where is the Airy function defined on p. 149.t 
Substituting in (70.8) gives: 


/ = 


64 - 22/3 / e 


371 




m 


1 "h/ 


(l-£-)(I)- 




d-f') 




^ 2 \ 2/3 

+ 1-] 


2/3 


d-c') 


This result can also be expressed in terms of the MacDonald function K^: 
64 


h = (i-£y 


9n^c oi-\m^ J 


(l-n 


2\3/2 


(70.10) 


(the necessary formulas are given in the footnote on p. 202). 

Next, we consider the collision of two attracting charged particles. Their relative motion is 
described as the motion of a particle with mass /i in the hyperbola 


where 


1+ £ cos 


n(6^-l) 




(70.11) 

(70.12) 


(now > 0). The time dependence of r is given by the parametric equations 


r = a(e cosh C — 1), t 


A— 

V a 


(£ sinh c-O, 


(70.13) 


where the parameter ^ runs through values from — oo to -f oo. For the coordinates jc, ;’,we 
have 

X = a(£ — cosh (^), y = fl\/£^ — 1 sinh (70.14) 


t For 1, the main contributions to the integral 

n 

Jnine) = - f cos [//((f—c sin 0]d^ 
n j 
0 

come from small values of ^ (for larger values of the integrand oscillates rapidly). In accordance with this, 
we expand the argument of the cosine in powers of 

Une) = ^ J cos [/; |)] 4^; 

0 

because of the rapid convergence of the integral, the upper limit has been replaced by oc; the term in 
must be kept because the first order term contains the small coefficient 1 —^ (1 —c^)l2. The integral above 
is reduced to the form (70.9) by an obvious substitution. 
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The calculation of the Fourier components (we are now dealing with expansion in a 
Fourier integral) proceeds in complete analogy to the preceding case. We find the result: 


x^ = — (he), 

CO 


nos^/e^-l ,,, 

-H,')((V£). 

coe 


(70.15) 


where H\y is the Hankel function of the first kind, of order /v, and we have introduced the 
notation 


a 


(70.16) 


(^0 is the relative velocity of the particles at infinity; the energy rf = In the calcula¬ 

tion we have used the formula from the theory of Bessel functions: 





(70.17) 


Substituting (70.15) in the formula 




\m 




[see (67.10)], we get: 


Ttfi^cc^o)^ ( ei 


Vw, m 


[H\'/(ive)f -h — j- [//!•'^(/v£)f >do). 


(70.18) 


A quantity of greater interest is the “effective radiation” during the scattering of a parallel 
beam of particles (see § 68). To calculate it, we multiply by luQdq and integrate over 
all Q from zero to infinity. We transform from an integral over q to one over e (between the 
limits 1 and oo) using the fact that Inqdq = 27ra^£</£; this relation follows from the definition 
(70.12), in which the angular momentum M and the energy cf are related to the impact 
parameter q and the velocity Vq by 

M = hqvq, S = h 

The resultant integral can be directly integrated with the aid of the formula 




where Zp{z) is an arbitrary solution of the Bessel equation of order p.X Keeping in mind that 
for £-► 00 , the Hankel function H\y(iY£) goes to zero, we get as our result the following 
formula: 

4;rVw/e, ...... 


3c pvl \mi m 2 


\H\y{iv)\H\:^'(iv)dw. 


(70.19) 


t Note that the function HWiive) is purely imaginary, while its derivative H\V'(ive) is real. 
t This formula is a direct consequence of the Bessel equation 


^"+^^'+(>-9^=0. 
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Let us consider the limiting cases of low and high frequencies. In the integral 

f g/vu-sinho^^^ ^ inH\y(iv) 


(70.20) 


defining the Hankel function, the only important range of the integration parameter ^ is 
that in which the exponent is of order unity. For low frequencies (v 1), only the region of 
large ^ is important. But for large ^ we have sinh ^ Thus, approximately, 

+ 00 


Tt J 


Similarly, we find that 

//,V >'(/*•) ^ //{,»'(/>). 

Using the approximate expression (for small x) from the theory of Bessel functions: 

///y>(/x) s - In — 
n yx 

(y = where C is the Euler constant; y = 1.781...). we get the following expression for 
the effective radiation at low frequencies: 

,,, . >‘^1 (il _ i- )■,„ f„ „ ^ (70.21) 

3vqC m^j \yo)7./ ol 

It depends logarithmically on the frequency. 

For high frequencies (v > 1), on the other hand, the region of small { is important in the 
integral (70.20). In accordance with this, we expand the exponent of the integrand in powers 
of ^ and get, approximately, 

+ 00 oc 

/ c 2/ / r \ 

^- e ^ = -Re Me ^ 

- X 0 

By the substitution /v<;^/6 = ;/, the integral goes over into the F-function, and we obtain the 
result: 


Similarly, we find 






Next, using the formula of the theory of the F-function, 

r(x)r(i-.x)= -r^, 

Sin nx 

we obtain for the effective radiation at high frequencies: 


dx,, = 




dco, for (70.22) 

Ic^Knii mj a 


that is, an expression which is independent of the frequency. 

We now proceed to the radiation accompanying the collision of two particles repelling 
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each other according to the Coulomb law V — alrix > 0). The motion occurs in a hyper¬ 
bola, 

-l + ecos(f> = - -(70.23) 


X = a(E-I-cosh ^), y = a\U^— 1 sinh 


t = 



(e sinh ^ + 0 


(70.24) 


[a and c as in (70.12)]. All the calculations for this case reduce immediately to those given 
above, so it is not necessary to present them. Namely, the integral 

+ 00 


= i£ f e""^sinh 

<0 J 


for the Fourier component of the coordinate x reduces, by making the substitution 
i -yin — to the integral for the case of attraction, multiplied by — e"**; the same holds 
for y„. 

Thus the expressions for the Fourier components the case of repulsion differ 

from the corresponding expressions for the case of attraction by the factor So the only 
change in the formulas for the radiation is an additional factor In particular, for low 

frequencies we get the previous formula (70.21) (since for 1, 1). For high 

frequencies, the effective radiation has the form 

167ra^ / e2\^ ( 2no}0L\ , ^ uvl 

y^^vlc^ \mi mjJ \ /n’o / a 

It drops exponentially with increasing frequency. 


dx,. 


(70.25) 


PROBLEMS 


1. Calculate the average total intensity of the radiation for elliptical motion of two attracting 
charges. 

Solution: From the expression (70.1) for the dipole moment, we have for the total intensity of the 
radiation: 

3c^ \w, Wj/ 3c^\m| 072 / 

where we have used the equation of motion = — ar/r^. We express the coordinate r in terms of ^ 
from the orbit equation (70.2) and, by using the equation cit = we replace the time in¬ 

tegration by an integration over the angle ^ (from 0 to In). As a result, we find for the average 
intensity: 


T 



0 


2. Calculate the total radiation A<f for the collision of two charged particles. 

Solution: In the case of attraction the trajectory is the hyperbola (70.11) and in the case of 
repulsion, (70.23). The angle between the asymptotes of the hyperbola and its axis is <f>o. determined 
from ±cos ^o = l/«» and the angle of deflection of the particles (in the system of coordinates in 
which the center of mass is at rest) is x = \n—2^o\. The calculation proceeds the same as in Problem 
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1 (the integral over <!> is taken between the limits —(t>o and : (i>Q). The result for the case of attraction 
is 




and for the case of repulsion: 


,)ll 


3 tan- 


3 tan' 


t) 

0 - 


6 tan 4 
2 


6 tan 


nil 


-£i 

ni2 


— - —V. 

^nii ni2/ 


2 ) 

In both, / is understood to be a positive angle, determined from the relation 

cot--; 

2 a 

Thus for a head-on collision ({>—>0, x->n) of charges repelling each other: 

8/i"- 


^6 


8^^ /li _ ^2 Y 

45c^a \mi m 2 ) 


3. Calculate the total effective radiation in the scattering of a beam of particles in a repulsive 
Coulomb field. 

Soliaion: The required quantity is 

0 - 00 0 - X 

We replace the time integration by integration over r along the trajectory of the charge, writing 
dt =drlv,, where the radial velocity iv= r is expressed in terms of r by the formula 


FT 

1 




rv' 


The integration over r goes between the limits from co to the distance of closest approach ro = ro((>) 
(the point at which iv = 0), and then from / q once again to infinity; this reduces to twice the integral 
from ro to 00. The calculation of the double integral is conveniently done by changing the order of 
integration—integrating first over o and then over r. The result of the calculation is: 


8^7 (ei € 2 ^ 

9c^ \nii m 2 ) 


4. Calculate the angular distribution of the total radiation emitted when one charge passes by 
another, if the velocity is so large (though still small compared with the velocity of light) that the 
deviation from straight-line motion can be considered small. 

Solution: The angle of deflection is small if the kinetic energy mv^I2 is large compared to the 
potential energy, which is of order P ol/q). We choose the plane of the motion as the x, y 

plane, with the origin at the center of inertia and the x axis along the direction of the velocity. In 
first approximation, the trajectory is the straight line .x - vt, y = Q. In the next approximation, the 
equations of motion give 

a X oLVt .. (X y cxg 


tix = 


a y 

My = ~ - 


with 




Using formula (67.7), we have: 


oc 
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where n is the unit vector in the direction of do. Expressing the integrand in terms of / and per¬ 
forming the integration, we get: 


3 - 3 {—-~\(A~nl-2nl)do. 
\Wi m2j 


§ 71. Quadrupole and magnetic dipole radiation 

We now consider the radiation associated with the succeeding terms in the expansion 
of the vector potential in powers of the ratio aj). of the dimensions of the system to the wave 
length. Since ajk is assumed to be small, these terms are generally small compared with the 
first (dipole) term, but they are important in those cases where the dipole moment of the 
system is zero, so that dipole radiation does not occur. 

Expanding the integrand in (66.2), 

in powers of r -n/c, we find, correct to terms of first order: 




Substituting] = and changing to point charges, we obtain: 

1 d 


^ Yey X 1/ „ ^ 


(71.1) 


(From now on, as in § 67, we drop the index t' in all quantities). 
In the second term we write 

v(r • n) = “ r(n • r)+ ^ v(n • r)- ^ r(n • v) 
2dt 2 2 

= 2 


We then find for A the expression 

A 1 


A = 


cRn 




(lit X n). 


(71.2) 


where d is the dipole moment of the system, and 

m = — ^erx\ 

is its magnetic moment. For further transformation, we note that we can, without changing 
the field, add to A any vector proportional to n, since according to formula (66.3), H and E 
are unchanged by this. For this reason we can replace (71.2) by 

A 1 
+ 


A = 


1 

y e[3r(n • r)—nr^] + — tit x n. 

cRf) 


cRq 6c^Ro dt^ c/\o 

But the expression under the summation sign is just the product of the vector n and 

the quadrupole moment tensor r^) (see § 41). We introduce the vector 
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D with components — ^ap ^py and get the final expression for the vector potential: 

(71.3) 


A = ^ D + — m X n. 

cRq 6c Rq cRq 


Knowing A, we can now determine the fields H and E of the radiation, using the general 
formula (66.3): 


H = 


1 


E = 


c^Ro 

1 

c^Rq 


3 X n + -- D X n + (m X n) X n L 
6c 

(3 X n) X n + J (D X n) X n + n X m L 
6c 


(71.4) 


The intensity dl of the radiation in the solid angle do is given by the general formula 
(66.6). We calculate here the total radiation, i.e., the energy radiated by the system in unit 
time in all directions. To do this, we average dl over all directions of n; the total radiation 
is equal to this average multiplied by An. In averaging the square of the magnetic field, all the 
cross-products of the three terms in H vanish, so that there remain only the mean squares of 
the three. A simple calculationf gives the following result for /: 




180c' 


(71.5) 


Thus the total radiation consists of three independent parts; they are called, respectively, 
dipole, quadrupole, and magnetic dipole radiation. 

We note that the magnetic dipole radiation is actually not present for many systems. 
Thus it is not present for a system in which the charge-to-mass ratio is the same for all the 
moving charges (in this case the dipole radiation also vanishes, as already shown in § 67). 
Namely, for such a system the magnetic moment is proportional to the angular momentum 
(see § 44) and therefore, since the latter is conserved, rii = 0. For the same reason, magnetic 
dipole radiation does not occur for a system consisting of just two particles (cf. the problem 
in § 44. In this case we cannot draw any conclusion concerning the dipole radiation). 


PROBLEMS 

1. Calculate the total effective radiation in the scattering of a beam of charged particles by 
particles identical with them. 

Solution: In the collision of identical particles, dipole radiation (and also magnetic dipole 
radiation) does not occur, so that we must calculate the quadrupole radiation. The quadrupole 
moment tensor of a system of two identical particles (relative to their center of mass) is 

£ 

Dg,p — 2 ^“< 5 ( 3 ^^), 

where Xa are the components of the radius vector r between the particles. After threefold differentia- 


t We present a convenient method for averaging the products of components of a unit vector. Since the 
tensor nan^ is symmetric, it can be expressed in terms of the unit tensor Sup. Also noting that its trace is 1, 
we have: _ 

Ua Up — lS,,p. 

The average value of the product of four components is: 

fldflpflyn^^^ ITiC^apSy^ ~ Say Spp Sad Spy}. 

The right side is constructed from unit tensors to give a fourth-rank tensor that is symmetric in all its indices; 
the overall coefficient is determined by contracting on two pairs of indices, which must give unity. 
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tion of Z)a^, we express the first, second, and third derivatives with respect to time of a:, in terms 
of the relative velocity of the particles r* as: 


X- = i\ 


2 /-^ 


m ... 
-2"“ 


Var-3XaVr 


where iv = v - r/r is the radial component of the velocity (the second equality is the equation of 
motion of the charge, and the third is obtained by differentiating the second). The calculation leads 
to the following expression for the intensity: 


mc^ 


—L(c 2_ 
15wV r*' 


llj'i) 


(r“ = r; + f^); v and are expressible in terms of r by using the equalities 


= 1*0 - - 


4^2 


/• 


We replace the time integration by an integration over r in the same way as was done in Problem 3 
of § 70, namely, we write 

. dr dr 

dt = — = ■ . — . 

r‘ mr 

In the double integral (over q and r), we first carry out the integration over n and then over r. The 
result of the calculation is: 

_ An e^vl 
^'~~9 ntc^' 


2. Find the force reacting on a radiating system of particles w'hich is carrying out a stationary 
finite motion. 

Solution: The required force F is obtained by calculating the loss of momentum of the system 
per unit time, i.e. it is the momentum flux carried off by the electromagnetic waves radiated by the 
system: 

^ - Sop:,niiRldo\ 

the integration is over a large sphere of radius Ro. The stress tensor is given by formula (33.3) 
and the fields E and H by (71.4). In view of the transversality of these fields, the integral reduces to 


F = 



IH^nRl do. 


The average over the direction of n is done using the formulas in the fotnoote on p. 189 (where 
the product of an odd number of components of n gives zero). The result is:t 


F, = - 






§ 72. The field of the radiation at near distances 

The formulas for the dipole radiation were derived by us for the field at distances large 
compared with the wavelength (and, all the more, large compared with the dimensions of the 
radiating system). In this section we shall assume, as before, that the wavelength is large 
compared with the dimensions of the system, but shall consider the field at distances which 
are not large compared with, but of the same order as, the wavelength. 

t We note that this force is of higher order in 1/c than the Lorentz frictional forces (§ 75). The latter give 
no contribution to the total force of recoil: the sum of the forces (75.5) acting on the particles of an electri¬ 
cally neutral system is zero. 
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The formula (67.4) for the vector potential 

1 


A= -d 
cRq 


(72.1) 


is still valid, since in deriving it we used only the fact that Rq was large compared with the 
dimensions of the system. However, now the field cannot be considered to be a plane wave 
even over small regions. Therefore the formulas (67.5) and (67.6) for the electric and mag¬ 
netic fields are no longer applicable, so that to calculate them, we must first determine both 
A and (f). 

The formula for the scalar potential can be derived directly from that for the vector 
potential, using the general condition (62.1), 

divA+i^-O, 

c dt 

imposed on the potentials. Substituting (72.1) in this, and integrating over the time, we get 

d 


(j) = —div 


Ro 


(72.2) 


The integration constant (an arbitrary function of the coordinates) is omitted, since we are 
interested only in the variable part of the potential. We recall that in the formula (72.2) as 
well as in (72.1) the value of d must be taken at the time t' = t — (Ro/c)A 

Now it is no longer difficult to calculate the electric and magnetic field. From the usual 
formulas, relating E and li to the potentials, 

H=-curif, (72.3) 

c Ro 

d 1 (i 

E = graddiv--, (72.4) 

Rq ^ Rq 

The expression for E can be rewritten in another form, noting that d,//?□ [just as any 


function of coordinates and time of the form —/f t —— 

Ro \ c / 

KRo/ \Ro/ 


satisfies the wave equation: 


Also using the formula 
we find that 


U1 

dt^ 


curl curl a = grad div a —Aa, 
E = curl curl „ . 


(72.5) 


The results obtained determine the field at distances of the order of the wavelength. It is 
t Sometimes one introduces the so-called Hertz vector, defined by 


Then 


A--iz, (^-divZ. 
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understood that in all these formulas it is not permissible to take i//?Q out from under the 
differentiation sign, since the ratio of terms containing to terms with \ !Rq is just of the 
same order as 

Finally, we give the formulas for the Fourier components of the field. To determine 
we substitute in (72.3) for H and d their monochromatic components and 

respectively. However, we must remember that the quantities on the right sides of equations 
(72.1) to (72.5) refer to the time /' = / —(/?o/c). Therefore we must substitute in place of d 
the expression 

-no(^_Ro\ 

Making the substitution and dividing by we get 


H,., = —i k curl f d, 


= ik±,. X V 


or, performing the differentiation. 




where n is a unit vector along Rq. 

In similar fashion, we find front (72.4): 


and differentiation gives 

_ . 


= d„ 


E... = k^d 


ik 1 


^ikRo ikR 

- uiA -VW- 


^+(d.-V)V—, 


e'‘«“ + n(n-dj -- 


Ro Rl RV \ Ro Ri Rl 




At distances large compared to the wave length {kRo > 1), we can neglect the terms in 
I/Rq and l/Rl in formulas (72.7) and (72.6), and we arrive at the field in the “wave zone”, 

E„, = ^ n X (d„ X 11)6“"°, H„ = - ^ d„ X ne'*''". 

At distances which are small compared to the wave length {kRo 1), we neglect the terms in 
1/Rq and l/Rl and set 1; then 

Ea. = W 3 {3n(d„-n)-d„}, 

which corresponds to the static field of an electric dipole (§ 40); in this approximation, the 
magnetic field vanishes. 


PROBLEMS 

1. Calculate the quadrupole and magnetic dipole radiation fields at near distances. 

Solution: Assuming, for brevity, that dipole radiation is not present, we have (see the calculation 
carried out in § 71) 


. If. If. 


where we have expanded in powers of r = Ro—R. In contrast to what was done in § 71, the factor 
XjRo cannot here be taken out from under the differentiation sign. We take the differential operator 
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out of the integral and rewrite the integral in tensor notation: 


A, 


l_i_ f 

c cXp j Rq 


(Xfi are the components of the radius vector Ro). Transforming from the integral to a sum over the 
charges, we find 

A = _ i 

“ c dXf Ro ■ 

In the same way as in § 71, this expression breaks up into a quadrupole part and a magnetic dipole 
part. The corresponding scalar potentials are calculated from the vector potentials in the same way 
as in the text. As a result, we obtain for the quadrupole radiation: 


1 _ 

*“ 6c dXp Ro' ^ 6 dX^dXp Ro' 

and for the magnetic dipole radiation: 

A = curl ^ = 0 

Ro 

[all quantities on the right sides of the equations refer as usual to the time t' = t—(Ro/c)]. 
The field intensities for magnetic dipole radiation are: 


E = — - curl H = curl curl 

c Ro Ro 


Comparing with (72.3), (72.5), we see that in the magnetic dipole case, E and H are expressed in 
terms of m in the same way as—H and E are expressed in terms of d for the electric dipole case. 
The spectral components of the potentials of the quadrupole radiation are: 



((U) 

oiB 


d 




02 

dX^dXp~R^' 


Because of their complexity, we shall not give the expressions for the field. 

2. Find the rate of loss of angular momentum of a system of charges through dipole radiation 
of electromagnetic waves. 

Solution: According to (32.9) the density of flux of angular momentum of the electromagnetic 
field is given by the spatial components of the four-tensor x'T^' -x'*T\ Changing to three-dimen¬ 
sional notation, we introduce the three-dimensional angular momentum vector with components 
\eg^pyM^'' \ the flux density is given by the three-dimensional tensor 


heaPyiXpGy^ -XyOp^) - e^pXpGy^, 

where Og^p =7®^ is the three-dimensional Maxwell stress tensor (and we write all indices as subscripts 
in accordance with the usual three-dimensional notation). The total angular momentum lost by 
the system per unit time is equal to the flux of angular momentum of the radiation field through 
a spherical surface of radius Ro : 


clM, 

cit 




cb (-'apyXpOy^n^ df. 


where df = Rl do, and n is a unit vector in the direction of Ro. Using the tensor o^^p from (33.3), 
we find: 


dM 

~di 



{(n <E)(n*E) 4-(n ^ H)(n*H)} 


(1) 


In applying this formula to the radiation field at large distances from the system, we must not, 
however, stop at terms ^I Ro: in this approximation n-E ^n-H =0, so that the integrand 
vanishes. These terms [given by (67.5-6)] are sufficient only for calculating the factors n xE and 
n H; the longitudinal field components n-E and n-H arise from terms ^1 Rl (as a result, the 
integrand in (I) becomes ~I Rl, and the distance Ro drops out of the answer, as it should). In 
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the dipole approximation /.>>a, and we must distinguish between terms containing additional 
factors [relative to (67.5-6)]-^/ Ro or Ro \ it is sufficient to keep only the former. These terms 
can be obtained from (72.3) and (72.5); a calculation to second order in 1 Ro gives:t 


En —Hn = 0. 

cRl 

Substituting (2) and '^'^.6) in (I), we find: 


( 2 ) 


ciM 

'IF 



d)(n-d) do. 


Finally, writing the integrand in the form and averaging over the direction of n, we 

obtain: 


dM 



(3) 


We note that for a linear oscillator (d - do cos at with real amplitude do) the expression (3) 
vanishes; there is no loss of angular momentum in the radiation. 


§73. Radiation from a rapidly moving charge 


Now we consider a charged particle moving with a velocity which is not small compared 
with the velocity of light. 

The formulas of § 67, derived under the assumption that r c, are not immediately 
applicable to this case. We can, however, consider the particle in that system of reference in 
which the particle is at rest at a given moment; in this system of reference the formulas 
referred to are of course valid (we call attention to the fact that this can be done only for the 
case of a single moving particle; for a system of several particles there is generally no system 
of reference in which all the particles are at rest simultaneously). 

Thus in this particular system of reference the particle radiates, in time rf/, the energy 

(73.1) 

3c^ 


[in accordance with formula (67.9], where w is the acceleration of the particle in this system 
of reference. In this system of reference, the total radiated momentum is zero: 

dF = 0. (73.2) 


In fact, the radiated momentum is given by the integral of the momentum flux density in the 
radiation field over a closed surface surrounding the particle. But because of the symmetry 
of the dipole radiation, the momenta carried off in opposite directions are equal in magnitude 
and opposite in direction; therefore the integral is identically zero. 

For the transformation to an arbitrary reference system, we rewrite formulas (73.1) and 
(73.2) in four-dimensional form. It is easy to see that the “radiated four-momentum” dP^ 
must be written as 


dF = 


2e^ du^ dui^ . 

- dx 

3c ds ds 


2e^ du^ dUf^ 
3c ds ds 


idds. 


(73.3) 


In fact, in the reference frame in which the particle is at rest, the space components of the 


t A nonzero value of n-H would be obtained only if one included terms of higher order in alRo. 
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four-velocity i/' are equal to zero, and 

ds ds ’ 

therefore the space components of dP' become zero and the time component gives equation 
(73.1). 

The total four-momentum radiated during the time of passage of the particle through a 
given electromagnetic field is equal to the integral of (73.3), that is, 


AP‘= - 


2e^ C du^ du^ 
3c J ds ds 


We rewrite this formula in another form, expressing the four-acceleration du'jds in terms of 
the electromagnetic field tensor, using the equation of motion (23.4): 


dui, e f 

mc-j- = - 

ds c 


We then obtain 


AP' = - 


j 


)(F^-uJdx\ 


The time component of (73.4) or (73.5) gives the total radiated energy A(f. Substituting 
for all the four-dimensional quantities their expressions in terms of three-dimensional 
quantities, we find 

, (v X w)^ 

00 1-i. 

2c^ r 


(w = V is the acceleration of the particle), or, in terms of the external electric and magnetic 
fields: 


E+-vxH^ --,(E-v)2 


The expressions for the total radiated momentum differ by having an extra factor v in the 
integrand. 

jTt is clear from formula (73.7) that for velocities close to the velocity of light, the total 
ene^ radiated per unit time varies with the velocity essentially like [1 that is, 

proportionally to the square of the energy of the moving particle. The only exception is 
motion in an electric field, along the direction of the field. In this case the factor [1 —(c^/c^)] 
standing in the denominator is cancelled by an identical factor in the numerator, and the 
radiation does not depend on the energy of the particle. 

Finally there is the question of the angular distribution of the radiation from a rapidly 
moving charge. To solve this problem, it is convenient to use the Lienard-Wiechert expres¬ 
sions for the fields, (63.8) and (63.9). At large distances we must retain only the term of 
lowest order in 1/7? [the second term in (63.8)]. Introducing the unit vector n in the direction 
of the radiation (R = n7?), we get the formulas 
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'' (‘-v/ ' 


H = n X E, 


(73.8) 


where all the quantities on the right sides of the equations refer to the retarded time 
l' = t-{Rlc). 

The intensity radiated into the solid angle do is dl — (cl4n)E^R^ do. Expanding £^, we get 


dl = 


2(n • w)(v • w) 


47IC^ 




do. 


(73.9) 


If we want to determine the angular distribution of the total radiation throughout the 
whole motion of the particle, we must integrate the intensity over the time. In doing this, it is 
important to remember that the integrand is a function of/'; therefore we must write 

= = (^l-^'^dt’ (73.10) 

[see (63.6)], after which the integration over t' is immediately done. Thus we have the 
following expression for the total radiation into the solid angle do: 




J 


('-p) ("■»)’ 


2(n • w)(v • w) 


+ ^- 


di' 


(73.11 


As we see from (73.9), in the general case the angular distribution of the radiation is 
quite complicated. In the ultrarelativistic case, (1—(t’/c)*^!) it has a characteristic 
appearance, which is related to the presence of high powers of the dilTerence 1 —(v n/c) in 
the denominators of the various terms in this expression. Thus, the intensity is large within 
the narrow range of angles in which the difference 1 — (v n/c) is small. Denoting by 0 the 
small angle between n and v, we have: 


V 

1 — - cos 0 = 1 
c 

this difference is small for 


9 



(73.12) 


Thus an ultrarelativistic particle radiates mainly along the direction of its own motion, 
within the small range (73.12) of angles around the direction of its velocity. 

We also point out that, for arbitrary velocity and acceleration of the particle, there are 
always two directions for which the radiated intensity is zero. These are the directions for 
which the vector n —(v/c) is parallel to the vector w, so that the field (73.8) becomes zero. 
(See also problem 2 of this section.) 

Finally, we give the simpler formulas to which (73.9) reduces in two special cases. 
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If the velocity and acceleration of the particle are parallel, 


and the intensity is 



(73.13) 


It is naturally, symmetric around the common direction of v and w, and vanishes along 
{6 = 0) and opposite to {0 = n) the direction of the velocity. In the ultrarelativistic case, 
the intensity as a function of 0 has a sharp double maximum in the region (73.12), with a 
steep drop to zero for 0 = 0. 

If the velocity and acceleration are perpendicular to one another, we have from (73.9): 

„ 2 \ 


d/ = 


47tC^ 


1 




sin^ 0 cos^ (j) 


(^l—-cos6^ ~ 


do. 


(73.14) 


where 0 is again the angle between n and v, and (p is the azimuthal angle of the vector n 
relative to the plane passing through v and w. This intensity is symmetric only with respect 
to the plane of v and w, and vanishes along the two directions in this plane which form the 
angle 0 = cos"^ (v/c) with the velocity. 


PROBLEMS 

1. Find the total radiation from a relativistic particle with charge ei, which passes with impact 
parameter o through the Coulomb field of a fixed center (with potential ^ = eg/r). 

Solution: In passing through the field, the relativistic particle is hardly deflected at all.f We may 
therefore regard the velocity v in (73.7) as constant, so that the field at the position of the particle is 


Fig. 15. 



t For deviations through sizable angles can occur only for impact parameters o^e^lmc^, which 
cannot in general be treated classically. 
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with x^vt, y == Q. Performing the time integration in (73.7), we obtain: 

__ ne\e\ 

llm^c^Q^v c^—v^' 

2. Find the directions along which the intensity of the radiation from a moving particle vanishes. 
Solution: From the geometrical construction (Fig. 15) we find that the required directions n lie 
in the plane passing through v and w, and form an angle / with the direction of w where 


and a is the angle between v and w. 

3. Find the intensity of the radiation from a particle which is carrying out a stationary motion 
in the field of a circularly polarized plane electromagnetic wave. 

Solution: According to the results of problem 3 of ^ 48, the particle moves in a circle, and its 
velocity at each moment is parallel to H and perpendicular to E. Its kinetic energy is 

mc^ _ 

/■ ,. ^ c \ ~m^c- cy 

^ 1 _. i .2 ^2 


(where we use the notation of the problem cited). From formula (73.7) we find the intensity of the 
radiation: 

/ = ^ r, yi 

4. The same problem in the field of a linearly polarized wave. 

Solution: According to the results of problem 2 of ^ 48, the motion occurs in the plane xy, 
passing through the direction of propagation of the wave (the jc axis) and the direction of E (the 
y axis); the field H is along the - direction (and H. ^ E^). From (73.7) we find: 

:^E^(1 v^c)^ 

I c- ’ 


The average over the period of the motion, which was done using a parametric representation in 
the problem cited, gives the result 


I = 


e^El 


yi- 

8 \mcf>/ 


§ 74. Synchrotron radiation (magnetic bremsstrahlung) 


We consider the radiation from a charge moving with arbitrary velocity in a circle in a 
uniform constant magnetic field; such radiation is called magnetic bremsstrahlung. The 
radius of the orbit r and the cyclic frequency of the motion are expressible in terms of the 
field intensity H and the velocity of the particle v, by the formulas (see § 21): 


mcv 



r me \ c 


(74.1) 


The total intensity of the radiation over all directions is given directly by (73.7), omitting 
the time integration, in which we must set E = 0 and H Iv: 


/ = 






(-0 


(74.2) 
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We see that the total intensity is proportional to the square of the momentum of the particle. 

If we are interested in the angular distribution of the radiation, then we must use formula 
(73.11). One quantity of interest is the average intensity during a period of the motion. For 
this we integrate (73.11) over the time oC revolution of the particle in the circle and divide 
the result by the period T = 2nlo)^. 

We choose the plane of the orbit as the XY plane (the origin is at the center of the circle), 
and we draw the YZ plane to pass through the direction n of the radiation (Fig. 16). The 

1 



magnetic field is along the negative Z axis (the direction of motion of the particle in Fig. 16 
corresponds to a positive charge e). Further, let 9 be the angle between the direction k of the 
radiation and the Y axis, and (p — be the angle between the radius vector of the particle 
and the X axis. Then the cosine of the angle between k and the velocity v is cos 9 cos (f> 
(the vector v lies in the XY plane, and at each moment is perpendicular to the radius vector 
of the particle). We express the acceleration w of the particle in terms of the field H and the 
velocity v by means of the equation of motion [see (21.1)]: 


w 


me V 


vxH. 


After a simple calculation, we get: 

. 1 — Lj sin^ 0+{-— cos0cos(^) 

f ^-rj- '-d<l> 

(l-?cosecos*) 


(743) 


(the time integration has been converted into integration over <j> = The integration is 
elementary, though rather lengthy. As a result one finds the following formula: 


(U = do 



r / 

2 -h -T cos^ 9 { 


^4+^ cos^ o) 

V cV 



\ c" / 


( 2 nV'^ 


,.2 \7/: 


[\--,cos^ oj 


1 - - 2 ® ) 


(74.4) 

The ratio of the intensity of radiation for 9 = n/l (perpendicular to the plane of the orbit) 
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to the intensity for 0 = 0 (in the plane of the orbit) is 


4 + 3 


i, 

(S.. ■('-?) 


C 

2 '\~ 5 ~/ 2 - 
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(74.5) 


'n/2 

As V -► 0, this ratio approaches but for velocities close to the velocity of light, it becomes 
very large. 

Next we consider the spectral distribution of the radiation. Since the motion of the charge 
is periodic, we are dealing with expansion in a Fourier series. The calculation starts con¬ 
veniently with the vector potential. For the Fourier components of the vector potential we 
have the formula [see (66.12)]: 

AkRo 


A. = c 


cR.T 




where the integration is taken along the trajectory of the particle (the circle). For the co¬ 
ordinates of the particle we have x = r cos y = r sin As integration variable we 
choose the angle (j) = Noting that 

k • r = At cos 0 sin 0 = (nr/c) cos 9 sin (j) 

(A = wco/z/c = nvicr), we find for the Fourier components of the x-component of the vector 
potential: 




ev 

IncRci 


JkRo 




- cos 0 sin 




sin d(t>. 


We have already had to deal with such an integral in § 70. It can be expressed in terms of the 
derivative of a Bessel function: 


Similarly, one calculates Ay„: 


V.(^^'coso), 


'*’■ *,cose 


(74.6) 

(74.7) 


The component along the Z axis obviously vanishes. 

From the formulas of § 66 wc have for the intensity of radiation with frequency to = nco//, 
in the element of solid angle do: 

^ |H„P Rl do = ^|k X A,.I' Rl do. 

Noting that 

|A X k|^ = Alk^ + Ayk^ sin^ 0, 

and substituting (74.6) and (74.7), we get for the intensity of radiation the following formula 
(G. A. Schott, 1912): 


, f i7^\r , ? / \ \ 


<lo. (74.8) 


To determine the total intensity over all directions of the radiation with frequency to = nto^, 
this expression must be integrated over all angles. However, the integration cannot be carried 
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out in finite form. By a series of transformations, making use of certain relations from the 
theory of Bessel functions, the required integral can be written in the following form: 


2e 


L = 




m^c^v 




0 

We consider in more detail the ultrarelativistic case where the velocity of motion of the 
particle is close to the velocity of light. 

Setting r = c in the numerator of (74.2), we find that in the ultrarelativistic case the total 
intensity of the synchrotron radiation is proportional to the square of the particle energy 


2e^H^ / S y 


(74.10) 


The angular distribution of the radiation is highly anisotropic. The radiation is con¬ 
centrated mainly in the plane of the orbit. The “width” AO of the angular range within 
which most of the radiation is included is easily evaluated from the condition 1—(i?^/c^) 
cos^ 0 ^ 1 writing 6 = n/2±A0, sin 0 ^ I -(A0)^/2. It is clear thatf 


A0 



mc^ 


(74.11) 


We shall see below that in the ultrarelativistic case the main role in the radiation is played 
by frequencies with large n (Arzimovich and Pomeranchuk, 1945). Wc can therefore use 
the asymptotic formula (70.9), according to which: 

Juilni) S (I)[«^(l (74.12) 

yjnrr 


Substituting in (74.9), we get the following formula for the spectral distribution of the 
radiation for large values of /z: J 


2e^H‘ 


/-= - 


me" 


y/nm^c^ 


{<■>■«+5 1 


^{u)du 


(74.13) 


For w-^0 the function in the curly brackets approaches the constant limit 
<I)'(0) = —0.4587.. .§ Therefore for w 1, we have 


t This result is, of course, in agreement with the angular distribution of the instantaneous intensity which 
we found in the preceding section [see (73.12)]; however, the reader should not confuse the angle 0 of this 
section with the angle 0 between n and v in § 73! 

t In making the substitution, the limit of the integral can be changed to infinity, to within the required 
accuracy; we have also set » = c wherever possible. Even though values of i close to 1 are important in the 
integral (74.9), the use of formula (74.12) is still permissible, since the integral converges rapidly at the lower 
limit. 

§ From the definition of the Airy function, we have: 


00 CO 


3^^"r(i) 

iVn 
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In 


= 0.52 


e*H^ 



1 « M « 
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(74.14) 


For « > I, we can use the asymptotic expression for the Airy function (see the footnote 
on p. 149, and obtain): 

r.2\i 


/.= 




V 


nm^c^ 




that is, the intensity drops exponentially for large n. 
Consequently the spectrum has a maximum for 

, 3 


and the main part of the radiation is concentrated in the region of frequencies for which 

(74.16) 


CO CO 


\mc^/ me \mc^J 


These values of co are very large, compared to the distance con between neighboring fre¬ 
quencies. We may say that the spectrum has a “quasicontinuous” character, consisting of a 
large number of closely spaced lines. 

In place of the distribution function I„ we can therefore introduce a distribution over the 
continuous series of frequencies co = n(o„, writing 

do) 

dI = IJn = I„—. 

(o„ 


For numerical computations it is convenient to express this distribution in terms of the 
MacDonald function K,.‘f After some simple transformations of formula (74.13), it can be 
written as 


dl = do) 


V3 e^H _ 

- 5 F 

2n me 



F (0 = 


where we use the notation 

3c// / <f Y 
~ 2me VmcV ’ 


^ J Ki{^)di, 

i 


(74.17) 


(74.18) 


Figure 17 shows a graph of the function F(^). 


t The connection between the Airy function and the function K 1/3 is given by formula (4) of the footnote 
on p. 149, In the further transformations one uses the recursion relations 

K,.dx)-K,^x(x) = - - K„ 2K\(x) = -K,.dx)-K,^i{x), 

X 

where = K^ix). In particular, it is easy to show that 


1 


2 
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HV 



Fig. J7. 


Finally, a few comments on the case when the particle moves, not in a plane orbit, but in 
a helical trajectory, i.e. has a longitudinal velocity (along the field) i?|| = vcosx (where x 
is the angle between H and v). The frequency of the rotational motion is given by the same 
formula (74.1), but now the vector v moves, not in a circle, but on the surface of a cone with 
its axis along H and with vertex angle 2/. The total intensity of the radiation (defined as the 
total energy loss per sec from the particle) will differ from (74.2) in having H replaced by 
H^ = H sin X- 

In the ultrarelativistic case the radiation is concentrated in directions near the generators 
of the “velocity cone”. The spectral distribution and the total intensity (in the same sense as 
above) are obtained from (74.17) and (74.10) by the substitution //-+ If we are talking 
about the intensity as seen in these directions by an observer at rest, then we must introduce 
an additional factor which takes into account the approach or moving away of the radiator 
(a particle moving in a circle). This factor is given by the ratio where rfr^bs the 

time interval between arrival at the observer of signals emitted by the source at an interval 
dt. It is obvious that 

^11 ^ 

where 9 is the angle between the directions of k and H (the latter being taken as the positive 
direction of the velocity Dh). In the ultrarelativistic case, when the direction of k is close 
to the direction of v, we have so that 


dt / r,, 1 

— - = 1 - cos ~ • 

\ J S'" X 


(74.19) 


PROBLEMS 


1. Find the law of variation of energy with time for a charge moving in a circular orbit in a 
constant uniform magnetic field, and losing energy by radiation. 

Solution: According to (74.2), we have for the energy loss per unit time: 

— -r = 'T-7-T (^ 
dt 3m*c^ 

is the energy of the particle). From this we find: 


■ — coth 


\ 3/n^c® 


/ — const 
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As t increases, the energy decreases monotonically, approaching the value — mc^ (for complete 
stopping of the particle) asymptotically as /->oo. 

2. Find the asymptotic formula for the spectral distribution of the radiation at large values of n 
for a particle moving in a circle with a velocity which is not close to the velocity of light. 
Solution: We use the well known asymptotic formula of the theory of Bessel functions 


Jn{nc) ■■ 


V 27r/7(l 


1 


y/\-c^ 


Tn 

9 


which is valid for //(I ' 


1. Using this formula, we find from (74.9): 


2V7r/?/V\ 



2h 


This formula is applicable for //[I — (r“/r^)P'^ r I; if in addition 1 -{i-jr) is small, the formula 
goes over into (74.15). 

3. Find the polarization of the synchrotron radiation. 

Solution: The electric field E,i is calculated from the vector potential A„ (74.6-7) according to the 
formula 

E,. - ' (k A„) ■. k - - ' k(k • A„) ; /A A„. 

K K 

Let Cj, C 2 be unit vectors in the plane perpendicular to k, where Ci is parallel to the x axis and 62 
lies in the yz plane (their components are ei =( 1 , 0 , 0 ), €2 — ( 0 , sin 0 , - cos 0 ); the vectors ei, 62 
and k form a right-hand system. Then the electric field will be: 

En = ikAjn^i Ik sin 0 Ayne 2 y 
or, dropping the unimportant common factors: 

E,i -- 2 .cos 0 ^ Cl 1 tan 0 cos 0 ^ ico. 

The wave is elliptically polarized (see § 48). 

In the ultrarelativistic case, for large // and small angles 0, the functions Jn and arc expressed 
in terms of 3 and Ko,^, w here we set 

in the arguments. As a result we get: 

E„ = ; /e. OK,,, ^ „ - J i 

For 0^0 the elliptical polarization degenerates into linear polarization along Ci. For large 
d{\0\ »rnc^lS, 1 ), we have Vnllxe'^, and the polarization tends to 

become circular: E„ ^ e, + /Cj; the intensity of the radiation, however, also becomes exponentially 
small. In the intermediate range of angles the minor axis of the ellipse lies along 62 and the major 
axis along Ci. The direction of rotation depends on the sign of the angle 0 (0>0 \ f the directions 
of H and k lie on opposite sides of the orbit plane, as shown in Fig. 16). 


§ 75. Radiation damping 

In § 65 we showed that the expansion of the potentials of the field of a system of charges 
in a series of powers of v/c leads in the second approximation to a Lagrangian completely 
describing (in this approximation) the motion of the charges. Wc now continue the expansion 
of the field to terms of higher order and discuss the eftects to which these terms lead. 
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In the expansion of the scalar potential 

the term of third order in 1/c is 

For the same reason as in the derivation following (65.3), in the expansion of the vector 
potential we need only take the term of second order in 1/c, that is. 


-11 (jciv. 

ct J 


We make a transformation of the potentials: 

1 df 

(I)' = (f )— — A' = A 4-grad /, 
c ot 

choosing the function / so that the scalar potential becomes zero: 

Then the new vector potential is equal to 

1 d- 


dt J 6f^ Ct^ J 

1 c) r 1 


(75.2) 


Making the transition from the integral to a sum over individual charges, we get for the 
first term on the right the expression 



In the second term, we write R = Rq — r, where Rq and r have their usual meaning (see § 66); 
then ft = — f = —V and the second term takes the form 


Thus, 


1 

3? 


Yeir. 


A'<^> = - 


3c^ ^ 


(75.3) 


The magnetic field corresponding to this potential is zero (H = curl A'*^* = 0), since 
A'® does not contain the coordinates explicitly. The electric field E= — (l/c)A''^’ is 


E = 



where d is the dipole moment of the system. 


(75.4) 
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Thus the third order terms in the expansion of the field lead to certain additional forces 
acting on the charges, not contained in the Lagrangian (65.7); these forces depend on the 
time derivatives of the accelerations of the charges. 

Let us consider a system of charges carrying out a stationary motionf and calculate the 
average work done by the field (75.4) per unit time. The force acting on each charge e is 
f = eE, that is, 



(75.5) 


The work done by this force in unit time is f • v, so that the total work performed on all the 
charges is equal to the sum, taken over all the charges: 


I f ■'» 5^ a T <■> - I ■ j 4 (J • 3) - ,4 (V 




3c^ dt 


3c^ 


When we average over the time, the first term vanishes, so that the average work is equal to 

rry=-^3a^ (75.6) 

The expression standing on the right is (except for a sign reversal) just the average energy 
radiated by the system in unit time [see (67.8)]. Thus, the forces (75.5) appearing in third 
approximation, describe the reaction of the radiation on the charges. These forces are called 
radiation damping or Lorentz frictional forces. 

Simultaneously with the energy loss from a radiating system of charges, there also occurs 
a certain loss of angular momentum. The decrease in angular momentum per unit time, 
dMjdt, is easily calculated with the aid of the expression for the damping forces. Taking the 
time derivative of the angular momentum M = Z r x p, we have = Z r x p, since 
Zf xp = Z/w(vx v) = 0. We replace the time derivative of the momentum of the particle 
by the friction force (75.5) acting on it, and find 

]>4 = yrxf=~3y^rx3 = -^dx3. 

^ 3c^ ^ 3c^ 

We are interested in the time average of the loss of angular momentum for a stationary 
motion, just as before, we considered the time average of the energy loss. Writing 

dx3 = ^ (dx3) —3x3 

dt 


and noting that the time derivative (first term) vanishes on averaging, we finally obtain the 
following expression for the average loss of angular momentum of a radiating system 


dM 

dt 



(75.7) 


Radiation damping occurs also for a single charge moving in an external field. It is 
equal to 



r5.8) 


t More precisely, a motion which, although it would have been stationary if radiation were neglected, 
proceeds with continual slowing down. 

X In agreement with the result (3) obtained in problem 2 of 72. 
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For a single charge, we can always choose such a system of reference that the charge at the 
given moment is at rest in it. If, in this reference frame, we calculate the higher terms in the 
expansion of the fi^ld produced by the charge, it turns out that they have the following 
property. As the radius vector R from the charge to the field point approaches zero, all these 
terms become zero. Thus in the case of a single charge, formula (75.8) is an exact formula for 
the reaction of the radiation, in the system of reference in which the charge is at rest. 

Nevertheless, we must keep in mind that the description of the action of the charge “on 
itself” with the aid of the damping force is unsatisfactory in general, and contains contradic¬ 
tions. The equation of motion of a charge, in the absence of an external field, on which only 
the force (75.8) acts, has the form 


my = 



This equation has, in addition to the trivial solution v = const, another solution in which the 
acceleration v is proportional to exp(3mc^//2e^), that is, increases indefinitely with the time. 
This means, for example, that a charge passing through any field, upon emergence from the 
field, would have to be infinitely “self-accelerated”. The absurdity of this result is evidence for 
the limited applicability of formula (75.8). 

One can raise the question of how electrodynamics, which satisfies the law of conservation 
of energy, can lead to the absurd result that a free charge increases its energy without limit. 
Actually the root of this difficulty lies in the earlier remarks (§ 37) concerning the infinite 
electromagnetic “intrinsic mass” of elementary particles. When in the equation of motion 
we write a finite mass for the charge, then in doing this we essentially assign to it formally an 
infinite negative “intrinsic mass” of nonelectromagnetic origin, which together with the 
electromagnetic mass should result in a finite mass for the particle. Since, however, the sub¬ 
traction of one infinity from another is not an entirely correct mathematical operation,this 
leads to a series of further difficulties, among which is the one mentioned here. 

In a system of coordinates in which the velocity of the particle is small, the equation of 
motion when we include the radiation damping has the form 


my = cE-h - vxH-h v. 
c 3 


(75.9) 


From our discussion, this equation is applicable only to the extent that the damping force 
is small compared with the force exerted on the charge by the external field. 

To clarify the physical meaning of this condition, we proceed as follows. In the system of 
reference in which the charge is at rest at a given moment, the second time derivative of the 
velocity is equal, neglecting the damping force, to 


V = --£-h — vxH. 
m me 


In the second term we substitute (to the same order of accuracy) v = (elm)E, and obtain 

ExH. 


V = — E-h -r- 
m m^c 


Corresponding to this, the damping force consists of two terms: 

2e^ . 2c^ 

f= —3E+r-^ExH. 

3/72C 3m c 


(75.10) 
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If (JO is the frequency of the motion, then E is proportional to coE and, consequently, the 
first term is of order (e^<jolmc^)E; the second is of order Therefore the condition 

for the damping force to be small compared with the force eE exerted by the external field on 
the charge gives, first of all. 


or, introducing the wavelength /. ^ c/to. 





(75.11) 


Thus formula (75.8) for the radiation damping is applicable only if the wavelength of the 
radiation incident on the charge is large compared with the ^'radius'' of the charge 
We see that once more a distance of order e^lmc~ appears as the limit at which electro¬ 
dynamics leads to internal contradictions (see § 37). 

Secondly, comparing the second term in the damping force to the force eE, we find the 
condition 






(75.12) 


Thus it is also necessary that the field itself be not too large. A field of order also 

represents a limit at which classical electrodynamics leads to internal contradictions. Also 
we must remember here that actually, because of quantum effects, electrodynamics is 
already not applicable for considerably smaller fields.t 
To avoid misunderstanding, we remind the reader that the wavelength in (75.11) and the 
field value in (75.12) refer to the system of reference in which the particle is at rest at the 
given moment. 


PROBLEM 

Calculate the time in which two attracting charges, performing an elliptic motion (with 
velocity small compared with the velocity of light) and losing energy due to radiation, “fall in" 
toward each other. 

Solution: Assuming that the relative energy loss in one revolution is small, we can equate the 
time derivative of the energy to the average intensity of the radiation (which was determined in 
problem 1 of § 70): 

d\s\ (2|^|)"^V/^aY ^i ^ 2 Y/ 

dt \mi ^2/ \ 

where Together with the energy, the particles lose angular momentum. The loss of 

angular momentum per unit time is given by formula (75.7); substituting the expression (70.1) for 
d, and noting that /^r = — ar/r^ and M = /^rx v, we find: 

dM /£i __ CzVM 

dt 3c^ m 2 ) 

We average this expression over a period of the motion. Because of the slowness of the changes in 
M, it is sufficient to average on the right only over this average value is computed in precisely 
the same way as the average of was found in problem I of ^ 70. As a result we find for th.c 

t For fields of order m^c^jhe, i.e., when hcOff mc^. This limit is he Ie^—\7>1 times smaller than the limit set by 
the condition (75.12). The ratio of these distances to is of order heje^'^ 137. 
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average loss of angular momentum per unit time the following expression: 

^_ 2^{ln\6\r ^ /£3 _ ejY 

(it \Wi ^2/ 

[as in equation (1), we omit the average sign]. Dividing (I) by (2), wc get the difTcrential equation 

dM 2M^\ ^ //a2 / 

which, on integration, gives: 



The constant of integration is chosen so that for M = A/o, wc have uhcre A/q and ^‘rc 

the initial angular momentum and energy of the particles. 

The “falling in” of the particles toward one another corresponds to yV/->0. From (3) wc see 
that then — oo. 

We note that the product \ ^\M^ tends toward nr^l2, and from formula (70.3) it is clear that the 
eccentricity e—►O, i.e. as the particles approach one another, the orbit approaches a circle. Sub¬ 
stituting (3) in (2), we determine the derivative dtldM expressed as a function of A/, after which 
integration with respect to M between the limits Mq and 0 gives the time of fall: 


(c^ £2\ 

a V'2|<5 ol//^ \Wi m 2 ) 




§ 76. Radiation damping in the relativistic case 

We derive the relativistic expression for the radiation damping (for a single charge), which 
is applicable also to motion with velocity comparable to that of light. This force is now a 
four-vector g\ which must be included in the equation of motion of the charge, written in 
four-dimensional form: 

+ (76.1) 

ds c 


To determine g' we note that for r < c, its three space components must go over into the 
components of the vector ije (75.8). It is easy to see that the vector (2e^l3c)l(d^u^lds^) 
has this property. However, it does not satisfy the identity = 0, which is valid for any 
force four-vector. In order to satisfy this condition, we must add to the expression given, a 
certain auxiliary four-vector, made up from the four-velocity i/' and its derivatives. The 
three space components of this vector must become zero in the limiting case v = 0, in order 
not to change the correct values of f which are already given by {2e^l3c)l(d^u'lds^). The 
four-vector w* has this property, and therefore the required auxiliary term has the form 
The scalar a must be chosen so that we satisfy the auxiliary relation = 0. As a result we 
find 


2e^ /dhd 




3c \ ds 


i 


(76.2) 


In accordance with the equations of motion, this expression can be written in another form, 
by expressing d^u'jds^ directly in terms of the field tensor of the external field acting on the 
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du' 

ds 



dW 

ds^ 


e ^ 
mc^ dx 


r»k«'+ 3274 


me 


In making substitutions, we must keep in mind that the product of the tensor dF'^jdx^ 
which is antisymmetric in the indices /, k, and the symmetric tensor gives identically 
zero. So, 




2e^ dP^ 
3mdx‘ 


u^u‘ 




3wc 




(76.3) 


The integral of the four-force g' over the world line of the motion of a charge, passing 
through a given field, must coincide (except for opposite sign) with the total four-momentum 
AP‘ of the radiation from the charge [just as the average value of the work of the force f in 
the nonrelativistic case coincides with the intensity of dipole radiation; see (75.6)]. It is 
easy to check that this is actually so. The first term in (76.2) goes to zero on performing the 
integration, since at infinity the particle has no acceleration, i.e. (du'jds) = 0. We integrate 
the second term by parts and get: 


g'ds = 


2e^ 

3c 


u u —rds = — 
ds^ 


3c 


duL du^ 


ds ds 


-^dx' 


which coincides exactly with (73.4). 

When the velocity of the particle approaches the velocity of light, those terms in the space 
components of the four-vector (76.3) increase most rapidly which contain the components 
of the four-velocity in the third degree. Therefore, keeping only these terms in (76.3) and 
using the relation (9.18) between the space components of the four-vector g‘ and the 
three-dimensional force f, we find for the latter: 

where n is a unit vector in the direction of v. Consequently, in this case the force f is opposite 
to the velocity of the particle; choosing the latter as the X axis, and writing out the four¬ 
dimensional expressions, we obtain: 

fx I 2 4 2 (76.4) 

3m^c y 

1 

C" 

(where we have set v = c everywhere except in the denominator). 

We see that for an ultrarelativistic particle, the radiation damping is proportional to the 
square of its energy. 

Let us call attention to the following interesting situation. Earlier we pointed out that the 
expression obtained for the radiation damping is applicable only to fields which (in the 
reference system Kq, in which the particle is at rest) are small compared with nre'^je^. Let 
F be the order of magnitude of the external field in the reference system K, in which the 
particle moves with velocity r. Then in the Kq frame, the field has the order of magnitude 
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(see the transformation formulas in § 24). Therefore F must satisfy the 

e^F 


< 1. 


(76.5) 




time, the ratio of the damping force (76.4) to the external force (^ cF) is of 

e^F 





and we see that, even though the condition (76.5) is satisfied, it may happen (for sufficiently 
high energy of the particle) that the damping force is large compared with the ordinary 
Lorentz force acting on the particle in the electromagnetic field.i* Thus for an ultrarelativistic 
particle we can have the case where the radiation damping is the main force acting on the 
particle. 

In this case the loss of (kinetic) energy of the particle per unit length of path can be 
equated to the damping forced alone; keeping in mind that the latter is proportional to the 
square of the energy of the particle, we write 


dx 




where we denote by k(x) the coefficient, depending on the x coordinate and expressed in 
terms of the transverse components of the field in accordance with (76.4). Integrating this 
differential equation, we find 


'5’Mn <^0 


J k{x)dx, 
- 00 


where cfo represents the initial energy of the particle (its energy for x - co). In particular, 
the final energy S^ of the particle (after passage of the particle through the field) is given by 
the formula 

+ X 

— 00 

We see that for the final 6^ approaches a constant limit independent of 6^ 

(I. Pomeranchuk, 1939). In other words, after passing through the field, the energy of the 
particle cannot exceed the energy defined by the equation 

+ oo 

^ = f mdx, 

^crit J 


t We should emphasize that this result does not in any way contradict the derivation given earlier of the 
relativistic expression for the four-force in which it was assumed to be “small” compared with the four- 
force (elc)F^^Ut;. It is sufficient to satisfy the requirement that the components of one vector be small com¬ 
pared to those of another in just one frame of reference; by virtue of relativistic invariance, the four¬ 
dimensional formulas obtained on the basis of such an assumption will be valid in any other reference frame. 
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or, substituting the expression for k{x). 


"‘'"SmV 




PROBLEMS 

1. Calculate the limiting energy which a particle can have after passing through the field of a 
magnetic dipole m; the vector m and the direction of motion lie in a plane. 

Solution: We choose the plane passing through the vector m and the direction of motion as the 
XZ plane, where the particle moves parallel to the X axis at a distance n from it. For the transverse 
components of the field of the magnetic dipole we have (see 44.4): 

3(m*r). — m , , , 

H, =- -2 -^ ^2)5/2 cos </> + X Sin </>)^ - + X^) COS </>} 

is the angle between m and the Z axis). Substituting in (76.6) and performing the integration, 
we obtain 


64m^c‘‘o^ 


- (—\ 
\mc^) 


(15 f 26 cos^ 


2. Write the three-dimensional expression for the damping force in the relativistic case. 
Solution: Calculating the space components of the four-vector (76.3), we find 


ExH+ - Hx(Hxv)-}- • E(vE) 
c c 




-2(E-v) 2 i 


§ 77. Spectral resolution of the radiation in the ultrarelativistic case 

Earlier (in § 73) it was shown that the radiation from an ultrarelativistic particle is directed 
mainly in the forward direction, along the velocity of the particle: it is contained almost 
entirely within the small range of angles 

AO- 

around the direction of v. 

In evaluating the spectral resolution of the radiation, the relation between the magnitude 
of the angular range AO and the angle of deflection a of the particle in passing through the 
external electromagnetic field is essential. 

The angle a can be calculated as follows. The change in the transverse (to the direction of 
motion) momentum of the particle is of the order of the product of the transverse force eFf 

t If we choose the X axis along the direction of motion of the particle, then {epy is the sum of the squares 
of the y and z components of the Lorentz force, eE+ev/exH, in which we can here set v^c: 

F^ = (Ey-H,yHE»+Hyy. 
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and the time of passage through the field, t ~ ajv = aje (where a is the distance within 
which the field is significantly different from 0). The ratio of this quantity to the momentum 

mv ^ me 
\f\ — V^lc^ Vl — v^/c^ 

determines the order of magnitude of the small angle a: 


eFa I 

a-2 A./^““1* 

mc^ \ 


Dividing by A0, we find: 


a 

AO' 


eFa 

mc^ 


(77.1) 


We call attention to the fact that the ratio does not depend on the velocity of the particle, 
and is completely determined by the properties of the external field itself. 

We assume first that 

eFa > (77.2) 

that is, the total deflection of the particle is large compared with A0. Then we can say that 
radiation in a given direction occurs mainly from that portion of the trajectory in which the 
velocity of the particle is almost parallel to that direction (subtending with it an angle in the 
interval A0) and the length of this segment is small compared with a. The field F can be 
considered constant within this segment, and since a small segment of a curve can be con¬ 
sidered as an arc of a circle, we can apply the results obtained in § 74 for radiation during 
uniform motion in a circle (replacing H by F). In particular, we may state that the main part 
of the radiation is concentrated in the frequency range 

eF 

0) -:-^ (77.3) 


me 




[see (74.16)]. 

In the opposite limiting case, 

eFa me^y (77.4) 

the total angle of deflection of the particle is small compared with AO. In this case the 
radiation is directed mainly into the narrow angular range A0 around the direction of motion, 
while radiation arrives at a given point from the whole trajectory. 

To compute the spectral distribution of the intensity, it is convenient to start in this case 
from the Lienard-Wiechert expressions (73.8) for the field in the wave zone. Let us compute 
the Fourier component 


= 1 f 

2n J 




The expression on the right of formula (73.8) is a function of the retarded time t\ which is 
determined by the condition t' = t — R{t’)le. At large distances from a particle which is 
moving with an almost constant velocity v, we have: 

t ^ t - - + - nT(t) --n-VI' 

e e e e 
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(r = r(/') s V/' is the radius vector of the particle), or 

We replace the t integration by an integration over t by setting 


and obtain: 




JkRo 


( n*i 




J nx 1^11—X c)dt'. 


We treat the velocity v as constant; only the acceleration w(r') is variable. Introducing the 
notation 

= (77.5) 

and the corresponding frequency component of the acceleration, we write E„ in the form 

f/ v\ 1 

Finally from (66.9) we get for the energy radiated into solid angle do, with frequency in dco: 

■'“’S' 


/(o^^ 


2nc^ 


An estimate of the order of magnitude of the frequencies in which the radiation is mainly 
concentrated in the case of (77.4) is easily made by noting that the Fourier component 
is significantly different from zero only if the time \/a)\ or 


1 



is of the same order as the time ajv ~ ajc during which the acceleration of the particle 
changes significantly. Therefore we find: 


(O 



(77.7) 


The energy dependence of the frequency is the same as in (77.3), but the coefficient is 
different. 

In the treatment of both cases (77.2) and (77.4) it was assumed that the total loss of energy 
by the particle during its passage through the field was relatively small. We shall now show 
that the first of these cases also covers the problem of the radiation by an ultrarelativistic 
particle, whose total loss of energy is comparable with its initial energy. 
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The total loss of energy by the particle in the field can be determined from the work of the 
Lorentz frictional force. The work done by the force (76.4) over the path ~ a is of order 

e*F^a 




In order for this to be comparable with the total energy of the particle, 


J I 


the field must exist at distances 


J'4- 


But then condition (77.2) is satisfied automatically: 


e^F V ^ 


> me , 


since the field F must necessarily satisfy condition (76.5) 




since otherwise we could not even apply ordinary electrodynamics. 


PROBLEMS 

1. Determine the spectral distribution of the total (over all directions) radiation intensity for the 
condition (77.2). 

Solution: For each element of length of the trajectory, the radiation is determined by (74.13), 
where we must replace H by the value of the transverse force Fat the given point and, in addition, 
we must go over from a discrete to a continuous frequency spectrum. This transformation is accom¬ 
plished by formally multiplying by dn and the replacement 

hdn = 1^^ d(o = In —. 

dio (Oq 

Next, integrating over all time, we obtain the spectral distribution of the total radiation in the 
following form: 

le^(o ( v^\ Y ri 1 ? ] 

= -d<0^ (' " ?) J [u ^ 2 J 

_ OO 

where <!>(//) is the Airy function of the argument 


mco) / 


The integrand depends on the integration variable t implicitly through the quantity u (Fand with 
it //, varies along the trajectory of the particle; for a given motion this variation can be considered 
as a time dependence). 
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2. Determine the spectral distribution of the total (over all directions) radiated energy for the 
condition (77.4). 

Solution: Keeping in mind that the main role is played by the radiation at small angles to the 
direction of motion, we write: 

We replace the integration over angles do = sin 0d0d<l> 0d0d(l> in (77.6) by an integration over 

d<l>dco'l(o. In writing out the square of the vector triple product in (77.6) it must be remembered that 
in the ultrarelativistic case the longitudinal component of the acceleration is small compared with 
the transverse component [in the ratio 1 —(v^lc^)], and that in the present case we can, to sufficient 
accuracy, consider w and v to be mutually perpendicular. As a result, we find for the spectral 
distribution of the total radiation the following formula: 


d<^^ = 


e^co do) 
~2nc^ 






§ 78. Scattering by free charges 

If an electromagnetic wave falls on a system of charges, then under its action the charges 
are set in motion. This motion in turn produces radiation in all directions; thereoccurs, we 
say, a scattering of the original wave. 

The scattering is most conveniently characterized by the ratio of the amount of energy 
emitted by the scattering system in a given direction per unit time, to the energy flux density 
of the incident radiation. This ratio clearly has dimensions of area, and is called the effective 
scattering cross-section (or simply the cross-section). 

Let dl be the energy radiated by the system into solid angle do per second for an incident 
wave with Poynting vector S. Then the effective cross-section for scattering (into the solid 
angle do) is 

= % ( 781 ) 

(the dash over a symbol means a time average). The integral a of da over all directions is the 
total scattering cross-section. 

Let us consider the scattering produced by a free charge at rest. Suppose there is incident 
on this charge a plane monochromatic linearly polarized wave. Its electric field can be 
written in the form 

E = Eo cos (k ♦ r - w/ + a). 

We shall assume that the velocity acquired by the charge under the influence of the incident 
wave is small compared with the velocity of light (which is usually the case). Then we can 
consider the force acting on the charge to be eE, while the force (e/c)v x H due to the mag¬ 
netic field can be neglected. In this.case we can also neglect the effect of the displacement of 
the charge during its vibrations under the influence of the field. If the charge carries out 
vibrations around the coordinate origin, then we can assume that the field which acts on the 
charge at all times is the same as that at the origin, that is, 

E = Eo cos (cu/ —a). 

Since the equation of motion of the charge is 

mr = ^»E 
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and its dipole moment d = er, then 


a = -E. 
m 


To calculate the scattered radiation, we use formula (67.7) for dipole radiation (this is 
justified, since the velocity acquired by the charge is assumed to be small). We also note that 
the frequency of the wave radiated by the charge (i.e., scattered by it) is clearly the same as 
the frequency of the incident wave. 

Substituting (78.2) in (67.7), we find 

dl = - 2 -^ (E X n do. 

4nmc 

where n' is a unit vector in the scattering direction. On the other hand, the Poynting vector 
of the incident wave is 

S = ^E\ (78.3) 

4n 

From this we find, for the cross-section for scattering into the solid angle do, 

da = sin^ Odo, (78.4) 


where 0 is the angle between the direction of scattering (the vector n), and the direction of 
the electric field E of the incident wave. We see that the effective scattering cross-section of a 
free charge is independent of frequency. 

We determine the total cross-section a. To do this, we choose the polar axis along E. 
Then do = sin 6 dO d(l>; substituting this and integrating with respect to 0 from 0 to rr, 
and over <p from 0 to 2n, we find 


(This is the Thomson formula.) 

Finally, we calculate the differential cross-section da in the case where the incident wave 
is unpolarized (ordinary light). To do this we must average (78.4) over all directions of the 
vector E in a plane perpendicular to the direction of propagation of the incident wave 
(direction of the wave vector k). Denoting by e the unit vector along the direction of E, we 

write: _ _ 

sin^0= l-(n-e)^ = 


The averaging is done using the formula '’ 


and gives 




-T-rTT 1 /. 

s,„ + ^ 


)' 


= ^(I +C0S^ 0) 


where 0 is the angle between the directions of the incident and scattered waves (the scattering 
angle). Thus the effective cross-section for scattering of an unpolarized wave by a free charge 


t In fact, eu is a symmetric tensor with trace equal to I, which gives zero when multiplied by kay because 
e and k are perpendicular. The expression given here satisfies these conditions. 
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is 



(1 +COS" S)(1o, 


(78.7) 


The occurrence of scattering leads, in particular, to the appearance of a certain force 
acting on the scattering particle. One can verify this by the following considerations. On the 
average, in unit time, the wave incident on the particle loses energy eWa, where W is the 
average energy density, and a is the total effective scattering cross-section. Since the momen¬ 
tum of the field is equal to its energy divided by the velocity of light, the incident wave loses 
momentum equal in magnitude to Wa. On the other hand, in a system of reference in which 
the charge carries out only small vibrations under the action of the force eE, and its velocity 
V is small, the total flux of momentum in the scattered wave is zero, to terms of higher order 
in v/c (in § 73 it was shown that in a reference system in which v = 0, radiation of momentum 
by the particle does not occur). Therefore all the momentum lost by the incident wave is 
“absorbed” by the scattering particle. The average force f acting on the particle is equal to 
the average momentum absorbed per unit time, i.e. 

f=(TWno (78.8) 


(Hq is a unit vector in the direction of propagation of the incident wave). We note that the 
average force appears as a second order quantity in the field of the incident wave, while the 
“instantaneous” force (the main part of which is pE) is of first order in the field. 

Formula (78.8) can also be obtained directly by averaging the damping force (75.10). The 
first term, proportional to £, goes to zero on averaging, as does the average of the main part 
of the force, eE. The second term gives 


2e* _ 87t / y £ 

3m'c* 3 An 


which, using (78.5), coincides with (78.8). 


PROBLEMS 


1. Determine the effective cross-section for scattering of an cHiptically polarized wave by a free 
charge. 

Solution: The field of the wave has the form E A cos {oi !-a) ' B sin {oi a), where A and B 
are mutually perpendicular vectors (see ^ 48). By a derivation similar to the one in the text, we find 


(h ^ 


£>2 Y{\ nY ^ (Byn)“ , 


2. Determine the effective cross-scction for scattering of a linearly polarized v\ave by a charge 
carrying out small vibrations under the influence of an elastic force (oscillator). 

Solution: The equation of motion of the charge in the incident field E = Eo cos (ot - a) is 


r 4- Oil r = — Eo cos {tot r a), 
m 


where coq is the frequency of its free vibrations. For the forced vibrations, we then have 


Calculating d from this, we find 


eEo cos {cot -r ol) 
nj{(ol~(o-) 


do = 



(O^ 

{(ol — oy^f' 


sin^ Oclo 


(6 is the angle between E and n'). 
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3. Determine the total effective cross-section for scattering of light by an electric dipole which, 
mechanically, is a rotator. The frequency o of the wave is assumed to be large compared with the 
frequency Qq of free rotation of the rotator. 

Solution: Because of the condition C£>> Oo, we can neglect the free rotation of the rotator, and 
consider only the forced rotation under the action of the moment of the forces d x E exerted on it 
by the scattered wave. The equation for this motion is: = dxE, where J is the moment of 

inertia of the rotator and fl is the angular velocity of rotation. The change in the dipole moment 
vector, as it rotates without changing its absolute value, is given by the formula d = D/d. From 
these two equations, we find (omitting the quadratic term in the small quantity D): 

a=^(dxE)xd=j [E^/2-(E • d)d]. 

Assuming that all orientations of the dipole in space are equally probable, and averaging d^ over 
them, we find for the total effective cross-section, 

\end^ 

9^V2* 

4. Determine the degree of depolarization in the scattering of ordinary light by a free charge. 

Solution: From symmetry considerations, it is clear that the two incoherent polarized com¬ 
ponents of the scattered light (see § 50) will be linearly polarized: one in the plane of scattering (the 
plane passing through the incident and scattered waves) and the other perpendicular to this plane. 
The intensities of these components are determined by the components of the field of the incident 
wave in the plane of scattering (E„) and perpendicular to it (E^), and, according to (78.4), are 
proportional respectively to 

(E|| xn)^ = cos^ 0 and (E^ xn')^ ^ El 

(where 0 is the angle of scattering). Since for the ordinary incident tight, == , the degree of 

depolarization [see the definition in (50.9)] is: 

0 = cos^ 0. 

5. Determine the frequency co' of the light scattered by a moving charge. 

Solution: In a system of coordinates in which the charge is at rest, the frequency of the light does 
not change on scattering {(o = o'). This relation can be written in invariant form as 

k' ^u'^ = kiu\ 

where is the four-velocity of the charge. From this we find without difficulty 

fo' ^ 1 — ^ cos 0^ ~ \ 

where 0 and 6' are the angles made by the incident and scattered waves with the direction of motion 
{v is the velocity of the charge). 

6. Determine the angular distribution of the scattering of a linearly polarized wave by a charge 
moving with velocity v in the direction of propagation of the wave. 

Solution : The velocity of the particle is perpendicular to the fields E and H of the incident wave, 
and is therefore also perpendicular to the acceleration w given to the particle. The scattered intensity 
is given by (73.14), where the acceleration w of the particle must be expressed in terms of the fields 
E and H of the incident wave by the formulas obtained in the problem in § 17. Dividing the intensity 
dl by the Poynting vector of the incident wave, we get the following expression for the scattering 
cross-section: 



where d and </> arc the polar angle and azimuth of the direction n' relative to a system of coordinates 
with Z axis along E, and X axis along v (cos (n', E) = cos 0; cos (n', v) ^ sin 0 cos<^). 
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7. Calculate the motion of a charge under the action of the average force exerted upon it by the 
wave scattered by it. 

Solution: The force (78.8), and therefore the velocity of the motion under consideration, is along 
the direction of propagation of the incident wave {X axis). In the auxiliary reference system Kq^ 
in which the particle is at rest ( we recall that we are dealing with the motion averaged over the 
period of the small vibrations), the force acting on it is gWq, and the acceleration acquired by it 
under the action of this force is 

H-o = - M'o 

m 


(the index zero refers to the reference system Kq). The transformation to the original reference 
system K (in which the charge moves with velocity v) is given by the formulas obtained in the problem 
of § 7 and by formula (47.7), and gives: 



which determines the velocity v = dxidt as an implicit function of the time (the integration con¬ 
stant has been chosen so that r = 0 at / = 0). 


8. Determine the effective cross-section for scattering of a linearly polarized wave by an oscillator, 
taking into account the radiation damping. 

Solution: We write the equation of motion of the charge in the incident field in the form 


r -T-co: 


j = ^Eoe- 
m 


if! - 


In the damping force, we can substitute approximately r = —c/oG Ifien we find 


r-hyr-ha>Jr=— Eo^ 
m 

where y = (2e^l3mc^)(ol. From this we obtain 


The effective cross-section is 



e „ 


r = 

^ - Eo 

o o • • 


m 

vj^ — vr — iwy 

871 / 

' Y 


Tl 

mcV 

— -h 


§ 79. Scattering of low-frequency waves 

The scattering of a wave by a system of charges differs from the scattering by a single 
charge (at rest), first of all in the fact that because of the presence of internal motion of the 
charges of the system, the frequency of the scattered radiation can be different from the 
frequency of the incident wave. Namely, in the spectral resolution of the scattered wave 
there appear, in addition to the frequency (o of the incident wave, frequencies of differing 
from 0 ) by one of the internal frequencies of motion of the scattering system. The scattering 
w'ith changed frequency is called incoherent (or combinational), in contrast to the coherent 
scattering without change in frequency. 
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Assuming that the field of the incident wave is weak, we can represent the current density 
in the form j = jo 4-j', where Jo is the current density in the absence of the external field, and 
j' is the change in the current under the action of the incident wave. Correspondingly, the 
vector potential (and other quantities) of the field of the system also has the form A =Ao4-A', 
where Aq and A' are determined by the currents Jo and j'. Clearly, A' describes the wave 
scattered by the system. 

Let us consider the scattering of a wave whose frequency o) is small compared with all the 
internal frequencies of the system. The scattering will consist of an incoherent as well as a 
coherent part, but we shall here consider only the coherent scattering. 

In calculating the field of the scattered wave, for sufficiently low frequency co, we can use 
the expansion of the retarded potentials which was presented in §§ 67 and 71, even if the 
velocities of the particles of the system are not small compared with the velocity of light. 
Namely, for the validity of the expansion of the integral 

A'= 4“ f + ^ 

cRq j ^ ^ 

it is necessary only that the time r^n'/c^a/c be small compared with the time 1/co; for 
sufficiently low frequencies (co < c/a), this condition is fulfilled independently of the velocities 
of the particles of the system. 

The first terms in the expansion give 


H' = 


1 

c^Rq 


{d'xn' + (hVxn')xn'}, 


where d', in' are the parts of the dipole and magnetic moments of the system which are 
produced by the radiation falling on the system. The succeeding terms contain higher time 
derivatives than the second, and we drop them. 

The component of the spectral resolution of the field of the scattered wave, with 
frequency equal to that of the incident wave, is given by this same formula, when we sub¬ 
stitute for all quantities their Fourier components: 3,^ = m'., = -w^ni',. Then we 

obtain , 


H' = 


c^Ro 


{n'xd;^-hn'x(m;^xn')}. 


(79.1) 


The later terms in the expansion of the field would give quantities proportional to higher 
powers of the small frequency. If the velocities of all the particles of the system are small 
(v < c), then in (79.1) we can neglect the second term in comparison to the first, since the 
magnetic moment contains the ratio v/c. Then 


X d;,. (79.2) 

If the total charge of the system is zero, then for co 0, d'^ and in'^ approach constant 
limits (if the sum of the charges were different from zero, then for co = 0, i.e. for a constant 
field, the system would begin to move as a whole). Therefore for low frequencies (co <^v/a) 
we can consider d'^ and nt'^ as independent of frequency, so that the field of the scattered 
wave is proportional to the square of the frequency. Its intensity is consequently propor¬ 
tional to Thus for the scattering of a low-frequency wave, the effective cross-section for 
(coherent) scattering is proportional to the fourth power of the frequency of the incident 
radiation.! 


t This also applies to the scattering of light by ions as well as by neutral atoms. Because of the large mass 
of the nucleus, the scattering resulting from the motion of the ion as a whole can be neglected. 
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§ 80. Scattering of high-frequency waves 

We consider the scattering of a wave by a system of charges in the opposite limit, when the 
frequency co of the wave is large compared with the fundamental internal frequencies of the 
system. The latter have the order of magnitude cOq ^ v/a, so that co must satisfy the condition 

(80.1) 

a 

In addition, we assume that the velocities of the charges of the system are small (v c). 

According to condition (80.1), the periods of the motion of the charges of the system are 
large compared with the period of the w'ave. Therefore during a time interval of the order 
of the period of the wave, the motion of the charges of the system can be considered uniform. 
This means that in considering the scattering of short waves, we need not take into account 
the interaction of the charges of the system with each other, that is, we can consider them as 
free. 

Thus in calculating the velocity v', acquired by a charge in the field of the incident wave, 
we can consider each of the charges in the system separately, and write for it an equation of 
motion of the form 

(It 

where k = (co/c)n is the wave vector of the incident wave. The radius vector of the charge 
is, of course, a function of the time. In the exponent on the right side of this equation the 
time rate of change of the first term is large compared with that of the second (the first 
is o), while the second is of order kv ^ v(a)/c) Therefore in integrating the equation 
of motion, we can consider the term r on the right side as constant. Then 


v' 


e 

icom 


EqC 


~ r) 


(80.2) 


For the vector potential of the scattered wave (at large distances from the system), we have 
from (79.1): 


A'= - 

cR~ ^ ^ » 


where the sum goes over all the charges of the system. Substituting (80.2), we find 


A' = 


icRoCO 


e--('--?)EoX 


m 


(80.3) 


where q = k'-k is the difference between the wave vector k = (co/c)n of the incident wave, 
and the wave vector k' = (cu/c )n' of the scattered wave.f The value of the sum in (80.3) 
must be taken at the time r' = t-(RJc) (for brevity as usual, we omit the index /' on r); 
the change of r in the time r • n'/c can be neglected in view of our assumption that the velocities 
of the particles are small. The absolute value of the vector q is 


where 0 is the scattering angle. 


q = 2~sin 

c 


© 

2 ’ 


(80.4) 


t Strictly speaking, the wave vector k' — (o'n'lc, where the frequency (o' of the scattered wave may differ 
from ( 0 . However, in the present case of high frequencies the difference (o'-(O'^coo can be neglected. 
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For scattering by an atom (or molecule), we can neglect the terms in the sum in (80.3) 
which come from the nuclei, because their masses are large compared with the electron mass. 
Later we shall be looking at just this case, so that we remove the factor e^lin from the sum¬ 
mation sign, and understand by e and iii the charge and mass of the electron. 

For the field H' of the scattered wave we find from (66.3): 


H = 



(80.5) 


The energy flu.x into an element of solid angle in the direction n' is 


871 


Rldo = 




8nc^m^ 


(n'xEo)^ 




do. 


Dividing this by the energy flux f|Eol^/87r of the incident wave, and introducing the angle 0 
between the direction of the field E of the incident wave and the direction of scattering, we 
finally obtain the effective scattering cross-section in the form 


do = 



sin^ 9 do. 


(80.6) 


The dash means a time average, i.e. an average over the motion of the charges of the system; 
it appears because the scattering is observed over a time interval large compared with the 
periods of motion of the charges of the system. 

For the wavelength of the incident radiation, there follows from the condition (80.1) the 
inequality X < aejv. As for the relative values of A and a, both the limiting cases a 
and A ^7 are possible. In both these cases the general formula (80.6) simplifies considerably. 

In the case of A > a, in the expression (80.6) q - r 1, since q 1/A, and r is of order of a. 
Replacing by unity in accordance with this, we have: 


dG = 



sin^ Odo 


(80.7) 


that is, the scattering is proportional to the square of the atomic number Z. 

We now go over to the case of A a. In the square of the sum which appears in (80.6), in 
addition to the square modulus of each term, there appear products of the form c“' *** 

In averaging over the motion of the charges, i.e. over their mutual separations, Tj—Tj 
takes on values in an interval of order a. Since q 1/A, A j, the exponential factor 
(ri-ri) jg ^ rapidly oscillating function in this interval, and its average value vanishes. 
Thus for A a, the effective scattering cross-section is 


sin2 0rfo, (80.8) 

that is, the scattering is proportional to the first power of the atomic number. We note that 
this formula is not applicable for small angles of scattering (© ~ A/a), since in this case 
q ~ ©/A ~ Xja and the exponent q r is not large compared to unity. 

To determine the effective coherent scattering cross-section, we must separate out that 
part of the field of the scattered wave which has the frequency (x>. The expression (80.5) 
depends on the time through the factor and also involves the time in the sum 

I c“' ^ This latter dependence leads to the result that in the field of the scattered wave there 
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are contained, along with the frequency co, other (though close to oj) frequencies. That part 
of the field which has the frequency cu (i.e. depends on the time only through the factor 
is obtained if we average the sum I e”' ** over time. In accordance with this, the 
expression for the effective coherent scattering cross-section c/cjcohi differs from the total 
cross-section ch in that it contains, in place of the average value of the square modulus of 
the sum, the square modulus of the average value of the sum, 

dcTcob = I e ' ‘sin' 9 do. (80.9) 

It is useful to note that this average value of the sum is (except for a factor) just the space 
Fourier component of the average distribution Q{r) of the electric charge density in the 
atom: 

eYe''‘^’= ^Q(r)e-^’dV = Q^. (80.10) 


In case 2 > a, we can again replace e'** by unity, so that 



sin^ 0 do. 


(80.11) 


Comparing this with the total effective cross-section (80.7), we sec that Ihat is, 

all the scattering is coherent. 

If 2 < a, then when we average in (80.9) all the terms of the sum (being rapidly oscillating 
functions of the time) vanish, so that da^^^ = 0. Thus in this case the scattering is completely 
incoherent. 
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PARTICLE IN A GRAVITATIONAL FIELD 


§ 81 . Gravitational fields in nonrelativistic mechanics 

Gravitational fields, or fields of gravity, have the basic property that all bodies move in 
them in the same manner, independently of mass, provided the initial conditions are the 
same. 

For example, the laws of free fall in the gravity field of the earth are the same for all 
bodies; whatever their mass, all acquire one and the same acceleration. 

This property of gravitational fields provides the possibility of establishing an analogy 
between the motion of a body in a gravitational field and the motion of a body not located 
in any external field, but which is considered from the point of view of a noninertial system 
of reference. Namely, in an inertial reference system, the free motion of all bodies is uniform 
and rectilinear, and if, say, at the initial time their velocities are the same, they will be the 
same for all times. Clearly, therefore, if we consider this motion in a given noninertial 
system, then relative to this system all the bodies will move in the same way. 

Thus the properties of the motion in a noninertial system are the same as those in an 
inertial system in the presence of a gravitational field. In other words, a noninertial reference 
system is equivalent to a certain gravitational field. This is called the principle of equivalence. 

Let us consider, for example, motion in a uniformly accelerated reference system. A body 
of arbitrary mass, freely moving in such a system of reference, clearly has relative to this 
system a constant acceleration, equal and opposite to the acceleration of the system itself. 
The same applies to motion in a uniform constant gravitational field, e.g. the field of gravity 
of the earth (over small regions, where the field can be considered uniform). Thus a uni¬ 
formly accelerated system of reference is equivalent to a constant, uniform external field. 
In the same way, nonuniformity accelerated linear motion of the reference system is clearly 
equivalent to a uniform but gravitational field. 

However, the fields to which noninertial reference systems are equivalent are not com¬ 
pletely identical with “actuaP’ gravitational fields which occur also in inertial frames. For 
there is a very essential difference with respect to their behavior at infinity. At infinite 
distances from the bodies producing the field, “actual” gravitational fields always go to 
zero. Contrary to this, the fields to which noninertial frames are equivalent increase without 
limit at infinity, or, in any event, remain finite in value. Thus, for example, the centrifugal 
force which appears in a rotating reference system increases without limit as we move away 
from the axis of rotation; the field to which a reference system in accelerated linear motion is 
equivalent is the same over all space and also at infinity. 
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The fields lo which noninertial systems are equivalent vanish as soon as we transform to 
an inertial system. In contrast to this, “actual” gravitational fields (existing also in an inertial 
reference frame) cannot be eliminated by any choice of reference system. This is already 
clear from what has been said above concerning the difference in conditions at infinity 
between “actual” gravitational fields and fields to which noninertial systems are equivalent; 
since the latter do not approach zero at infinity, it is clear that it is impossible, by any 
choice of reference frame, to eliminate an “actual” field, since it vanishes at infinity. 

All that can be done by a suitable choice of reference system is to eliminate the gravita¬ 
tional field in a given region of space, sufficiently small so that the field can be considered 
uniform over it. This can be done by choosing a system in accelerated motion, the accelera¬ 
tion of which is equal to that which would be acquired by a particle placed in the region of 
the field which we are considering. 

The motion of a particle in a gravitational field is determined, in nonrelativistic mechanics, 
by a Lagrangian having (in an inertial reference frame) the form 

L = (81.1) 

where is a certain function of the coordinates and time which characterizes the field and 
is called the gravitational potential.^ Correspondingly, the equation of motion of the particle 
is 

v=—grad<^. (81.2) 

It does not contain the mass or any other constant characterizing the properties of the 
particle; this is the mathematical expression of the basic property of gravitational fields. 


§ 82. The gravitational field in relativistic mechanics 

The fundamental property of gravitational fields that all bodies move in them in the same 
way, remains valid also in relativistic mechanics. Consequently there remains also the 
analogy between gravitational fields and noninertial reference systems. Therefore in studying 
the properties of gravitational fields in relativistic mechanics, we naturally also start from 
this analogy. 

In an inertial reference system, in cartesian coordinates, the interval ds is given by the 
relation: 

ds^ = c^dt^ — dx^ — dy^ dz^. 

Upon transforming to any other inertial reference system (i.e. under Lorentz transforma¬ 
tion), the interval, as we know, retains the same form. However, if we transform to a non¬ 
inertial system of reference, ds^ will no longer be a sum of squares of the four coordinate 
differentials. 

So, for example, when we transform to a uniformly rotating system of coordinates, 

X = x' cos Clt — y' sin Clt, y = x' sin ^It + y' cos Clt, z = z' 

is the angular velocity of the rotation, directed along the Z axis), the interval takes on the 

t In what follows we shall seldom have to use the electromagnetic potential so that the designation of 
the gravitational potential by the same symbol cannot lead to misunderstanding. 
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form 

ds^ = [^c^—Q,^{x'^-^y'^y]dt^ — dx'^ — d/^ — dz'^ + 2ny'dx'dt-2Clx'dy'dt. 

No matter what the law of transformation of the time coordinate, this expression cannot be 
represented as a sum of squares of the coordinate differentials. 

Thus in a noninertial system of reference the square of an interval appears as a quadratic 
form of general type in the coordinate differentials, that is, it has the form 

ds^ = gii^dx^dx^, (82.1) 

where the are certain functions of the space coordinates x\ x^, x^ and the time co¬ 
ordinate Thus, when we use a noninertial system, the four-dimensional coordinate 

system x®, x', x^ is curvilinear. The quantities g^^, determining all the geometric properties 
in each curvilinear system of coordinates, represent, we say, the space-time metric. 

The quantities go, can clearly always be considered symmetric in the indices / and k 
(9ki = 9ikX since they are determined from the symmetric form (82.1), where g^^ and gi,i enter 
as factors of one and the same product dx' dx^. In the general case, there are ten different 
quantities —four with equal, and 4*3/2 = 6 with different indices. In an inertial reference 
system, when we use cartesian space coordinates = x,y\ z, and the time, x° = ct, 

the quantities g^^ are 

^00 = 1, ^11 =5^22 = ^33 = 9ik = ^ for i¥^k. (82.2) 

We call a four-dimensional system of coordinates with these values of g^i, galilean. 

In the previous section it was shown that a noninertial system of reference is equivalent 
to a certain field of force. We now see that in relativistic mechanics, these fields are deter¬ 
mined by the quantities 

The same applies also to “actual” gravitational fields. Any gravitational field is just a 
change in the metric of space-time, as determined by the quantities gn^. This important fact 
means that the geometrical properties of space-time (its metric) are determined by physical 
phenomena, and are not fixed properties of space and time. 

The theory of gravitational fields, constructed on the basis of the theory of relativity, is 
called the general theory of relativity. It was established by Einstein (and finally formulated 
by him in 1915), and represents probably the most beautiful of all existing physical theories. 
It is remarkable that it was developed by Einstein in a purely deductive manner and only 
later was substantiated by astronomical observations. 

As in nonrelativistic mechanics, there is a fundamental difference between “actual” 
gravitational fields and fields to which noninertial reference systems are equivalent. Upon 
transforming to a noninertial reference system, the quadratic form (82.1), i.e. the quantities 
are obtained from their galilean values (82.2) by a simple transformation of coordinates, 
and can be reduced over all space to their galilean values by the inverse coordinate trans¬ 
formation. That such forms for g^j^ are very special is clear from the fact that it is impossible 
by a mere transformation of the four coordinates to bring the ten quantities g^i^ to a pre¬ 
assigned form. 

An “actual” gravitational field cannot be eliminated by any transformation of co¬ 
ordinates. In other words, in the presence of a gravitational field space-time is such that the 
quantities g^i, determining its metric cannot, by any coordinate transformation, be brought 
to their galilean values over all space. Such a space-time is said to be curved, in contrast to 
flat space-time, where such a reduction is possible. 



§ 82 THE GRAVITATIONAL FIELD IN RELATIVISTIC MECHANICS 229 

By an appropriate choice of coordinates, we can, however, bring the quantities to 
galilean form at any individual point of the non-galilean space-time: this amounts to the 
reduction to diagonal form of a quadratic form with constant coefficients (the values of 
at the given point). Such a coordinate system is said to be galilean for the given point.^ 

We note that, after reduction to diagonal form at a given point, the matrix of the quanti¬ 
ties gn^ has one positive and three negative principal values.{ From this it follows, in par¬ 
ticular, that the determinant g, formed from the quantities g^^, is always negative for a real 
space-time: 

^ < 0. (82.3) 

A change in the metric of space-time also means a change in the purely spatial metric. 
To a galilean g^^^ in flat space-time, there corresponds a euclidean geometry of space. In a 
gravitational field, the geometry of space becomes non-euclidean. This applies both to 
“true” gravitational fields, in which space-time is “curved”, as well as to fields resulting 
from the fact that the reference system is non-inertial, which leave the space-time flat. 

The problem of spatial geometry in a gravitational field will be considered in more detail 
in § 84. It is useful to give here a simple argument which shows pictorially that space will 
become non-euclidean when we change to a non-inertial system of reference. Let us con¬ 
sider two reference frames, of which one {K) is inertial, while the other {K') rotates uniformly 
with respect to K around their common r axis. A circle in the x,y plane of the K system 
(with its center at the origin) can also be regarded as a circle in the x\y' plane of the K' 
system. Measuring the length of the circle and its diameter with a yardstick in the K system, 
we obtain values whose ratio is equal to tt, in accordance with the euclidean character of 
the geometry in the inertial reference system. Now let the measurement be carried out with 
a yardstick at rest relative to A". Observing this process from the K system, we find that the 
yardstick laid along the circumference suflers a Lorentz contraction, whereas the yardstick 
placed radially is not changed. It is therefore clear that the ratio of the circumference to the 
diameter, obtained from such a measurement, will be greater than n. 

In the general case of an arbitrary, varying gravitational field, the metric of space is not 
only non-euclidean, but also varies with the time. This means that the relations between 
different geometrical distances change with time. As a result, the relative position of “test 
bodies” introduced into the field cannot remain unchanged in any coordinate system.§ Thus 
if the particles are placed around the circumference of a circle and along a diameter, since 
the ratio of the circumference to the diameter is not equal to n and changes with time, it is 
clear that if the separations of the particles along the diameter remain unchanged the separa¬ 
tions around the circumference must change, and conversely. Thus in the general theory 
of relativity it is impossible in general to have a system of bodies which are fixed relative to 
one another. 

This result essentially changes the very concept of a system of reference in the general 
theory of relativity, as compared to its meaning in the special theory. In the latter we meant 

t To avoid misunderstanding, we state immediately that the choice of such a coordinate system does not 
mean that the gravitational field has been eliminated over the corresponding infinitesimal volume of four- 
space. Such an elimination is also always possible, by virtue of the principle of equivalence, and has a greater 
significance (see § 87). 

} This set of signs is called the signature of the matrix. 

§ Strictly speaking, the number of particles should be greater than four. Since we can construct a tetra¬ 
hedron from any six line segments, we can always, by a suitable definition of the reference system, make a 
system of four particles form an invariant tetrahedron. A fortiori, wo can fix the particles relative to one 
another in systems of three or two particles. 
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by a reference system a set of bodies at rest relative to one another in unchanging relative 
positions. Such systems of bodies do not exist in the presence of a variable gravitational field, 
and for the exact determination of the position of a particle in space we must, strictly speak¬ 
ing, have an infinite number of bodies which fill all the space like some sort of “medium”. 
Such a system of bodies with arbitrarily running clocks fixed on them constitutes a reference 
system in the general theory of relativity. 

In connection with the arbitrariness of the choice of a reference system, the laws of nature 
must be written in the general theory of relativity in a form which is appropriate to any four¬ 
dimensional system of coordinates (or, as one says, in ''covariant'' form). This, of course, 
does not imply the physical equivalence of all these reference systems (like the physical 
equivalence of all inertial reference systems in the special theory). On the contrary, the 
specific appearances of physical phenomena, including the properties of the motion of 
bodies, become different in all systems of reference. 


§ 83. Curvilinear coordinates 


Since, in studying gravitational fields we are confronted with the necessity of considering 
phenomena in an arbitrary reference frame, it is necessary to develop four-dimensional 
geometry in arbitrary curvilinear coordinates. Sections 83, 85 and 86 are devoted to this. 

Let us consider the transformation from one coordinate system, x®, x', x^, x^, to another 
x'®, x'S x'^ x'^: 

x'^X 

where the are certain functions. When we transform the coordinates, their differentials 
transform according to the relation 

dx' = —tJx'*. (83.1) 

ox 


Every aggregate of four quantities A' (/ = 0, 1,2, 3), which under a transformation of 
coordinates transform like the coordinate differentials, is called a coniravariant four-vector: 





(83.2) 


Let <!> be some scalar. Under a coordinate transformation, the four quantities d(t)ldx' 
transform according to the formula 


d(l> d(t) dx''^ 


(83.3) 


which is different from formula (83.2). Every aggregate of four quantities Ai which, under a 
coordinate transformation, transform like the derivatives of a scalar, is called a covariant 
four-vector: 





(83.4) 


Because two types of vectors appear in curvilinear coordinates, there are three types of 
tensors of the second rank. We call a contravariant tensor of the second rank, A'^, an aggregate 
of sixteen quantities which transform like the products of the components of two contra- 
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variant vectors, i.e. according to the law 


“ax"dx"" • 

A covariant tensor of rank two. transforms according to the formula 

^ik -5 I k 

ex' CX 

and a mixed tensor transforms as follows: 

. _ 

^ “ ex'' 
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(83.5) 


(83.6) 


(83.7) 


The definitions given here are the natural generalization of the definitions of four-vectors 
and four-tensors in galilean coordinates (§ 6), according to which the differentials dx' 
constitute a contravariant four-vector and the derivatives d4>ldx' form a covariant four- 
vector.f 

The rules for forming four-tensors by multiplication or contraction of products of other 
four-tensors remain the same in curvilinear coordinates as they were in galilean coordinates. 
For example, it is easy to see that, by virtue of the transformation laws (83.2) and (83.4), the 
scalar product of two four-vectors A'B^ is invariant: 


dx' ox'”' ^x"" 

^ “ 5x" ^ “ ax"^ ^ 


The unit four-tensor 6l is defined the same as before in curvilinear coordinates: its 
components are again <5^ = 0 for / ^ k, and are equal to 1 for / = /c. If is a four-vector, 
then multiplying by 6^ we get: 

A^5i = A\ 

i.e. another four-vector; this proves that Si is a tensor. 

The square of the line element in curvilinear coordinates is a quadratic form in the 
differentials dx': 

ds^ = Qif^dx'dx^, (83.8) 

where the go, are functions of the coordinates; gi^ is symmetric in the indices / and k: 

9ik = 9kr (83.9) 

Since the (contracted) product of and the contravariant tensor dx' dx^ is a scalar, the 
gii^ form a covariant tensor; it is called the metric tensor. 

Two tensors and are said to be reciprocal to each other if 

In particular the contravariant metric tensor is the tensor g'^ reciprocal to the tensor 
that is, 

9ik9'' = S\. (83.10) 

The same physical quantity can be represented in contra- or co-variant components. It is 
obvious that the x)nly quantities that can determine the connection between the different 


t Nevertheless, while in a galilean system the coordinates y‘ themselves (and not just their differentials) 
also form a four-vector, this is, of course, not the case in curvilinear coordinates. 
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forms are the components of the metric tensor. This connection is given by the formulas: 

A‘ = g‘'‘A„ A, = g,,A'‘. (83.11) 

In a galilean coordinate system the metric tensor has components: 


/I 

0 

0 

0\ 



-1 

0 

0 

-1 

0 0 

(83.12) 

\o 

0 

0 

-1 



Then formula (83.11) gives the familiar relation = Aq, = “"'^ 1 , 2 , 3 » etc.t 

These remarks also apply to tensors. The transition between the different forms of a given 
physical tensor is accomplished by using the metric tensor according to the formulas: 

A\ = A^^ = 

etc. 

In § 6 we defined (in galilean coordinates) the completely antisymmetric unit pseudo¬ 
tensor Let us transform it to an arbitrary system of coordinates, and now denote it by 
£iwm notation for the quantities defined as before by = 1 (or 

^0123 = ~ 0 ; 

Let the x'* be galilean, and the x' be arbitrary curvilinear coordinates. According to the 
general rules for transformation of tensors, we have: 


or 


£^iklm 


^ 

ex'” dx" dx''^ Jx''‘ ^ '• 


^•iklm ^ j ^ikim 


where y is the determinant formed from the derivatives dx'jdx'^, i.e. it is just the Jacobian 
of the transformation from the galilean to the curvilinear coordinates: 

J = X*, x^, x^) 

6(x'°, x'^y 


This Jacobian can be expressed in terms of the determinant of the metric tensor (in the 
system x‘). To do this we write the formula for the transformation of the metric tensor: 


dx' dx 


and equate the determinants of the two sides of this equation. The determinant of the re¬ 
ciprocal tensor \g'^\ = Ijg. The determinant = -1. Thus we have \lg= -7^, and 

soy= IjyJ-g. 

Thus, in curvilinear coordinates the antisymmetric unit tensor of rank four must be 
defined as 

£.Wm ^ ^ ^ikin, (83.13) 

yJ-9 


t Whenever, in giving analogies, we use galilean coordinate systems, one should realize that such a 
system can be selected only in a flat space. In the case of a curved four-space, one should speak of a co¬ 
ordinate system that is galilean over a given infinitesimal element of four-volume, which can always be 
found. None of the derivations are aflccted by this change. 
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The indices of this tensor are lowered by using the formula 

e’’"'9in9krgh9,m = -geium, 

SO that its covariant components arc 

^iklm = V ^y^iUm- (83.14) 

In a galilean coordinate system a*'* the integral of a scalar with respect to 
dQ' = dx'^ dx^ dx^dx'^ is also a scalar, i.e. the element dO.' behaves like a scalar in 
the integration (§ 6). On transforming to curvilinear coordinates a*', the element of integra¬ 
tion dQ' goes over into 

dQ' ^ JQ = \ -g dQ. 

Thus, in curvilinear coordinates, when integrating over a four-volume the quantity — gdQ 
behaves like an invariant.f 

All the remarks at the end of § 6 concerning elements of integration over hypersurfaces, 
surfaces and lines remain valid for curvilinear coordinates, with the one difference that the 
definition of dual tensors changes. The element of “area'’ of the hypersurface spanned by 
three infinitesimal displacements is the contra variant antisymmetric tensor the vector 
dual to it is gotten by multiplying by the tensor so it is equal to 

d S, = - d (83.15) 

Similarly, if dj '^ is the element of (two-dimensional) surface spanned by two infinitesimal 
displacements, the dual tensor is defined asj 

= (83.16) 

We keep the designations dS-, and df^^ as before for i and (^*^^ 

not their products by V-^); the rules (6.14-19) for transforming the various integrals 
into one another remain the same, since their derivation was formal in character and not 
related to the tensor properties of the different quantities. Of particular importance is the 
rule for transforming the integral over a hypersurfacc into an integral over a four-volume 
(Gauss’ theorem), which is accomplished by the substitution: 

dS,--dn^.. (83.17) 

C'A 

t If ^ is a scalar, the quantity V —g which gives an invariant when integrateid over r/fi, is callcid a 
scalar density. Similarly, we speak of vector and tensor densities ^ —g A\ v -g A"'", etc. Thes^quantities 
give a vector or tensor on multiplication by the four-volume element dO. (the integral / /4‘ —gdCl over 
a finite region cannot, generally speaking, be a vector, since the laws of transformation of the vector /4‘ arc 
different at different points). 

+ It is understood that the elements and dp^ are constructed on the infinitesimal displacements 

dx\ dx\ dx"^ in the same way as in § 6, no matter what the geometrical significance of the coordinates .V‘. 
Then the formal significance of the elements dSi and df*f^ is the same as before. In particular, as before 
dSo = dxi dx2 dx3 = d^. We keep the earlier definition of dV for the product of differentials of the thrw 
space coordinates; we must, however, remember that the element of geometrical spatial volume is given in 
curvilinear coordinates not by dV^ but by ^'ydV^ where y is the determinant of the spatial metric tensor 
(which will be defined in the next section). 
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§ 84. Distances and time intervals 

We have already said that in the general theory of relativity the choice of a coordinate 
system is not limited in any way; the triplet of space coordinates can be any 

quantities defining the position of bodies in space, and the time coordinate a*° can be 
defined by an arbitrarily running clock. The question arises of how, in terms of the values 
of the quantities x\ x^, a°, we can determine actual distances and time intervals. 

First we find the relation of the proper time, which from now on we shall denote by r, 
to the coordinate a°. To do this we consider two infinitesimally separated events, occurring 
at one and the same point in space. Then the interval ds between the two events is, as we 
know, just cdx. where dx is the (proper) time interval between the two events. Setting 
dx^ = dx^ = dx^ = 0 in the general expression ds^ = dx' dx^, we consequently find 

</i- = c-(lx~ = 

from which 

^/t = ^ n/^(/.v°, (84.1) 

c 

or else, for the time between any Uvo events occurring at the same point in space, 

T = j J (84.2) 

This relation determines the actual time interval (or as it is also called, the proper time 
for the given point in space) for a change of the coordinate a®. We note in passing that the 
quantity as we see from these formulas, is positive: 

Qoo ^ (84.3) 

It is necessary to emphasize the diflerence between the meaning of (84.3) and the meaning 
of the signature [the signs of three principal values of the tensor g^^ (§ 82)]. A tensor g,f^ 
which does not satisfy the second of these conditions cannot correspond to any real gravita¬ 
tional field, i.e. cannot be the metric of a real space-time. Nonfulfilment of the condition 
(84.3) would mean only that the corresponding system of reference cannot be realized with 
real bodies; if the condition on the principal values is fulfilled, then a suitable transforma¬ 
tion of the coordinates can make goo positive (an-example of such a system is given by the 
rotating system of coordinates, see § 89). 

We now determine the element d! of spatial distance. In the special theory of relativity 
we can define dl as the interval between two infinitesimally separated events occurring at 
one and the same time. In the general theory of relativity, it is usually impossible to do this, 
i.e. it is impossible to determine dl by simply setting dx^ = 0 in ds. This is related to the fact 
that in a gravitational field the proper time at different points in space has a different 
dependence on the coordinate a°. 

To find dl, we now proceed as follows. 

Suppose a light signal is directed from some point B in space (with coordinates x^ + dx’^) 
to a point A infinitely near to it (and having coordinates a®) and then back over the same 
path. Obviously, the time (as observed from the one point B) required for this, when 
multiplied by c, is twice the distance between the two points. 

Let us write the interval, separating the space and time coordinates: 

(lx" + </a’‘ + tJuo Ulx'^f 


(84.4) 
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where it is understood that we sum over repeated Greek indices from 1 to 3. The interval 
between the events corresponding to the departure and arrival of the signal from one point 
to the other is equal to zero. Solving the equation ds^ = 0 with respect to we find two 
roots: 

^^0(1) ^ ^ {-9o,dx'‘-\f(gocgoi,-gcit9oo)dx^dx'‘}, 

^_ (84.5) 

^ {-go^dx’’ + V (9o,9ofi-9,p9oo)dx’^dx''}, 

yoo 

corresponding to the propagation of the signal in the two directions between A and B. If 
is the moment of arrival of the signal at A, the times when it left B and when it will return 
to B are, respectively, and x^ + dxQ^K In the schematic diagram of Fig. 18 the 

solid lines are the world lines corresponding to the given coordinates x* and x“4-rfx“, while 
the dashed lines are the world lines of the signals.f It is clear that the total interval of “time” 
between the departure of the signal and its return to the original point is equal to 


dx°^^^-dx°*^^^ = — 'J(go,9o^-9aii9oo)dx'‘dx^. 

9 00 




K 


( 2 ) 


• dxo 


( 1 ) 


x" • dx„ 


A B 

Fig. 18 


The corresponding interval of proper time is obtained, according to (84.1), by multiplying 
by and the distance dl between the two points by multiplying once more by cjl. As 

a result, we obtain 

dl^ = (-9af+^^^') dx^dx'’. 

\ 9oo / 

This is the required expression, defining the distance in terms of the space coordinate 


elements. We rewrite it in the form 



(84.6) 

where 



(84.7) 


t In Fig. 18, it is assumed that > 0, < 0, but this is not necessary: dx^^^'^ and dx^^^^ may have 

the same sign. The fact that in this case the value x®(A) at the moment of arrival of the signal at A might 
be less than the value x°(B) at the moment of its departure from B contains no contradiction, since the 
rates of clocks at different points in space are not assumed to be synchronized in any way. 
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is the three-dimensional metric tensor, determining the metric, i.e., the geometric properties 
of the space. The relations (84.7) give the connection between the metric of real space and 
the metric of the four-dimensional space-time.f 

However, we must remember that the generally depend on so that the space metric 
(84.6) also changes with time. For this reason, it is meaningless to integrate dl\ such an 
integral would depend on the world line chosen between the two given space points. Thus, 
generally speaking, in the general theory of relativity the concept of a definite distance 
between bodies loses its meaning, remaining valid only for infinitesimal distances. The only 
case where the distance can be defined also over a finite domain is that in which the 
do not depend on the time, so that the integral J dl along a space curve has a definite 
meaning. 

It is worth noting that the tensor —is the reciprocal of the contravariant three-dimen¬ 
sional tensor In fact, from g'^^g^i = (5J, we have, in particular, 

+ = + + l- (84.8) 

Determining from the second equation and substituting in the first, we obtain: 

This result can be formulated differently, by the statement that the quantities — form 
the contravariant three-dimensional metric tensor corresponding to the metric (84.6): 

(84.9) 

We also state that the determinants g and y, formed respectively from the quantities go. 
and are related to one another by 

= (84.10) 

In some of the later applications it will be convenient to introduce the three-dimensional 
vector g, whose covariant components are defined as 

^Oa /OA 1 1 \ 


Qa = -■ 


(84.11) 


Considering g as a vector in the space with metric (84.6), we must define its contravariant 
components as Using (84.9) and the second of equations (84.8), it is easy to see 

that 

= (84.12) 

We also note the formula 

g°° = — -g,g’, (84.13) 

9oo 

which follows from the third of equations (84.8). 


t The quadratic form (84.6) must clearly be positive definite. For this, its coefficients must, as we know 
from the theory of forms, satisfy the conditions 


}'ii >0, 


\Vii 712 


j7ii 

7i2 

7i3| 

!721 

722 

733 i > 0« 

^731 

732 

733 ' 


b'31 732 }’33' 

Expressing yi^ in terms of gi,-, it is easy to show that these conditions take the form 

I I 1^00 goi go2\ 

1^x0 gii ^12 >0, ^<0. 

1^20 g21 g22\ 

These conditions, together with the condition (84.3), must be satisfied by the components of the metric 
tensor in every system of reference which can be realized with the aid of real bodies. 
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We now turn to the definition of the concept of simultaneity in the general theory of 
relativity. In other words, we discuss the question of the possibility of synchronizing clocks 
located at different points in space, i.e. the setting up of a correspondence between the 
readings of these clocks. 

Such a synchronization must obviously be achieved by means of an exchange of light 
signals between the two points. We again consider the process of propagation of signals 
between two infinitely near points A and B, as shown in Fig. 18. We should regard as simul¬ 
taneous with the moment at the point A that reading of the clock at point B which is half¬ 
way between the moments of departure and return of the signal to that point, i.e. the moment 

Substituting (84.5), we thus find that the difference in the values of the “time” x^ for two 
simultaneous events occurring at infinitely near points is given by 

AxO = - dx\ (84.14) 

9oo 

This relation enables us to synchronize clocks in any infinitesimal region of space. Carry¬ 
ing out a similar synchronization from the point A, we can synchronize clocks, i.e. we can 
define simultaneity of events, along any open curve.t 

However, synchronization of clocks along a closed contour turns out to be impossible in 
general. In fact, starting out along the contour and returning to the initial point, we would 
obtain for Ax^ a value different from zero. Thus it is, a fortiori, impossible to synchronize 
clocks over all space. The exceptional cases are those reference systems in which all the 
components ^^e equal to zero.J 

It should be emphasized that the impossibility of synchronization of all clocks is a property 
of the arbitrary reference system, and not of the space-time itself. In any gravitational field, 
it is always possible (in infinitely many ways) to choose the reference system so that the three 
quantities become identically equal to zero, and thus make possible a complete synchro¬ 
nization of clocks (see § 97). 

Even in the special theory of relativity, proper time elapses differently for clocks moving 
relative to one another. In the general theory of relativity, proper time'ielapses differently 
even at different points of space in the same reference system. This means that the interval 
of proper time between two events occurring at some point in space, and the interval of 
time between two events simultaneous with these at another point in space, are in general 
different from one another. 


§ 85. Covariant differentiation 

In galilean coordinates§ the differentials dAi of a vector Ai form a vector, and the 
derivatives dAJdx^ of the components of a vector with respect to the coordinates form a 
tensor. In curvilinear coordinates this is not so; dAi not a vector, and dAJd)^ is not a 

t Multiplying (84.14) by goo and bringing both terms to one side, we can state the condition for syn¬ 
chronization in the form dxo -■ goidx^ — 0: the “covariant differentiar' dxo between two infinitely near 
simultaneous events must be equal to zero. 

t We should also assign to this class those cases where the goa can be made equal to zero by a simple 
transformation of the time coordinate, which does not involve any choice of the system of objects serving 
for the definition of the space coordinates. 

§ In general, whenever the quantities g^K are constant. 
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tensor. This is due to the fact that dA^ is the difference of vectors located at different (in¬ 
finitesimally separated) points of space; at different points in space vectors transform 
differently, since the coefficients in the transformation formulas (83.2), (83.4) are functions 
of the coordinates. 

It is also easy to verify these statements directly. To do this we determine the transforma¬ 
tion formulas for the differentials dA^ in curvilinear coordinates. A covariant vector is 
transformed according to the formula 


A, = Ai,\ 


therefore 


dx' 


dAk-^Akd ^ j dAk-\-Ak • 


dx' 


Thus dAi does not transform at all like a vector (the same also applies, of course, to the 
differential of a contravariant vector). Only if the second derivatives d^x'^ldx'cx^ = 0, i.e. 
if the are linear functions of the x*, do the transformation formulas have the form 

dx'^ 

<14, . 44i, 

that is, dAj transforms like a vector. 

We now undertake the definition of a tensor which in curvilinear coordinates plays the 
same role as dAJdx^ in galilean coordinates. In other words, we must transform CAJdx^ 
from galilean to curvilinear coordinates. 

In curvilinear coordinates, in order to obtain a differential of a vector which behaves like 
a vector, it is necessary that the two vectors to be subtracted from each other be located at 
the same point in space. In other words, we must somehow “translate” one of the vectors 
(which are separated infinitesimally from each other) to the point where the second is 
located, after which we determine the difference of two vectors which now refer to one and 
the same point in space. The operation of translation itself must be defined so that in galilean 
coordinates the difference shall coincide with the ordinary differential dAi. Since dA^ is just 
the difference of the components of two infinitesimally separated vectors, this means that 
when we use galilean coordinates the components of the vector should not change as a result 
of the translation operation. But such a translation is precisely the translation of a vector 
parallel to itself. Under a parallel translation of a vector, its components in galilean co¬ 
ordinates do not change. If, on the other hand, we use curvilinear coordinates, then in 
general the components of the vector will change under such a translation. Therefore in 
curvilinear coordinates, the difference in the components of the two vectors after translating 
one of them to the point where the other is located will not coincide with their difference 
before the translation (i.e. with the differential dA). 

Thus to compare two infinitesimally separated vectors we must subject one of them to a 
parallel translation to the point where the second is located. Let us consider an arbitrary 
contravariant vector; if its value at the point x' is A\ then at the neighboring point x*4-^x' 
it is equal to A"A-dA\ We subject the vector A^ to an infinitesimal parallel displacement to 
the point x' -h^/x' ; the change in the vector which results from this we denote by SA‘. Then 
the difference DA' between the two vectors which are now located at the same point is 

DA'= d A'-5 A\ (85.1) 
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The change in the components of a vector under an infinitesimal parallel displacement 
depends on the values of the components themselves, where the dependence must clearly be 
linear. This follows directly from the fact that the sum of two vectors must transform accord¬ 
ing to the same law as each of the constituents. Thus has the form 

(5/1* = (85.2) 

where the are certain functions of the coordinates. Their form depends, of course, on the 
coordinate system; for a galilean coordinate system Fh = 0. 

From this it is already clear that the quantities F^i do not form a tensor, since a tensor 
which is equal to zero in one coordinate system is equal to zero in every other one. In a 
curvilinear space it is, of course, impossible to make all the F^i vanish over all of space. 

But the principle of equivalence requires that by a suitable choice of coordinate system 
we can eliminate the gravitational field over a given infinitesimal region of space, i.e., we 
can make the quantities vanish in it. We shall see later in §87 that the play the role 
of field strengths, t 

The quantities T^/ are called “connection coefficients” or “Christoffel symbols”. 

In addition to the quantities T^/ we shall later also use quantities defined as follows: 


Conversely, 


^ 1 , kl Qim 


(85.3) 


= (85.4) 

It is also easy to relate the change in the components of a covariant vector under a parallel 
displacement to the Christoffel symbols. To do this we note that under a parallel displace¬ 
ment, a scalar is unchanged. In particular, the scalar product of two vectors does not change 
under a parallel displacement. 

Let Ai and B' be any covariant and contravariant vectors. Then from diA^B') = 0, we 
have 


or, changing the indices. 


dAi = - A, (5F = FlB^A, dx^ 
B' 6Ai = F\^Ai^B^dxK 


From this, in view of the arbitrariness of the B\ 

dA,^rU,dx\ (85.5) 

which determines the change in a covariant vector under a parallel displacement. 

Substituting (85.2) and dA' = {dA'jdx^) dx^ in (85.1), we have 

= + (85.6) 

Similarly, we find for a covariant vector, 

= (85.7) 

The expressions in parentheses in (85.6) and (85.7) are tensors, since when multiplied by 
the vector dx^ they give a vector. Clearly, these are the tensors which give the desired 
generalization of the concept of a derivative to curvilinear coordinates. These tensors are 
called the covariant derivatives of the vectors A' and A^ respectively. We shall denote them 
by and A^.^. Thus, 

DA^ = A\^idx^\ DAi = Ai,i dx\ (85.8) 

t This is precisely the coordinate system which we have in mind in arguments where we, for brevity’s sake, speak 
of a “galilean” system; still all the proofs remain applicable not only to flat, but also to curved 4-space. 

i In place of fh and H u, the symbols 1^1 ^nd arc sometimes used. 
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while the covariant derivatives themselves are: 

(85.9) 
(85.10) 


^ dx‘^ ’ 

A -^-ru 

C‘X 


In galilean coordinates, = 0, and covariant dilTerentiation reduces to ordinary diflercn- 
tiation. 

It is also easy to calculate the covariant derivative of a tensor. To do this we must deter¬ 
mine the change in the tensor under an infinitesimal parallel displacement. For example, let 
us consider any contra variant tensor, expressible as a product of two contra variant \ectors 
A'B^. Under parallel displacement. 

By virtue of the linearity of this transformation we must also have, for an arbitrary tensor 

5A^^ = + dx\ (85.11) 

Substituting this in 

DA^^ = dA^*^-dA^^ = A^\jdx\ 
we get the covariant derivative of the tensor A'^ in the form 

. = --ri- + '"‘+ niA (85.12) 


In completely similar fashion we obtain the covariant derivative of the mixed tensor Al 
and the covariant tensor in the form 


A i _ j 

I — A kl'^n 

OX 


+ r* 1/4 


ml^k > 


(85.13) 


dA 

A —_— r"* — r"* >4 

^ I ^ a'^ntk ^ kl'^inf 
OX 


(85.14) 


One can similarly determine the covariant derivative of a tensor of arbitrary rank. In 
doing this one finds the following rule of covariant differentiation. To obtain the covariant 
derivative of the tensor A ' [ [ with respect to x\ we add to the ordinary derivative dA ; /rV 
for each covariant index i(A ;•;) a term —rf,A and for each contravariant index i{A ‘ ) 
a term . 

One can easily verify that the covariant derivative of a product is found by the same rule as 
for ordinary differentiation of products. In doing this we must consider the covariant 
derivative of a scalar 0 as an ordinary derivative, that is, as the covariant vector 
in accordance with the fact that for a scalar = 0, and therefore D<f) = d<l). For example, 
the covariant derivative of the product is 

(Ai Bf^.^ I = /4,j / Bf^ -f Al /. 

If in a covariant derivative we raise the index signifying the diflerentiation, we obtain the 
so-called contravariant derivative. Thus, 

A^ ^ A'.I A^'^ A^.I 

We now derive formulas for the transformation of the Christoffel symbols from one 
coordinate system to another. 
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These formulas can be got by comparing the two equations that determine the covariant 
derivatives and requiring that these laws be the same for both. A simple calculation gives 


dx' dx'^ d^x'"” dx' 

_ Y'^nt _I_ 

kl dx^dx^ dx'"^' 


(85.15) 


From this formula we see that the F^/ transforms like a tensor only for linear coordinate 
transformations (when the second term in 85.15 drops out). 

However we note that this term is symmetric in k and /, and therefore drops out for the 
transformation of S^i = H/ — . It therefore transforms like a tensor: 

dx' dx'"'dx'P 
dx"” dx'^ dx' ’ 


and is called the “curvature tensor” of the space. 

We now show that in this theory, based on the equivalence principle, the curvature tensor 
must be zero. In fact, as already stated, by virtue of the equivalence principle there must 
be a “galilean” coordinate system in which the F^/, and consequently also the Sii, vanish 
at a given point. Since S^i is a tensor, if it vanishes in one coordinate system it must vanish 
in all frames. This means that the Christoffel symbols must be symmetric in their lower 
indices: 

n/=F;„ (85.16) 

Clearly, also 

ra/ = r,,,. (85.17) 

In general, there are altogether forty different quantities F[/; for each of the four values of 
the index i there are ten different pairs of values of the indices k and / (counting pairs 
obtained by interchanging k and / as the same). 

Formula (85.15) enables us to prove easily the assertion made above that it is always 
possible under condition (85.16) to choose a coordinate system in which all the F^/ 
become zero at a previously assigned point (such a system is daid to be locally-inertial or 
locally-geodesic (see §87)).t 

In fact, let the given point be chosen as the origin of coordinates, and let the values of the 
rh at it be initially (in the coordinates x^) equal to (F^,)©. In the neighborhood of this point, 
we now make the transformation 


Then 


x"=jc'+Kn,)ox‘-''- 


/ d^x"” 5x''\ 
5x'7o 


— (r'w)o 


(85.18) 

(85.19) 


and according to (85.15), all the become equal to zero. 

We emphasize that condition (85.16) is essential; the expression on the left side of (85.19) 
is symmetric in k and /, and so too must be the right side of the equation. 

We note that for the transformation (85.18) 



= 5i. 


t It can also be shown that, by a suitable choice of the coordinate system, one can make all the Fii go 
to zero not just at a point but all along a given world line. (The proof of this statement can be found in the 
book by P. K. Rashevskii, Riemannian Geometry and Tensor Analysis,, Nauka, 1964, § 91.) 
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SO that it does not change the value of any tensor (including the tensor at the given point, 
so that we can make the Christoffel symbols vanish at the same time as we bring the to 
galilean form. 


§ 86. The relation of the Christoffel symbols to the metric tensor 

Let us show that the covariant derivative of the metric tensor is zero. To do this we 
note that the relation 

DAi = Qu^DA^ 

is valid for the vector as for any vector. On the other hand, /t, = so that 

DA, = D(g,,A>')^g,,DA^+A^Dg,,. 

Comparing with DA^ = DA^, and remembering that the vector A'" is arbitrary^ 

DOik = 0 . 

Therefore the covariant derivative 

= ( 86 . 1 ) 
Thus may be considered as a constant during covariant differentiation. 

The equation ; = 0 can be used to express the Christoffel symbols r[/ in terms of the 
metric tensor To do this we write in accordance with the general definition (85.14): 

Qi,: - = r”; - rr, - r,. „ - r, = o. 

Thus the derivatives of g^, are expressed in terms of the Christoffel symbols.t We write 
the values of the derivatives of permuting the indices /, k, I: 

— r + r 

_ p 1 p 

-5 ' i, LI * ^ I, ik'> 


TT "" “ * /. fci ■ 


Taking half the sum of these equations, we find (remembering that T, = T,- 


{Hiii + _ 

\ dx' dx'‘ 

.i£*' 

dx\ 

— 9 * m,kh 


(Sg„k dg„, 
\ ox' dx'‘ 

_ Sg, 

dx' 




n — /i'' 

^ ki — 2^ 


These formulas give the required expressions for the Christoffel symbols in terms of the 
metric tensor. 

We now derive an expression for the contracted Christoffel symbol Ti,- which will be 
important later on. To do this we calculate the differential dg of the determinant g made up 
from the components of the tensor gij^ \ dg can be obtained by taking the differential of each 
component of the tensor g^i, and multiplying it by its coefficient in the determinant, i.e. by 
the corresponding minor. On the other hand, the components of the tensor g'^ reciprocal 
to are equal to the minors of the determinant of the ^, 7 ,, divided by the determinant. 

t Choosing a locally-geodesic system of coordinates therefore means that at the given point all the first 
derivatives of the components of the metric tensor vanish. 
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Therefore the minors of the determinant g are equal to gg'^. Thus, 

dg = gg’^dgi^ = -ggitdg‘'‘ (86.4) 

(since gi^g“‘ = = 4, g‘'‘ dg^^ = dg‘'‘). 


From (86.3), we have 


-i im / ^9mk ^9mi ^9ki\ 

" 2 ^ V c-V ^ ex’”)' 


Changing the positions of the indices m and i in the third and first terms in parentheses, we 
see that these two terms cancel each other, so that 


ri, = g 


, (>9in, 

cV’ 


or, according to (86.4). 


, _ 1 dg d\n\'-g 

^ ki ^ -kF 

2g cx cx 


(86.5) 


It is useful to note also the expression for the quantity we have 

-/t/pi_^ kl im ^Glm ^9kl\ _ Ll^im f^Gmk ^ ^9kl\ 

9r,,--gg y— + —-—J.gg 

With the help of (86.4) this can be transformed to 


y ^ ki — — 


1 


( 86 . 6 ) 


\ -g dx^ 

For various calculations it is important to remember that the derivatives of the contra- 
variant tensor are related to the derivatives of gn^ by the relations 


Ik ^Qii 

9ii-^n= -g 


dx'" ex'” 

(which are obtained by differentiating the equality guG^’' = 5^). Finally we point out that the 
derivatives of g'^" can also be expressed in terms of the quantities Th. Namely, from the 
identity g'^. / = 0 it follows directly that 


dg'^ 

dx^ 




( 86 . 8 ) 


With the aid of the formulas which we have obtained we can put the expression for 
/t*.the generalized divergence of a vector in curvilinear coordinates, in convenient form. 
Using (86.5), we have 




r 


or, finally. 


^■■• = 7 


1 e{s'-gA‘) 


(86.9) 


v -i 


We can derive an analogous expression for the divergence of an antisymmetric tensor 
From (85.12), we have 
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But, since /4'"* = 


-r'/i‘’"=o. 


Substituting the expression (86.5) for r‘j, we obtain 


,, 1 d(^-gA‘^) 


( 86 . 10 ) 


Now suppose Aii^ is a symmetric tensor; we calculate the expression for its mixed 
components. We have 

Ak . T~k , I A k 1 S{A)\l-g) 

Ai;k -N Ik * IkAi A i/(Ai !— 1 ifiA i. 

ox CX 


The last term here is equal to 


I (ogu <'gki (^g,A .u 
2Ux‘'^^.v- dx' 


Because of the symmetry of the tensor /4‘', two of the terms in parentheses cancel each other, 
leaving 

Aik ^ o(\/ — gAi) I dg^i 


^i;k — / — 

\ -9 


( 86 . 11 ) 


In cartesian coordinates, dAJdx^ — dAJcx^ is an antisymmetric tensor. In curvilinear 
coordinates this tensor is Ai-.^-A^.^, However, with the help of the expression for A^.^ 
and since H/ = Tj^, we have 

Finally, we transform to curvilinear coordinates the sum of the second 

derivatives of a scalar </>. It is clear that in curvilinear coordinates this sum goes over into 
But </>., = d4>ldx\ since covariant differentiation of a scalar reduces to ordinary dif¬ 
ferentiation. Raising the index /, we have 

dd) 




and using formula (86.9), we find 


\l-g dx' 


a/ 


(86.13) 


It is important to note that Gauss’ theorem (83.17) for the transformation of the integral 
of a vector over a hypersurface into an integral over a four-volume can, in view of (86.9), be 
written as 


A'^-gdS,^ J 


(86.14) 


§ 87. Motion of a particle in a gravitational field 

The motion of a free material particle is determined in the special theory of relativity 
from the principle of least action, 

5S = —med ds = 0, (87.1) 
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according to which the particle moves so that its world line is an extremal between a given 
pair of world points, in our case a straight line (in ordinary three-dimensional space this 
corresponds to uniform rectilinear motion). 

The motion of a particle in a gravitational field is determined by the principle of least 
action in this same form (87.1), since the gravitational field is nothing but a change in the 
metric of space-time, manifesting itself only in a change in the expression for ds in terms of 
the dx\ Thus, in a gravitational field the particle moves so that its world point moves along 
an extremal or, as it is called, a geodesic line in the four-space x®, x^, x^ \ however, since 

in the presence of the gravitational field space-time is not galilean, this line is not a “straight 
line", and the real spatial motion of the particle is neither uniform nor rectilinear. 

Instead of starting once again directly from the principle of least action (sec the problem 
at the end of this section), it is simpler to obtain the equations of motion of a particle in a 
gravitational field by an appropriate generalization of the differential equations for the free 
motion of a particle in the special theory of relativity, i.e. in a galilean four-dimensional 
coordinate system. These equations are du'jds = 0 or du' = 0, where u' = dx'/ds is the four- 
velocity. Clearly, in curvilinear coordinates this equation is generalized to the equation 

Du* = 0. (87.2) 


From the expression (85.6) for the covariant differential of a vector, we have 

di/M-rLu'* = 0. 


Dividing this equation by ds, we have 


d^x^ . dx^ dx^ 
ds^ ds ds 


0 . 


(87.3) 


This is the required equation of motion. We see that the motion of a particle in a gravita¬ 
tional field is determined by the quantities Ti/. The derivative d^x^jds^ is the four-accelera¬ 
tion of the particle. Therefore we may call the quantity the “four-force", 

acting on the particle in the gravitational field. Here, the tensor gif, plays the role of the 
“potential" of the gravitational field—its derivatives determine the field “intensity" T^/.t 
In § 85 it was shown that by a suitable choice of the coordinate system one can always 
make all the r[i zero at an arbitrary point of space-time. We now see that the choice of such 
a locally-inertial system of reference means the elimination of the gravitational field in the 
given infinitesimal element of space-time, and the possibility of making such a choice is an 
expression of the principle of equivalence in the relativistic theory of gravitation. + 

As before, we define the four-momentum of a particle in a gravitational field as 


Its square is 


p* = mcu\ 

P;P' = m-c^. 


(87.4) 

(87.5) 


t We also give the form of the equations of motion expressed in terms of covariant components of the 
four-acceleration. From the condition — 0, we find 

_P .jk.A _ o 

--- —I k.uU u — u. 
ds 

Substituting for n.,, from (86.2), two of the terms cancel and v\e are left with 

dui 


^ „’‘u‘ =•- 0. 


ds 


?.v' 


I In the footnote on p. 241 we also noted the possibility of choosing a reference system which is “inertial 
along a given world line." In particular, if this line is the time axis (along which x\ .v^, = const), then 

the gravitational field will be eliminated for all times in the given spatial element. 
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Substituting —dSIdx* for /?,, we find the Hamilton-Jacobi equation for a particle in a 
gravitational field: 

.. dS dS O'} 

= (87.6) 

ex' ox’' 


The equation of a geodesic in the form (87.3) is not applicable to the propagation of a 
light signal, since along the world line of the propagation of a light ray the interval ds, as 
we know, is zero, so that all the terms in equation (87.3) become infinite. To get the equa¬ 
tions of motion in the form needed for this case, we use the fact that the direction of pro¬ 
pagation of a light ray in geometrical optics is determined by the wave vector tangent to the 
ray. We can therefore write the four-dimensional wave vector in the form = dx'jdX, 
where X is some parameter varying along the ray. In the special theory of relativity, in the 
propagation of light in vacuum the wave vector does not vary along the path, that is, 
dk' = 0 (see § 53). In a gravitational field this equation clearly goes over into Dk’ = 0 or 

die' 

—= o (87.7) 

(these equations also determine the parameter /).t 
The absolute square of the wave four-vector (see § 48) is zero, that is, 

kifc' = 0. (87.8) 


Substituting dij/ldx’ in place of A:, (ij/ is the eikonal), we find the eikonal equation in a gravita¬ 


tional field 


g 


ik ^ _ n 

dx‘ dx^ 


(87.9) 


In the limiting case of small velocities, the relativistic equations of motion of a particle 
in a gravitational field must go over into the corresponding non-relativistic equations. In 
this we must keep in mind that the assumption of small velocity'implies the requirement that 
the gravitational field itself be weak; if this were not so a particle located in it would acquire 
a high velocity. 

Let us examine how, in this limiting case, the metric tensor determining the field is 
related to the nonrelativistic potential 0 of the gravitational field. 

In nonrelativistic mechanics the motion of a particle in a gravitational field is determined 
by the Lagrangian (81.1). We now write it in the form 

L= + ^ (87.10) 

adding the constant This must be done so that the nonrelativistic Lagrangian in the 

absence of the field, L= + shall be the same exactly as that to which the 

corresponding relativistic function L = —mc^yj reduces in the limit as v/c -► 0. 

Consequently, the nonrelativistic action function 5 for a particle in a gravitational field 
has the form 



t Geodesics, along which ds=0, are said to be null or isotropic. 

I The potential ^ is, of course, defined only to within an arbitrary additive constant. We assume through¬ 
out that one makes the natural choice of this constant so that the potential vanishes far from the bodies 
producing the field. 
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Comparing this with the expression S= —mcjds, we see that in the limiting case under 
consideration 

..2 




Squaring and dropping terms which vanish for c oo, we find 

ds^ = (c^ + 2<j))dt^-dr^. 

where we have used the fact that \ dt = dr. 

Thus in the limiting case the component ^oo of metric tensor is 

- 1 ^ 

900 1 "h ^2 * 


(87.11) 


(87.12) 


As for the other components, from (87.11) it would follow that = ^o« = 0- 

Actually, however, the corrections to them are, generally speaking, of the same order of 
magnitude as the corrections to ^oo (for more detail, see § 106). The impossibility of deter¬ 
mining these corrections by the method given above is related to the fact that the corrections 
to the though of the same order of magnitude as the correction to ^oo» would give rise 
to terms in the Lagrangian of a higher order of smallness (because in the expression for ds^ 
the components are not multiplied by while this is the case for ^oo)- 


PROBLEM 

Derive the equation of motion (87.3) from the principle of least action (87.1). 
Solution: We have: 

Sds^ = Ids dds — S{gi}c dx^ dx^) == dx^ dx^ Sx^dx^ dSx^. 


Therefore 


6S 


‘ dx^ dgi„ dx^ dSx^\ 


C f 1 dx ‘, 

f f 1 dx‘ dx^ Sgtk j. , d / dx‘\ ^ ^ 

. j i,, _ _ „ j ^ 


(in integrating by parts, we use the fact that Sx^ = 0 at the limits). In the second term in the integral, 
we replace the index k by the index /. We then find, by equating to zero the coefficient of the arbitrary 
variation dx^: 

2 dx‘ ds^^" ^ 2 dx' ds ^ Sx^ 

Noting that the third term can be written as 

and introducing the Christoffel symbols r,.(v in accordance with (86.2), we have: 

du^ 

gti +r,.,fctt'«'‘ = 0. 

Equation (87.3) is obtained from this by raising the index /. 




248 PARTICLE IN A GRAVITATIONAL FIELD § 88 

§88. The constant gravitational field 

A gravitational field is said to be constant if one can choose a system of reference in which 
all the components of the metric tensor are independent of the time coordinate the 
latter is then called the world time. 

The choice of a world time is not completely unique. Thus, if we add to a'° an arbitrary 
function of the space coordinates, the will still not contain a'°; this transformation 
corresponds to the arbitrariness in the choice of the time origin at each point in space.f 
In addition, of course, the world time can be multiplied by an arbitrary constant, i.e. the 
units for measuring it are arbitrary. 

Strictly speaking, only the field produced by a single body can be constant. In a system of 
several bodies, their mutual gravitational attraction will give rise to motion, as a result of 
which the field produced by them cannot be constant. 

If the body producing the field is fixed (in the reference system in which the do not 
depend on a°), then both directions of time are equivalent. For a suitable choice of the time 
origin at all the points in space, the interval ds should in this case not be changed when we 
change the sign of a°, and therefore all the components of the metric tensor must be 
identically equal to zero. Such constant gravitational fields are said to be static. 

However, for the field produced by a body to be constant, it is not necessary for the body 
to be at rest. Thus the field of an axially symmetric body rotating uniformly about its axis 
will also be constant. However in this case the two time directions are no longer equivalent 
by any means—if the sign of the time is changed, the sign of the angular velocity is changed. 
Therefore in such constant gravitational fields (we shall call them stationary fields) the 
components of the metric tensor are in general different from zero. 

The meaning of the world time in a constant gravitational field is that an interval of world 
time between events at a certain point in space coincides with the interval of world time 
between slny other two events at any other point in space, if these events are respectively 
simultaneous (in the sense explained in § 84) with the first pair of events. But to the same 
interval of world time a° there correspond, at different points of space, different intervals 
of proper time t. 

The relation between world time and proper time, formula (84.1), can now be written in 
the form 

( 88 . 1 ) 


applicable to any finite time interval. 

If the gravitational field is weak, then we may use the approximate expression (87.12), 
and (88.1) gives 

T=^(l + ^). (88.2) 

t It is easy to see that under such a transformation the spatial metric, as expected, does not change. In 
fact, under the substitution 

t/(x\ x^) 

with an arbitrary function /(a:\ jc^, jc^), the components gm change to 

9aB goaf. af.B ^ 9oaf, B ^ Gopf, ai 

gOa~^ gOa^ goof.a’> 900 900-, 

where/a = This obviously does not change the tensor (84.7). 
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Thus proper time elapses the more slowly the smaller the gravitational potential at a given 
point in space, i.e., the larger its absolute value (later, in § 96, it will be shown that the poten¬ 
tial (p is negative). If one of two identical clocks is placed in a gravitational field for some 
time, the clock which has been in the field will thereafter appear to be slow. 

As was already indicated above, in a static gravitational field the components of ^he 
metric tensor are zero. According to the results of § 84, this means that in such a field 
synchronization of clocks is possible over all space. We note also that the element of spatial 
distance in a static field is simply: 

dl^ = dx^ dx^. ( 88 . 3 ) 

In a stationary field the difTerent from zero and the synchronization of clocks 

over all space is impossible. Since the do not depend on jc°, formula (84.14) for the dif¬ 
ference between the values of world time for two simultaneous events occurring at different 
points in space can be written in the form 


Ax® 


J 


9qo 


(88.4) 


for any two points on the line along which the synchronization of clocks is carried out. In 
the synchronization of clocks along a closed contour, the difference in the value of the world 
time which would be recorded upon returning to the starting point is equal to the integral 


Ax® 


I 


Qoqdx'' 

Qoo 


(88.5) 


taken along the closed contour.! 

Let us consider the propagation of a light ray in a constant gravitational field. We have 
seen in § 53 that the frequency of the light is the time derivative of the eikonal ip (with 
opposite sign). The frequency expressed in terms of the world time x®/c is therefore 
(Oq = —cidip/dx^). Since the eikonal equation (87.9) in a constant field does not contain x® 
explicitly, the frequency Oq remains constant during the propagation of the light ray. The 
frequency measured in terms of the proper time is (o = —(dipIdT); this frequency is different 
at different points of space. 

From the relation 

dip dip t}x® dip c 
'dr ~ dr ~ dx^ 

we have 


0 ) = 


(Op 

Qoo 


In a weak gravitational field we obtain from this, approximately, 


( 88 . 6 ) 


0 ) = COq 



(88.7) 


We see that the light frequency increases with increasing absolute value of the potential of 
the gravitational field, i.e. as we approach the bodies producing the field; conversely, as the 
light recedes from these bodies the frequency decreases. If a ray of light, emitted at a point 


t The integral (88.5) is identically zero if the sum gondx^lffoo is an exact differential of some function of 
the space coordinates. However, such a case would simply mean that we are actually dealing with a static 
field, and that all the go* could be made equal to zero by a transformation of the form (x*). 
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where the gravitational potential is (/>,, has (at that point) the frequency co, then upon 
arriving at a point where the potential is </) 2 , it will have a frequency (measured in units of 
the proper time at that point) equal to 


O) 






A line spectrum emitted by some atoms located, for example, on the sun, looks the same 
there as the spectrum emitted by the same atoms located on the earth would appear on it. 
If, however, we observe on the earth the spectrum emitted by the atoms located on the sun, 
then, as follows from what has been said above, its lines appear to be shifted with respect 
to the lines of the same spectrum emitted on the earth. Namely, each line with frequency oj 
will be shifted through the interval Ao given by the formula 

Act) = 0 ), (88.8) 

where (l>i and <^2 the potentials of the gravitational field at the points of emission and 
observation of the spectrum respectively. If we observe on the earth a spectrum emitted on 
the sun or the stars, then > 1021, and from (88.8) it follows that Aco < 0, i.e. the shift 
occurs in the direction of lower frequency. The phenomenon we have described is called the 
‘W shift 

The occurrence of this phenomenon can be explained directly on the basis of what has 
been said above about world time. Because the field is constant, the interval of world time 
during which a certain vibration in the light wave propagates from one given point of space 
to another is independent of x®. Therefore it is clear that the number of vibrations occurring 
in a unit interval of world time will be the same at all points along the ray. But to one and 
the same interval of world time there corresponds a larger and largef interval of proper time, 
the further away we are from the bodies producing the field. Consequently, the frequency, 
i.e. the number of vibrations per unit proper time, will decrease as the light recedes from these 
masses. 

During the motion of a particle in a constant field, its energy, defined as 

dS 


the derivative of the action with respect to the world time, is conserved; this follows, for 
example, from the fact that does not appear explicitly in the Hamilton-Jacobi equation. 
The energy defined in this way is the time component of the covariant four-vector of 
momentum = mcU|^ = mcgi^iu\ In a static field, ds^ = Qooidx^)^ — and we have for 
the energy, which we here denote by 


« 2 2 

So = mc^Qoo — = mc^goo 


dx^ 


ds 


We introduce the velocity 


Jgooidx^-dl^ 


dl cdl 
'Jgoodx° 


of the particle, measured in terms of the proper time, that is, by an observer located at the 
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(88.9) 


This is the quantity which is conserved during the motion of the particle. 

It is easy to show that the expression (88.9) remains valid also for a stationary field, if 
only the velocity v is measured in terms of the proper time, as determined by clocks syn¬ 
chronized along the trajectory of the particle. If the particle departs from point A at the 
moment of world time and arrives at the infinitesimally distant point B at the moment 
then to determine the velocity we must now take, not the time interval 
(x^+ dx^) — x^ = clx^, but rather the difference between x^-\-dx^ and the moment 
x^ — {goJgoo)dx^ which is simultaneous at the point B with the moment at the point A: 


(x° + rfx°)- (x°- dx^) = r/x°+ ^ dx\ 
\ Goo / Goo 


Multiplying by \ goolc, we obtain the corresponding interval of proper time, so that the 
velocity is 

c rfx* 

‘^* = -7TT7-;^-TT. (88.10) 




where we have introduced the notation 


I _ _ Goa 

— Goo^ ~ ■” 

Goo 


(88.11) 


for the three-dimensional vector g (which was already mentioned in § 84) and for the three- 
dimensional scalar ^oo- The covariant components of the velocity v form a three-dimen¬ 
sional vector in the space with metric and correspondingly the square of this vector is 
to be taken ast 

v^ = vy. ( 88 . 12 ) 

We note that with such a definition, the interval ds is expressed in terms of the velocity in 
the usual fashion: 

= goo (clx^f + 2goa dx^ dx^' + g^p dx^ 

= h{dx^ — g^ rfx*)^ — 


= h(dx^-g, dx^y 


(88.13) 


The components of the four-velocity 


. Jx* 
ds 


t In our further work we shall repeatedly introduce, in addition to four-vectors and four-tensors, three- 
dimensional vectors and tensors defined in the space with metric ‘/a^; in particular the vectors g and v, which 
we have already used, are of this type. Just as in four dimensions the tensor operations (in particular, raising 
and lowering of indices) are done using the metric tensor so, in three dimensions these are done using the 
tensor yag. To avoid misunderstandings that may arise, we shall denote three-dimensional quantities by 
symbols other than those used for four-dimensional quantities. 
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are 



1 


%'h 


J 



c 


+ 



(88.14) 


The energy is 


(fo = mc^g^iU' = mc^h(u°-g,u^). 


and after substituting (88.14), takes the form (88.9). 

In the limiting case of a weak gravitational field and low velocities, by substituting 
ffoo — 1 + (2<^/c^) in (88.9), we get approximately: 

tflV^ 

S’q = mc^ 4- + mcf), (88.15) 


where mcf) is the potential energy of the particle in the gravitational field, which is in agree¬ 
ment with the Lagrangian (87.10). 


PROBLEMS 


I. Determine the force acting on a particle in a constant gravitational field. 

Solution: For the components of which we need, we find the following expressions: 

2 

Fou (i/f D-y/)-^yijli 


( 1 ) 


= ^y + ^ [Mgf - g",) + g-Ag'ii - g-n)] + ^ gpgyh ". 

In these expressions all the tensor operations (covariant differentiation, raising and lowering of 
indices) are carried out in the three-dimensional space with metric >'«/», on the three-dimensional 
vector and the three-dimensional scalar h (88.11); ?.%y is the three-dimensional Christoflfel 
symbol, constructed from the components of the tensor in just the same way as F', is con¬ 
structed from the components of in the computations we use (84.9-12). 

Substituting (1) in the equation of motion 

^ = -r^(«“)' - 


and using the expression (88.14) for the components of the four-velocity, we find after some simple 
transformations: 



2h 


('-?) K'-^) K-?)' 


( 2 ) 


The force f acting on the particle is the derivative of its momentum p with respect to the (syn¬ 
chronized) proper time, as defined by the three-dimensional covariant differential: 


/« = c 



Dp^ 

ds 


= c 


\ ds 


mv° 





mv^v^ 
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From (2) we therefore have (for convenience we lower the index a): 


/a = 



— T— In V h + Vh 
cjc“ 


\dx° 


or, in the usual three-dimensional notation,t 



f = 



VA 



(curl g) 


(3) 


We note that if the body is at rest, then the force acting on it [the first term in (3)] has a potential. 
For low velocities of motion the second term in (3) has the form mcVA v x (curl g) analogous to 
the Coriolis force which would appear (in the absence of the field) in a coordinate system rotating 
with angular velocity 


n = ? V/jcurl g. 


2. Derive Fermat's principle for the propagation of a ray in a constant gravitational field. 
Solution: Fermat's principle (§ 53) states: 

where the integral is taken along the ray, and the integral must be expressed in terms of the frequency 
(•;o (which is constant along the ray) and the coordinate differentials. Noting that ko = — dif/lcx^ = 
(c'jo/c), we write: 

~ = ko = goik^ = gook^-hgoak^^ = h(k^-gak^). 
c 

Substituting this in the relation kik' = gikk'k^ = 0 , written in the form 

h(k^-gak^r-ya,k^k^ = 0, 


t In three-dimensional curvilinear coordinates, the unit antisymmetric tensor is defined as 


fhBy 


= V 


y 


rfBy ^ ^uBy^ 


where ^123 = — 1, and the sign changes under transposition of indices [compare (83.13-14)]. Accord¬ 

ingly the vector c = axb, defined as the vector dual to the antisymmetric tensor Cpy = agby—Oybuy has 
components: 


Conversely, 


Ca = J Vy e^ffy Vy eaoya^b\ c® = e^^'cny = by. 

2 Vy Vy 


CaB 


= V 




C-S = _L_ 
Vy 


In particular, curl a should be understood in this same sense as the vector dual to the tensor 
nB.a—Oa.B = {^^bI^ x"") — (Ba^ldx^), so that its contravariant components are 

I 


(curl a)“ =-:: e“' 

iVy 


_ daB\ 

J 


In this same connection we repeat that for the three-dimensional divergence of a vector [sec (86.9)]: 

div a = (Vy a«). 

Vy Sx“ 

To avoid misunderstandings when comparing with formulas frequently used for the three-dimensional 
vector operations in orthogonal curvilinear coordinates (see, for example, Electrodynamics of Continuous 
Media, appendix), we point out that in these formulas the components of the vectors are understood to be 
the quantities ^^gn VAiA^), V ^22 A^, A^. 
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Noting that the vector must have the direction of the vector dx", vve then find: 

cVh dl ' 


where dl (84.6) is the element of spatial distance along the ray. In order to obtain the expression for 
we write 


so that 


k" = = g'-^ko +g''‘‘k, = -g" — 

c 

+ -c[vj,dl 


Finally, multiplying by r/.v", we obtain Fermat’s principle in the form (dropping the constant factor 
(OqIc): 


In a static field, vve have simply: 


J 


We call attention to the fact that in a gravitational field the ray does not propagate along the 
shortest line in space, since the latter would be defined by the equation S j dl—0. 


§ 89. Rotation 

As a special case of a stationary gravitational field, let us consider a uniformly rotating 
reference system. To calculate the interval ds we carry out the transformation from a system 
at rest (inertial system) to the uniformly rotating one. In the coordinates r\ 4)\ z\ t of the 
system at rest (we use cylindrical coordinates r\ 0', z'), the interval has the form 

ds^ = dt^-dr'^-r'^ d(t>'^-dz'\ (89.1) 

Let the cylindrical coordinates in the rotating system be r, </>, z. If the axis of rotation 
coincides with the axes Z and Z\ then we have r' = r,z — z, (j)' = 0 + Q/, where Q is the 
angular velocity of rotation. Substituting in (89.1), we find the required expression for ds^ 
in the rotating system of reference: 

ds^ = dt^ — lQr^ d(j) dt — dz^ — r^ d(t)^ — dr^. (89.2) 

It is necessary to note that the rotating system of reference can be used only out to distances 
equal to c/Cl. In fact, from (89.2) we see that for r > cjSl, goo becomes negative, which is 
not admissible. The inapplicability of the rotating reference system at large distances is 
related to the fact that there the velocity would become greater than the velocity of light, 
and therefore such a system cannot be made up from real bodies. 

As in every stationary field, clocks on the rotating body cannot be uniquely synchronized 
at all points. Proceeding with the synchronization along any closed curve, we find, upon 
returning to the starting point, a time differing from the initial value by an amount [see 
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At 


c J goo J 


nr^d<l> 

* 2 


or, assuming that Qr/c 1 (i.e. that the velocity of the rotation is small compared with the 
velocity of light), 

2S1 


At 




r^d(t) = ±— 2 S, 


(89.3) 


where S is the projected area of the contour on a plane perpendicular to the axis of rotation 
(the sign + or — holding according as we traverse the contour in, or opposite to, the direc¬ 
tion of rotation). 

Let us assume that a ray of light propagates along a certain closed contour. Let us cal¬ 
culate to terms of order v/c the time t that elapses between the starting out of the light ray 
and its return to the initial point. The velocity of light, by definition, is always equal to c, 
if the times are synchronized along the given closed curve and if at each point we use the 
proper time. Since the difference between proper and world time is of order then 

in calculating the required time interval t to terms of order v/c this difference can be neglected. 
Therefore we have 

L 2fi ^ 

^ ± — 5, 

c c 


where L is the length of the contour. Corresponding to this, the velocity of light, measured 
as the ratio L/f, appears equal to 

c±2Slj. (89.4) 

JLf 

This formula, like the first approximation for the Doppler effect, can also be easily derived 
in a purely classical manner. 


PROBLEM 


Calculate the element of spatial distance in a rotating coordinate system. 
Solution: With the help of (84.6) and (84.7), we find 






which determines the spatial geometry in the rotating reference system. We note that the ratio of 
the circumference of a circle in the plane z = constant (with center on the axis of rotation) to its 
radius r is 

i.e. larger than In, 


§ 90. The equations of electrodynamics in the presence of a gravitational field 

The electromagnetic field equations of the special theory of relativity can be easily 
generalized so that they are applicable in an arbitrary four-dimensional curvilinear system 
of coordinates, i.e., in the presence of a gravitational field. 
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The electromagnetic field tensor in the special theory of relativity is defined as 
{dAJdx') — (dAildx^). Clearly it must now be defined correspondingly as 
because of (86.12), 


^ ik ^k;i~ 


oAf, 

dx* 


dAi 


(90.1) 


and therefore the relation of Fn, to the potential A^ does not change. Consequently the first 
pair of Maxwell equations (26.5) also does not change its formt 



dFu 

^ oFki 


^ k. 


vx‘ 

dx 

ex' 


0 . 


(90.2) 


In order to write the second pair of Maxwell equations, we must first determine the current 
four-vector in curvilinear coordinates. We do this in a fashion completely analogous to that 
which we followed in § 28. The spatial volume element, constructed on the space coordinate 
elements dx^clx^, and dx^, is \lydV, where y is the determinant of the spatial metric 
tensor (84.7) and dV = dx^ dx^ dx^ (see the footnote on p. 232). We introduce the charge 
density q according to the definition de = Q\y dV, where de is the charge located within 
the volume element vy dV. Multiplying this equation on both sides by dx\ we have: 


de dx* = Q dx^ \ y dx^ dx^ dx^ = 


-a dQ 


\ 9oo 


dx' 

(1^ 


[where we have used the formula —g — yc/oo (84.10)]. The product \ —gdQ is the in¬ 
variant element of four-volume, so that the current four-vector is defined by the expression 


Qc dx* 
900 


(90.3) 


(the quantities dx'jdx^ are the rates of change of the coordinates with the “time” and 
do not constitute a four-vector). The component of the current four-vector, multiplied 
by V goolc, is the spatial density of charge. 

For point charges the density q is expressed as a sum of ^-functions, as in formula (28.1). 
We must, however, correct the definition of these functions for the case of curvilinear co¬ 
ordinates. By (5(r) we shall again mean the product <5(x‘) <5 (a’^) ^(a*^), regardless of the 
geometrical meaning of the coordinates x\ x^, x^ ; then the integral over dV (and not over 
yJydV) is unity: ^ 5(r) dV = 1. With this same definition of the (5-functions, the charge 
density is 

(? = ^~d(r-rj, 
o \ y 

and the current four-vector is 

/ = (90.4) 

a \ —g 


Conservation of charge is expressed by the equation of continuity, which differs from 


t It is easily seen that the equation can also be written in the form 

F i;,; / - F r Fu:\ — 0, 


from which its covariance is obvious. 
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(29.4) only in replacement of the ordinary derivatives by covariant derivatives: 

f : i = -7^ (V ~g f) = 0 (90.5) 

V -g dx 

[using formula (86.9)]. 

The second pair of Maxwell equations (30.2) is generalized similarly; replacing the 
ordinary derivatives by covariant derivatives, we find: 

F^,, = - L. ^ (s/~g F‘) = - -•/ (90.6) 

[using formula (86.10)]. 

Finally the equations of motion of a charged particle in gravitational and electromagnetic 
fields is obtained by replacing the four-acceleration du'Ids in (23.4) by Du'jds: 

inc^ = me + ri,u‘u') =-F'\. (90.7) 

ds \ds / c 


PROBLEM 


Write the Maxwell equations in a given gravitational field in three-dimensional form (in the 
three-dimensional space with metric ;„/?), introducing the three-vectors E, D and the antisymmetric 
three-tensors jBu/? and Hc^o according to the definitions: 



/)“= -Vffoo 


^afi — FaPy 


( 1 ) 


Solution: The quantities introduced above are not independent. Writing out the equations 

Foa = got gum - g^V'^F,^, 

and introducing the three-dimensional metric tensor -/„/» = ~guii-\-hgugii [with g and h from (88.11)], 
and using formulas (84.9) and 84.12), we get: 

£■'" = —°1 ( 2 ) 
vh vh 


We introduce the vectors B and H, dual to the tensors Bup and //„/?, in accordance with the definition: 








(3) 


(see the footnote on p. 252; the minus sign is introduced so that in galilean coordinates the vector: 
H and B coincide with the ordinary magnetic field intensity). Then (2) can be written in the forms 

D = -^+Hxg, B=”-+gxE. (4) 

y/h Vh 


Introducing definition (1) in (90.2), we get the equations: 

cBab , ^Bya ^ ^Buy _ 

cx^ dx^ ' dx° 

^Ba p _ 

dx° dx^ ^ ~ ’ 


1 0 /- 

curl E =-- (V y B) 

cv/y 


or, changing to the dual quantities (3): 

div B = 0, 


(5) 
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(x° = ct ; the definitions of the operations div and curl are given in the footnote on p. 252). Similarly 
we find from (90.6) the equations 


1 a 
Vy dx^ 


(V'yD^) = 4ito, 


J_ 

Vy Sx‘ 


— 13 


or, in three-dimensional notation: 


div D = 4nQ, curl H = -^ - (Vy D) + ^ s, (6) 

cVy St c 

where s is the vector with components s° = q dx^ldt. 

We also write the continuity equation (90.5) in three-dimensional form: 

4---(V'y(?) + divs = 0. (7) 

V y dt 

The reader should note the analogy (purely formal, of course) of equations (5) and (6) to the 
Maxwell equations for the electromagnetic field in material media. In particular, in a static gravita¬ 
tional field the quantity Vy drops out of the terms containing time derivatives, and relation (4) 
reduces to D = ElVlT, B = H/VX We may say that with respect to its effect on the electromagnetic 
field a static gravitational field plays the role of a medium with electric and magnetic permeabilities 
s = U = 1/vX 
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THE GRAVITATIONAL FIELD EQUATIONS 


§91. The curvature tensor 

Let us go back once more to the concept of parallel displacement of a vector. As we said 
in § 85, in the general case of a curved four-space, the infinitesimal parallel displacement of a 
vector is defined as a displacement in which the components of the vector are not changed in 
a system of coordinates which is galilean in the given infinitesimal volume element. 

If y = is the parametric equation of a certain curve (s is the arc length measured 
from some point), then the vector = dx'/ds is a unit vector tangent to the curve. If the 
curve we are considering is a geodesic, then along it Du^ = 0. This means that if the vector 
z/‘ is subjected to a parallel displacement from a point x' on a geodesic curve to the point 
x' + dx' on the same curve, then it coincides with the vector tangent to the curve at 

the point Thus when the tangent to a geodesic moves along the curve, it is displaced 

parallel to itself. 

On the other hand, during the parallel displacement of two vectors, the “angle" between 
them clearly remains unchanged. Therefore we may say that during the parallel displace¬ 
ment of any vector along a geodesic curve, the angle between the vector and the tangent 
to the geodesic remains unchanged. In other words, during the parallel displacement of a 
vector, its component along the geodesic must be the same at all points of the path. 

Now the very important result appears that in a curved space the parallel displacement of 
a vector from one given point to another gives different results if the displacement is carried 
out over difierent paths. In particular, it follows from this that if we displace a vector parallel 
to itself along some closed contour, then upon returning to the starting point, it will not 
coincide with its original value. 

In order to make this clear, let us consider a curved two-dimensional space, i.e., any 
curved surface. Figure 19 shows a portion of such a surface, bounded by three geodesic 
curves. Let us subject the vector 1 to a parallel displacement along the contour made up of 
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these three curves. In moving along the line AB, the vector 1, always retaining its angle with 
the curve unchanged, goes over into the vector 2. In the same way, on moving along BC 
it goes over into 3. Finally, on moving from C to A along the curve CA, maintaining a 
constant angle with this curve, the vector under consideration goes over into T, not co¬ 
inciding with the vector 1. 

We derive the general formula for the change in a vector after parallel displacement 
around any infinitesimal closed contour. This change AA,, can clearly be written in the form 
^ SA,^, where the integral is taken over the given contour. Substituting in place of SA^ the 
expression (85.5), we have 

AA, = fri,/l,dx' (91.1) 

(the vector /I, which appears in the integrand changes as we move along the contour). 

For the further transformation of this integral, we must note the following. The values of 
the vector Aj at points inside the contour are not unique; they depend on the path along 
which we approach the particular point. However, as we shall see from the result obtained 
below, this non-uniqueness is related to terms of second order. We may therefore, with the 
first-order accuracy which is sufficient for the transformation, regard the components of the 
vector Ai at points inside the infinitesimal contour as being uniquely determined by their 
values on the contour itself by the formulas SA^ = r-iA„dx\ i.e., by the derivatives 


dA, 




(91.2) 


Now applying Stokes’ theorem (6.19) to the integral (91.1) and considering that the area 
enclosed by the contour has the infinitesimal value A/'"’, we get: 


^ 

2 

_ 1 
~2 


^(^LAi) o(ri,,Ai) 


ox 

srL 


ox 


A/" 


dx‘ ' dx” ‘"'Ox' ‘‘ax'” 


Substituting the values of the derivatives (91.2), we get finally: 

A/1* = iRL.AiAf'"’, 

where R\,„ is a tensor of the fourth rank: 


R Itin, - 


^ri 


km 


dx' 


dx” 


-L r* r" — r* r" • 

^ nl ^ km ^ nm ^ kl 


Af" 


(91.3) 


(91.4) 


That R\,„ is a tensor is clear from the fact that in (91.3) the left side is a vector —the dif¬ 
ference AAf^ between the values of vectors at one and the same point. The tensor R\i^ is 
called the curvature tensor or the Riemann tensor. 

It is easy to obtain a similar formula for a contravariant vector A*". To do this we note, 
since under parallel displacement a scalar does not change, that A(A‘'B,^) = 0, where Bf^ is 
any covariant vector. With the help of (91.3), we then have 

A(A‘‘B0 = A'‘ABk + B,AA'‘ = + = 

= B*(A> 1 ‘ + i/l■«^,„A/"”) = 0 , 


or, in view of the arbitrariness of the vector B*, 

A/l* = - if?‘„™/l'A/'” 


(91.5) 
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If we twice differentiate a vector Ai covariantly with respect to x* and x\ then the result 
generally depends on the order of differentiation, contrary to the situation for ordinary 
differentiation. It turns out that the difference Ai.^ i — Ai.i. j, is given by the same curvature 
tensor which we introduced above. Namely, one finds the formula 

“ A,j,, = (91.6) 

which is easily verified by direct calculation in the locally-geodesic coordinate system 
Similarly, for a contravariant vector,t 

A\k;i - (91.7) 

Finally, it is easy to obtain similar formulas for the second derivatives of tensors [this is 
done most easily by considering, for example, a tensor of the form AiB^, and using formulas 
(91.6) and (91.7); because of the linearity, the formulas thus obtained must be valid for an 
arbitrary tensor Thus 

^ik;l;n. “ = Ai„R\,^ + A„,R^,i^, (91.8) 

Clearly, in a flat space the curvature tensor is zero, for, in a flat space, we can choose 
coordinates such that over all the space ail the Fi; = 0, and therefore also R\i^ = 0. Because 
of the tensor character of R‘i.i,„ it is then equal to zero also in any other coordinate system. 
This is related to the fact that in a flat space parallel displacement is a single-valued operation, 
so that in making a circuit of a closed contour a vector does not change. 

The converse theorem is also valid: if R\if„ = 0, then the space is flat. Namely, in any 
space we can choose a coordinate system which is galilean over a given infinitesimal region. 
If = 0, then parallel displacement is a unique operation, and then by a parallel 
displacement of the galilean system from the given infinitesimal region lo all the rest of the 
space, we can construct a galilean system over the whole space, which proves that the space 
is Euclidean. 

Thus the vanishing or nonvanishing of the curvature tensor is a criterion which enables 
us to determine whether a space is flat or curved. 

We note that although in a curved space we can also choose a coordinate system which 
will be locally geodesic at a given point, at the same time the curvature tensor at this same 
point does not go to zero (since the derivatives of the Th do not become zero along with 
the ri/). 


PROBLEMS 

1. Determine the relative four-acceleration of two particles moving along infinitely close geodesic 
world lines. 

Solution: Consider a family of geodesics differing in the value of some parameter v; in other 
words, the coordinates of the world point are expressed as functions ^ x' ( 5 , v), so that for each 
V -= const, this is the equation of a geodesic (where s is the length of interval measured along the 
line from its point of intersection with some given hypersurface). We introduce the four-vector 

/y ^ dv~rni\ 

dv 


t Formula (91.7) can also be obtained directly from (91.6) by raising the index / and using the symmetry 
properties of the tensor (v^ 92). 
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joining points on infinitely close geodesics (corresponding to parameter values v and v+dv) that 
have the same value of a. 

From the definition of a covariant derivative and the equality du'/dv == dv/ds (where u = 
= dx'Ids), it follows that 

( 1 ) 

Now consider the second derivative: 

=(v\uu'').iu = = u.k.tv*"u‘ 

as* 

Wc use (1) again in the second term, and change the order of covariant differentiation in the first 
term using (91.7), Rnd find: 

/)2y' 

He* * * 


The first term is zero, since w'./w' = 0 along geodesics. Introducing the constant factor Sv, we get 
the final equation: 


ds^ 


R u rj , 


( 2 ) 


which is called the geodesic deviation. 


2. Write the Maxwell equations in the absence of charges for the 4-potential in the Lorentz gauge. 
Solution: The covariant generalization of the condition (46.9) has the form: 

^;, = 0 . ( 1 ) 

Using formula (91.7) the Maxwell equations can be written as 

+ A"'R^- = 0 

with from (92.6). Then from Eq. (1): 

= 0 . ( 2 ) 


§ 92. Properties of the curvature tensor 


The curvature tensor has symmetry properties which can be made completely apparent 
by changing from mixed components R\i„ to covariant ones: 


^iklm ~ dhJ^Um' 

By means of simple transformations it is easy to obtain the following expression: 

'*“■ - Kfe + If? - If? - fe) («.,) 

From this expression one sees immediately the following symmetry properties: 

^iUm = ^ ^ikml (92.2) 

^iklm = ^lmik3 (92.3) 


i.e. the tensor is antisymmetric in each of the index pairs /, k and /, m, and is symmetric 
under the interchange of the two pairs with one another. In particular, all components 
^ikimy i*' which i = k or I == m, are zero. 
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One also verifies that the cyclic sum of components of formed by permutation of 
any three indices, is equal to zero; e.g.. 


^ilmk “ 


(92.4) 


[The other relations of this type are obtained from (92.4) automatically, because of the 
properties (92.2-3).] 

Finally, we also prove the Bianchi identity: 

xkhm + imkj + ilm-M “ ( 92 . 5 ) 

It is most conveniently verified by using a locally-geodesic coordinate system. Because of 
its tensor character, the relation (92.5) will then be valid in any other system. Differentiating 
(91.4) and then substituting in it = 0, we find for the point under consideration 

Rn 

ox"* dx'^dx^ dx”*dx^' 

With the aid of this expression it is easy to verify that (92.5) actually holds. 

From the curvature tensor we can, by contraction, construct a tensor of the second rank. 
This contraction can be carried out in only one way: contraction of the tensor on the 
indices / and k or / and m gives zero because of the antisymmetry in these indices, while 
contraction on any other pair always gives the same result, except for sign. We define the 
tensor Rif^ (the Ricci tensor) ast 


^ik 

(92.6) 

According to (91.4), we have: 



(92.7) 

This tensor is clearly symmetric: 


^ik ^ ^kV 

(92.8) 

Finally, contracting /?,/-, wc obtain the invariant 


= 9^%k = gV^Rikim. 

(92.9) 


which is called the scalar curvature of the space. 

The components of the tensor R^. satisfy a differential identity obtained by contracting 
the Bianchi identity (92.5) on the pairs of indices ik and In: 


R^ 




1 

2 cx"‘‘ 


(92.10) 


Because of the relations (92.2-4) not all the components of the curvature tensor are 
independent. Let us determine the number of independent components. 

The definition of the curvature tensor as given by the formulas written above applies to 
a space of an arbitrary number of dimensions. Let us first consider the case of two dimen¬ 
sions, i.e. an ordinary surface; in this case (to distinguish them from four-dimensional 
quantities) we denote the curvature tensor by and the metric tensor by where the 

indices a,b _run through the values I, 2. Since in each of the pairs ab and cd the two 

indices must have different values, it is obvious that all the non-vanishing components of 


t In the literature one also finds another definition of the tensor /?i<c, using contraction of Rmn on the first 
and last indices. This definition differs in sign from the one used here. 
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the curvature tensor coincide or differ in sign. Thus in this case there is only one independent 
component, for example Pum' is easily found that the scalar curvature is 

P=Ellll, y = \y,,\=yny22-(y,2)^- (92.11) 

y 

The quantity Pjl coincides with the Gaussian curvature K of the surface: 

P 1 

=- (92.12) 

2 ^ 1^2 

where the Q 2 are the principal radii of curvature of the surface at the particular point 
(remember that and ^2 assumed to have the same sign if the corresponding centers 
of curvature are on one side of the surface, and opposite signs if the centers of curvature 
lie on opposite sides of the surface; in the first case A'> 0, while in the second K < O.t 
Next we consider the curvature tensor in three-dimensional space; we denote it by 
and the metric tensor by where the indices a, /? run through values 1, 2, 3. The index 
pairs ap and yS run through three essentially different sets of values: 23, 31, and 12 (per¬ 
mutation of indices in a pair merely changes the sign of the tensor component). Since the 
tensor is symmetric under interchange of these pairs, there are all together 3-2/2 
independent components with different pairs of indices, and three components with 
identical pairs. The identity (92.4) adds no new restrictions. Thus, in three-dimensional 
space the curvature tensor has six independent components. The symmetric tensor 
has the same number. Thus, from the linear relations ^aB — PycLdfi all the components 

of the tensor Pa/?ya can be expressed in terms of and the metric tensor (see problem 
1). If we choose a system of coordinates that is cartesian at the particular point, then by a 
suitable rotation we can bring the tensor to principal axes.J Thus the curvature tensor 
of a three-dimensional space at a given point is determined by three quantities.§ 

Finally we go to four-dimensional space. The pairs of indices ik and Ini in this case run 
through six different sets of values: 01, 02, 03, 23, 31, 12. Thus there arc six components 
of with identical, and 6*5/2 with difterent, pairs of indices. The latter, however, are 
still not independent of one another; the three components for which all four indices are 
different are related, because of (92.4), by the identity: 

^01 23 ^03 1 2 + ^023 ! “ (92.13) 

Thus, in four-space the curvature tensor has a total of twenty independent components. 


t Formula (92.12) is easy to get by writing the equation of the surface in the vicinity of the given point 
(jc = y = 0) in the form z = (x^IIqx) -f (y 72 ^ 2 )- 
Then the square of the line element on it is 


(1 I- ( 

I r^) 

V QV \ 

qV 


dy^ f 2 dx dy. 
Q\ Q2 


Calculation of P 1212 at the point at — y = 0 using formula (92.1) (in which only terms with second derivatives 
of the Yafi are needed) leads to (92.12). 

t For the actual determination of the principal values of the tensor P„b there is no need to transform to a 
coordinate system that is cartesian at the given point. These values can be found by determining the roots k 
of the equation \Pafi-kyaB\ = 0. 

§ Knowledge of the tensor Papy^ enables us to determine the Gaussian curvature K of an arbitrary surface 
in the space. Here we note only that if the .\^ a*^, a® arc an orthogonal coordinate system, then 

JC — ^ 

/'ll /'22~(yi2)^ 

is the Gaussian curvature for the “plane” perpendicular (at the given point) to the .v^ axis; by a “plane” 
we mean a surface formed by geodesic lines. 
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By choosing a coordinate system that is galilcan at the given point and considering the 
transformations that rotate this system (so that the at the point are not changed), one 
can achieve the vanishing of six of the components of the curvature tensor (since there are 
six independent rotations of a four-dimensional coordinate system). Thus, in the general 
case the curvature of four-space is determined at each point by fourteen quantities. 

If Rik = 0,t then the curvature tensor has a total of ten independent components in an 
arbitrary coordinate system. By a suitable transformation we can then bring the tensor 
^ikim (at the given point of four-space) to a “canonicar' form, in which its components are 
expressed in general in terms of four independent quantities; in special cases this number may 
be even smaller. 

If, however, 7?,^ # 0, then the same classification can be used for the curvature tensor 
after one has subtracted from it a particular part that is expressible in terms of the 
components Ri^. Namely, we construct the tensorf 

^ iklm ~ ^iklm 9 km~^ kl 2^kl U im 1 ^km9 il il 9 km 9im9kl)’ (92.14) 

It is easy to see that this tensor has all the symmetry properties of the tensor Riki„t, but 
vanishes when contracted on a pair of indices (// or km). 

Let us show how one classifies the possible types of canonical forms of the curvature 
tensor when 7?,^ = 0. (/I. Z. Petrov, 1950). 

We shall assume that the metric at the given point in four-dimensional space has been 
brought to galilean form. We write the set of twenty independent componejits of the tensor 
as a collection of three-dimensional tensors defined as follows; 

^a/J ^^ayd^OPyd (92.15) 

{e^P: is the unit antisymmetric tensor; since the three-dimensional metric is cartesian, 
there is no need to deal with the difference between upper and lower indices in the summa¬ 
tion). The tensors A^p and C^p are symmetric by definition; the tensor B^p is asymmetric, 
while its trace is zero because of (92.13). According to the definitions (92.15) we have, 
for example, 

Bx\—Rom^ -^21 == -^0131» ^31 ”^01129 Ql = ^23239* •• 

It is easy to see that the conditions R^^„^ = 9"KMm = 0 are equivalent to the following 
relations between the components of the tensors (92.15): 

= 0. B., = = -Q,. (92.16) 

We also introduce the symmetric complex tensor 

^aP ” ^^^aP~ ^ap) ~ ^aP"^ ^^ap' (92.17) 

This combining of the two real three-dimensional tensors A^p and B^p into one complex 
tensor corresponds precisely to the combination (in § 25) of the two vectors E and H into 
the complex vector F, while the resulting relation between D^^p and the four-tensor Ri,^i„ 

fWe shall see later (§95) that the curvature tensor fori the gravitational fiel(j in vacuum has this property, 
t This complicateij expression can be written more compactly in the form: 

Ciiiim == Riklm — Rinffk]m'\' Rm[iffk]l \ iPffluffkJm-, 

where the square brackets imply antisymmetrization over the indices contained in them: 

A[ik} = h(Atu~ Aki). 

The tensor (92.14) is called the H^eyl tensor. 
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corresponds to the relation between F and the four-tensor Fn^. It then follows that four¬ 
dimensional transformations of the tensor /?,*,„ are equivalent to three-dimensional 
complex rotations carried out on the tensor 
With respect to these rotations one can define eigenvalues k = A' + zA" and eigenvectors 
(complex, in general) as solutions of the system of equations 

= kn^, (92.18) 

The quantities / are the invariants of the curvature tensor. Since the trace = 0, the 
sum of the roots of equation (4) is zero: 

+ ^ 0 . 

Depending on the number of independent eigenvectors w,, we arrive at the following 
classification of possible cases of reduction of the curvature tensor to the catwnical Petrov 
types Mil. 

(I) There are three independent eigenvectors. Then their squares are different from 
zero and by a suitable rotation we can bring the tensor and with it A^p and B^p, to 
diagonal form: 

0 ^ \ 0 ^ \ 

0 0 ), B., = ( 0 0 ). (92.19) 

0 0 0 0 


In this case the curvature tensor has four independent invariants.f 
The complex invariants are expressed algebraically in terms of the complex 

scalars 


48 

where the asterisk over a symbol denotes the dual tensor: 


(92.20) 


^iklm — 

Calculating /j and 1 2 using (92.19), we obtain: 

= ^(;n)2 + ;U)2^;^(3)2)^ ^ + (92.21) 

These formulas enable us to calculate starting from the values of in any 

reference system. 

(II) There are two independent eigenvectors. The square of one of them is then equal 
to zero, so that it cannot be chosen as the direction of one of the coordinate axes. One can, 
however, take it to lie in the x\ plane; then n 2 = />2i, = 0. The corresponding 

equations (92.18) give: 

Dll + / ^12 = ^22”* ^12 = 

so that 

Dll ” ^22 ” ^12 ” 


t The degenerate case when = A^*^^ is called type D in the literature. 
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The complex quantity A = A' 4- iA" is a scalar and cannot be changed. But the quantity 
can be given any nonzero value by a suitable complex rotation; we can therefore, without 
loss of generality, assume it to be real. As a result we get the following canonical type 
for the real tensors and : 

( A' /i 0 \ 0 0 \ 

M 0 ), = I 0 A" + /i 0 ). (92.22) 

0 0 -2A7 \ 0 0 -2A7 

In this case there are just two invariants A' and A". Then, in accordance with (92.22), 
/j = A^ I 2 = so that /f = II 

(111) There is just one eigenvector, and its square is zero. All the eigenvalues A are then 
identical and consequently equal to zero. The solutions of equations (92.18) can be brought 


to the form D,, = D 22 = ^12 = 

0 , 

^,3 

= //. £>2 3 = />, 

so 

that 



0 



0 



( 0 

0 

0) 

. B,, = l0 

0 


(92.23) 


0 

0 / 

\o 


0 / 



In this case the curvature tensor has no invariants at all and we have a peculiar situation: 
the four-space is curved, but there are no invariants which could be used as a measure of 
its curvature, t 


PROBLEMS 


1. Express the curvature tensor Pun,6 of three-dimensional space in terms of the second-rank 
tensor Pan. 

Solution: We look for Pan,6 in the form 

Pan yd ^ A a , )'n d Aad /n A nd y a , A n r /’i dy 

which satisfies the symmetry conditions; here Aan is some symmetric tensor whose relation to Pan 
is determined by contracting the expression we have written on the indices a and y. We thus find: 

Pan ^ Ayan~i~ Aan* Aan^Pan \Pyani 

and finally, 

p 

Panyn = Payynd-Pan y ny-\-P ndyay^P nyyan^- ^ y^y-y^y X^d). 

2. Calculate the components of the tensors RxMm and Ri}c for a metric in which gi)c = 0 for i # k. 
Solution: We represent the nonzero components of the metric tensor in the form 

gii = eie^^\ eo = U ea=-l. 

The calculation according to formula (92.4) gives the following expressions for the nonzero com¬ 
ponents of the curvature tensor: 

Riiik = ei [F |.kPk 1 +Pi,kPi,i-Pi,iPi,k—Pi,t, ii^k^l\ 

Riiii = e, (Pi, iPi,i- PI i-Pi, i, i) + e, e^^KPi ,, F,., -F?. 1 -F.,,) - 

i; ei- ^”^^Pi, m Pi, mJ¥^l 

m^i, I 

(no summation over repeated indices!). The subscripts preceded by a conuna denote ordinary 
differentiation with respect to the corresponding coordinate. 

Contracting the curvature tensor on two indices, we obtain: 


Rik ^ S (Pi,kPk,i'hPi,kPl,i-^Pi,iPi,k’~~Pl,t,k)i i ^ k; 

l^i,k 

Rii^ ^lPi,iPi,i-P!^,i-Pi,i,i + eieie^<^*-^^XPuPi,i-P^,i-Pi,u-Pi,t E P„x.i)l 

t^i m#I.I 

t The same situation occurs in the degenerate case (II) when A' •= A" =0; this case is called type N. 
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§ 93. The action function for the gravitational field 

To arrive at the equations determining the gravitational field, it is necessary first to 
determine the action Sg for this field. The required equations can then be obtained by varying 
the sum of the actions of field plus material particles. 

Just as for the electromagnetic field, the action Sg must be expressed in terms of a scalar 
integral J Gy/ — g dQ, taken over all space and over the time coordinate x® between two 
given values. To determine this scalar we shall start from the fact that the equations of the 
gravitational field must contain derivatives of the “potentials” no higher than the second 
(just as is the case for the electromagnetic field). Since the field equations are obtained by 
varying the action, it is necessary that the integrand G contain derivatives gn^ no higher 
than first order; thus G must contain only the tensor go, and the quantities Vh. 

However, it is impossible to construct an invariant from the quantities gn^ and alone. 
This is immediately clear from the fact that by a suitable choice of coordinate system we can 
always make all the quantities zero at a given point. There is, however, the scalar R 
(the curvature of the four-space), which though it contains in addition to the gn^ and its 
first derivatives also the second derivatives of gn^, is linear in the second derivatives. Because 
of this linearity, the invariant integral j R\^ — g dQ can be transformed by means of Gauss’ 
theorem to the integral of an expression not containing the second derivatives. Namely, 
J R\' — ^ dQ can be presented in the form 

J da = j da+ J dn, 

where G contains only the tensor gn^ and its first derivatives, and the integrand of the second 
integral has the form of a divergence of a certain quantity (the detailed calculation is 
given at the end of this section). According to Gauss’ theorem, this second integral can be 
transformed into an integral over a hypersurface surrounding the four-volume over which 
the integration is carried out in the other two integrals. When we vary the action, the 
variation of the second term on the right vanishes, since in the principle of least action, the 
variations of the field at the limits of the region of integration are zero. Consequently, we 
may write 

5 J dCl = S j Gv^ dCl. 

The left side is a scalar; therefore the expression on the right is also a scalar (the quantity G 
itself is, of course, not a scalar). 

The quantity G satisfies the condition imposed above, since it contains only the gn^ and 
its derivatives. Thus we may write 

where k is a new universal constant. Just as was done for the action of the electromagnetic 
field in § 27, we can see that the constant k must be positive (see the end of this section). 

The constant k is called the gravitational constant. The dimensions of k follow from (93.1). 
The action has dimensions gm-cm^-sec“^; all the coordinates have the dimensions cm, 
the go, are dimensionless, and so R has dimensions cm“^. As a result, we find that k has 
the dimensions cm^-gm“^-sec“^. Its numerical value is 

k = 6.67 X 10"^ cm^-gm“ ^-sec~". 


(93.2) 
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We note that we could have set k equal to unity (or any other dimensionless constant). 
However, this would fix the unit of mass.f 

Finally, let us calculate the quantity G of (93.1). From the expression (92.10) for we 
have 


-g R = ^ -g g^^ = 


- a J ^ -i - n'^ 1“^ F"* — F^ 

9 yf 9 9 


In the first two terms on the right, we have 




( A t'.\ OX 


v'~‘ 


s'~ = — (v'-g g'*r!,)-r;,'^(v/-g g‘''). 


Dropping the total derivatives, we find 


Vc = r™ I, (v^ g'‘)-n* (s^g 0'‘)-(r,7rL-r',. rTJg\^g. 


With the aid of formulas (86.5)-(86.8), we find that the first two terms on the right are 
equal to V-g multiplied by 


2n* rLg™* - r™. r[,g'‘> - = g‘\2r'„, r,7- r;; rj, - rj, rrj 


Finally, we have 


= 2^‘*(F,7rL-n,Fr:,). 


c = ^/‘\rsTL-n,Frj. 


(93.3) 


The components of the metric tensor are the quantities which determine the gravitational 
field. Therefore in the principle of least action for the gravitational field it is the quantities 
gii^ which are subjected to variation. However, it is necessary here to make the following 
fundamental reservation. Namely, we cannot claim now that in an actually realizable field 
the action integral has a minimum (and not just an extremum) with respect to all possible 
variations of the go,. This is related to the fact that not every change in the is associated 
with a change in the space-time metric, i.e. with a real change in the gravitational field. 
The components gn^ also change under a simple transformation of coordinates connected 
merely with the shift from one system to another in one and the same space-time. Each such 
coordinate transformation is generally an aggregate of four independent transformations. 
In order to exclude such changes in g^|^ which are not associated with a change in the metric, 
we can impose four auxiliary conditions and require the fulfillment of these conditions under 
the variation. Thus, when the principle of least action is applied to a gravitational field, we 


i If tme sets k = the mass is measured in cm, where 1 cm = 1.35 x 10^® gm. Sometimes one uses in 
place of k the quantity 

X = 1.86x10-” cmgm-'. 


which is called the Einstein gravitational constant. 
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can assert only that we can impose auxiliary conditions on the such that when they are 
fulfilled the action has a minimum with respect to variations of the 
Keeping these remarks in mind, we now show that the gravitational constant must be 
positive. As the four auxiliary conditions mentioned, we use the vanishing of the three 
components ^o«» Ihe constancy of the determinant made up from the components 

00 . = 0 , = const; 

from the last of these conditions we have 

a0 _^ I I ^ 

^ dx^~ dx^ 

We are here interested in those terms in the integrand of the expression for the action which 
contain derivatives of with respect to x® (cf. p. 68 ). A simple calculation using (93.3) 
shows that these terms in (7 are 

- - 

It is easy to see that this quantity is essentially negative. Namely, choosing a spatial system 
of coordinates which is cartesian at a given point at a given moment of time (so that 
we obtain: 



and, since = l/^oo > 0 , the sign of the quantity is obvious. 

By a sufficiently rapid change of the components with the time x® (within the time 
interval between the limits of integration of x°) the quantity G can consequently be made 
as large as one likes. If the constant k were negative, the action would then decrease without 
limit (taking on negative values of arbitrarily large absolute magnitude), that is, there could 
be no minimum. 


§ 94. The energy-momentum tensor 

In § 32 the general rule was given for calculating the energy-momentum tensor of any 
physical system whose action is given in the form of an integral (32.1) over four-space. In 
curvilinear coordinates this integral must be written in the form 

S = ^Ax/^rf£l (94.1) 

(in galilean coordinates g = -1, and S goes over into j A rfK dt). The integration extends 
over all the three-dimensional space and over the time between two given moments, i.e., over 
the infinite region of four-space contained between two hypersurfaces. 

As already discussed in § 32, the energy-momentum tensor, calculated from the formula 
(32.5), is generally not symmetric, as it should be. In order to symmetrize it, we had lo add 

t We must emphasize, however, that everything we have said has no effect on the derivation of the field 
equations from the principle of least action (§ 95). These equations are already obtained as a result of the 
requirement that the action be an extremum (i.e., vanishing of the first derivative), and not necessarily a 
minimum. Therefore in deriving them we can vary all of the gitc independently. 
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to (32.5) suitable terms of the form where We shall now give 

another method of calculating the energy-momentum tensor which has the advantage of 
leading at once to the correct expression. 

In (94.1) we carry out a transformation from the coordinates to the coordinates 
A*'* = + where the arc small quantities. Under this transformation the are trans¬ 

formed according to the formulas: 








cx 


ex 


Here the tensor g"^ is a function of the while the tensor g'^ is a function of the original 
coordinates In order to represent all terms as functions of one and the same variables, we 
expand g"\x^^-^^) in powers of Furthermore, if we neglect terms of higher order in (J*, 
we can in all terms containing replace g'^^ by g'^. Thus we find 


g''‘\x') = ^ + 0 *' 


dx'' 


It is easy to verify by direct trial that the last three terms on the right can be written as a 
sum + ‘ of contravariant derivatives of the Thus we finally obtain the transforma¬ 

tion of the in the form 


For the covariant components, we have: 

§gik ^ + 

(94.2) 

9'ik = 

^(^ik ~ S»i; k ^k; i 

(94.3) 


(so that, to terms of first order we satisfy the condition 
Since the action 5 is a scalar, it does not change under a transformation of coordinates. 
On the other hand, the change 5S in the action under a transformation of coordinates can 
be written in the following form. As in § 32, let q denote the quantities defining the physical 
system to which the action S applies. Under coordinate transformation the quantities q 
change by 5q. In calculating 5S we need not write terms containing the changes in q. All 
such terms must cancel each other by virtue of the “equations of motion” of the physical 
system, since these equations are obtained by equating to zero the variation of S with 
respect to the quantities q. Therefore it is sufficient to write the terms associated with changes 
in the Using Gauss’ theorem, and setting = 0 at the integration limits, we find 5S 
in the formj 


t We note that the equations 

determine the infinitesimal coordinate transformations that do not change the metric. In the literature these 
are often called the Killing equations. 

t It is necessary to emphasize that the notation of differentiation with respect to the components of the 
symmetric tensor gik, which we introduce here, has in a certain sense a symbolic character. Namely, the 
derivative dFIdgtk (Fis some function of the actually has a meaning only as the expression of the fact 
that dF^ idFldgik)dgtk. But in the sum (dFIdgikjdgnc, the terms with differentials dgik, of components with 
I ^ k, appear twice. Therefore in differentiating the actual expression for F with respect to any definite 
component gi^ with i ^ k, we would obtain a value which is twice as large as that which we denote by 
^F/d^iic. This remark must be kept in mind if we assign definite values to the indices /, k, in formulas in which 
the derivatives with respect to gik appear. 
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irpV-^A 

= 1 f ( gy^A 

c J j dg‘'‘ 



Here we introduce the notation 


I ,- _d\/-g A 0 d\ -g A 

^ dx‘ 


Then dS takes the formt 


(94.4) 


^ J 'I],Sg‘^ dQ = - ^ J s^g dCl (94.5) 

(note that —9ik^9'^^ and therefore 7‘‘= — J^d^;'*). Substituting for dg''" 

the expression (94.2), we have, making use of the symmetry of the tensor 7,*, 


<55 = £ J ‘ + ') ^g = T„ e- ‘ s^g dCl. 

Furthermore, we transform this expression in the following way: 

<55 = i J (7f c')..* v'^ dCl- J J ^g dCl. (94.6) 

Using (86.9), the first integral can be written in the form 

and transformed into an integral over a hypersurface. Since the vanish at the limits of 
integration, this integral drops out. 

Thus, equating dS to zero, we find 


<55= - 7‘*^'V-3dfi = 0. 

Because of the arbitrariness of the it then follows that 

n, = 0. (94.7) 

Comparing this with equation (32.4) dT-Jdx!' = 0, valid in galilean coordinates, we see that 
the tensor defined by formula (94.4), must be identical with the energy-momentum 
tensor—at least to within a constant factor. It is easy to verify, carrying out, for example, 
the calculation from formula (94.4) for the electromagnetic field 

that this factor is equal to unity. 


t In the case we are considering, the ten quantities Sgtk are not independent, since they are the result of a 
transformation of the coordinates, of which there are only four. Therefore from the vanishing of SS it does 
not follow that 7*^ = 0! 
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Thus, formula (94.4) enables us to calculate the energy-momentum tensor by dif¬ 
ferentiating the function A with respect to the components of the metric tensor (and their 
derivatives). The tensor obtained in this way is symmetric. Formula (94.4) is convenient 
for calculating the energy-momentum tensor not only in the case of the presence of a gravita¬ 
tional field, but also in its absence, in which case the metric tensor has no independent 
significance and the transition to curvilinear coordinates occurs formally as an intermediate 
step in the calculation of 7,^. 

The expression (33.1) for the energy-momentum tensor of the electromagnetic field must 
be written in curvilinear coordinates in the form 

T;* = £ Fn F*' + ^F,„F""0,.*). (94.8) 

For a macroscopic body the energy-momentum tensor is 

7;* = (p + £)u,Mt-/>5a. (94.9) 

We note that the quantity is always positive:! 

Too^O. (94.10) 

(No general statement can be made about the mixed component Tq ) 


PROBLEM 


Consider the possible cases of reduction to canonical form of a symmetric tensor of second rank 
in a pseudo-euclidean space. 

Solution: The reduction of a symmetric tensor Anc to principal axes means that we find “eigen¬ 
vectors” for which 

Aiun^^Xni, ( 1 ) 

The corresponding principal (or “proper”) values X are obtained from the condition for consistency 
of equation (I), i.e. as the roots of the fourth degree equation 

MiJc —== 0, (2) 

and are invariants of the tensor. Both the quantities X and the eigenvectors corresponding to them 
may be complex. (The components of the tensor Aiu: itself are of course assumed to be real.) 

From equation (1) it is easily shown in the usual fashion that two vectorsand which 

correspond to different principal values and are “mutually perpendicular”: 

„a),^(2)i^0. (3) 

In particular, if equation (2) has complex-conjugate roots X and a*, to which there correspond the 
complex-conjugate vectors and n*, then we must have 

0. (4) 

The tensor Att^ is expressed in terms of its principal values and the corresponding eigenvectors by 
the formula 


A,^ = EX 


rh^k 

Hi 


(so long as none of the quantities /?, //' is equal to zero—cf. below). 


(5) 


t We have Too ^ • piul—goo)- The first term is always positive. In the second term we write 


Uo 9oo u° 1 goa w® = 


goodx^ ^goadx^ 
ds 


and obtain after a simple transformation goop(dlfds)^, where dl is the element of spatial distance (84.6); 
from this it is clear that the second term of Too is also positive. The same result can also be shown for the 
tensor (94.8). 
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Depending on the character of the roots of equation (2), the following three situations may occur, 

(a) All four eigenvalues X are real. Then the vectors fu are also real, and since they are mutually 
perpendicular, three of them must have spacelike directions and one a timelike direction (and are 
normalized by the conditions riin} — —1 and = 1, respectively). Choosing the directions of the 
coordinates along these vectors, we bring the tensor to the form 


0 0 
0 0 
0 0 
0 0 0 



( 6 ) 


(b) Equation (2) has two real roots and two complex-conjugate roots {a ±iX"). Wc 

write the complex-conjugate vectors n*, corresponding to the last two roots in the form ai±ibi\ 
since they are defined only to within an arbitrary complex factor, we can normalize them by the 
condition = n*n^* ~ 1. Also using equation (4), we find 

aia^ {-bih^—0y Oib^=^0, —/>, I, 

so that 

ata^ = l, 

i.e. one of these vectors must be spacelike and the other timelike.f Choosing the coordinate axes 
along the vectors a\ b\ we bring the tensor to the form: 


^ik — 



>: 0 0 \ 

-0 0 \ 

0 -;.< 2 > 0 I 

0 0 


(7) 


(c) If the square of one of the vectors is equal to zero (wj//' = 0), then this vector cannot be 
chosen as the direction of a coordinate axis. We can however choose one of the planes so 
that the vector lies in it. Suppose this is the or®, x^ plane; then it follows from nin^ = 0 that 
= and from equation (1) we have Aoo-j-Aoi = A, Aio-i-Au = — A, so that An — — A+//, 
Aoo = A+//, Aoi = —M, where u \s a quantity which is not invariant but changes under rotations 
in the x°, x^ plane; it can always be made real by a suitable rotation. Choosing the axes x^y x^ 
along the other two (spacelike) vectors we bring the tensor Aik to the form 


/^ + M 

-M 

0 

° \ 

-u 

— X+M 

0 

0 \ 

1 0 

0 

~A(2) 

0 1 

\ 0 

0 

0 

-A'^V 


This case corresponds to the situation when two of the roots (A^®\ A^^^) of equation (2) are equal. 

We note that for the physical energy-momentum tensor Tik of matter moving with velocities less 
than the velocity of light only case (a) can occur; this is related to the fact that there must always 
exist a reference system in which the flux of the energy of the matter, i.e. the components Tao are 
equal to zero. For the energy-momentum tensor of electromagnetic waves we have case (c) with 
A( 2 ) = ^(3) = ^ — Q (cf p 82 ) j it can be shown that if this were not the case there would exist a 
reference frame in which the energy flux would exceed the value c times the energy density. 


§ 95. The Einstein equations 

We can now proceed to the derivation of the equations of the gravitational field. These 
equations are obtained from the principle of least action d(S„ + Sg) = 0, where Sg and 5^ 
are the actions of the gravitational field and matter respectively. We now subject the 
gravitational field, that is, the quantities to variation. 

t Since only one of the vectors can have a timelike direction, it then follows that equation (2) cannot 
have two pairs of complex-conjugate roots. 
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Calculating the variation dSg, we have 

6 f dii = sf 9 ‘%us/'~g dCl 

= J ^9 SRi,}dn. 

From formula (86.4), we have 


0 \ -g = - 


2/-^ 


■9 9ik^9''‘\ 


substituting this, we find 

5 J R ^9 rfn = I {R,, - \g,,R)5g '* V - ^ dn+ j g%R,, ^f^g dCl. (95.1) 

For the calculation of SRn we note that although the quantities Fi; do not constitute a 
tensor, their variations do form a tensor, for F^iAf^dx^ is the change in a vector under 
parallel displacement [see (85.5)] from some point P to an infinitesimally separated point 
P\ Therefore 5r^A,^dx^ is the difference between the two vectors, obtained as the result of 
two parallel displacements (one with the unvaried, the other with the varied Fi/) from the 
point P to one and the same point P The difference between two vectors at the same point 
is a vector, and therefore 6 r[i is a tensor. 

Let us use a locally geodesic system of coordinates. Then at that point all the r[i = 0. 
With the help of expression (92.10) for the we have (remembering that the first derivatives 

of the are now equal to zero) 






where 


w> = g‘'‘5r\,-9"6rl 

Since is a vector, we may write the relation we have obtained, in an arbitrary coordinate 
system, in the form ^ 


— (7 w') 


[replacing dw^/dx^ by w*./ and using (86.9)]. Consequently the second integral on the right 
side of (95.1) is equal to 

J g‘'‘5R,J^ dfi = J 

and by Gauss’ theorem can be transformed into an integral of over the hypersurface 
surrounding the whole four-volume. Since the variations of the field are zero at the integra¬ 
tion limits, this term drops out. Thus, the variation dSg is equal tof 

J {Riu- \ 9iRR^ 89 “^ s'^g dQ. (95.2) 

We note that if we had started from the expression 


S„= - 


t We note here the following curious fact. If we calculate the variation S S rV —gdSl [with Ruc from 
(92.10)1, considering the F^^ as independent variables and the gi^ as constants, and then use expression 
(86.3) for the Flj, we would obtain, as one easily verifies, identically zero. Conversely, one could determine 
the relation between the Fli and the metric tensor by requiring that the variation we have mentioned should 
vanish. 
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for the action of the field, then we would have obtained 
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J -^ 


dg“ 


dx‘ 


^ -> / 
ox 


Comparing this with (95.2), we find the following relation: 


^ 1 . 
J<ik- ^ 9ikf< = - 7 = ] 
Z \ -<7 ' 


c{G\ -g) 


dg" 


d d(G\ -g) 

I 


OX 




(95.3) 


For the variation of the action of the matter we can write immediately from (94.5): 

<55. = ^ I T;.* dg‘^ 7~g dSl, (95.4) 

where is the energy-momentum tensor of the matter (including the electromagnetic field). 
Gravitational interaction plays a role only for bodies with sufficiently large mass (because 
of the smallness of the gravitational constant), and therefore in studying the gravitational 
field we usually have to deal with macroscopic bodies. Corresponding to this we must usually 
write for Ti^ the expression (94.9). 

Thus, from the principle of least action 6 S^ + SSg = 0 we find: 

IbTrA jv^" 2^“^ Ti,yg‘ s'-g cin-0, 

from which, in view of the arbitrariness of the dg'^: 


or, in mixed components. 


1 Snk 

^ — “4 

2 C 


L ^ cL STTA' , 

= - T). 

2 c 


(95.5) 

(95.6) 


These are the required equations of the gravitational field —the basic equation of the general 
theory of relativity. They are called the Einstein equations. 

Contracting (95.6) on the indices / and k, we find 


» SttA' ^ 

« . - T; 


(95.7) 


{T = rj). Therefore the equations of the field can also be written in the form 


Rik = ^-^{T>u-\gikTy (95.8) 

The Einstein equations are nonlinear. Therefore for gravitational fields the principle of 
superposition is not valid. The principle is valid only approximately for weak fields which 
permit a linearization of the Einstein equations (in particular, the gravitational field in the 
classical Newtonian limit, cf. § 99). 
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In empty space = 0, and the equations of the gravitational field reduce to the equation 

= (95.9) 

We mention that this does not at all mean that in vacuum, spacetime is flat; for this wc 
would need the stronger conditions R],i^ = 0. 

The energy-momentum tensor of the electromagnetic field has the property that T\ = 0 
[see (33.2)]. From (95.7), it follows that in the presence of an electromagnetic field without 
any masses the scalar curvature of spacetime is zero. 

As we know, the divergence of the energy-momentum tensor is zero: 

r?,, = 0; (95.10) 

therefore the divergence of the left side of equation (95.6) must be zero. This is actually the 
case because of the identity (92.13). 

Thus the equation (95.10) is essentially contained in the field equations (95.6). On the 
other hand, the equation (95.10), expressing the law of conservation of energy and momen¬ 
tum, contains the equation of motion of the physical system to which the energy-momentum 
tensor under consideration refers (i.e., the equations of motion of the material particles or 
the second pair of Maxwell equations). Thus the equations of the gravitational field also 
contain the equations for the mat^^r which produces this field. Therefore the distribution 
and motion of the matter producing the gravitational field cannot be assigned arbitrarily. 
On the contrary, they must be determined (by solving the field equations under given initial 
conditions) at the same time as we find the field produced by the matter. 

We call attention to the difference in principle between the present situation and the one 
we had in the case of the electromagnetic field. The equations of that field (the Maxwell 
equations) contain only the equation of conservation of the total charge (the continuity 
equation), but not the equations of motion of the charges themselves. Therefore the distribu¬ 
tion and motion of the charges can be assigned arbitrarily, so long as the total charge is 
constant. Assignment of this charge distribution then determines, through Maxwell's 
equations, the electromagnetic field produced by the charges. 

We must, however, make it clear that for a complete determination of the distribution 
and motion of the matter in the case of the Einstein equations one must still add to them the 
equation of state of the matter, i.e. an equation relating the pressure and density. This 
equation must be given along with the field equations.f 

The four coordinates x' can be subjected to an arbitrary transformation. By means of these 
transformations we can arbitrarily assign four of the ten components of the tensor 
Therefore there are only six independent quantities Furthermore, the four components 
of the four-velocity which appear in the energy-momentum tensor of the matter, are 
related to one another by = 1, so that only three of them are independent. Thus we have 
ten field equations (95.5) for ten unknowns, namely, six components of g^^^, three components 
of w‘, and the density eje^ of the matter (or its pressure /?). 

For the gravitational field in vacuum there remain a total of six unknown quantities 
(components of gi^) and the number of independent field equations is reduced corres¬ 
pondingly: the ten equations = 0 are connected by the four identities (92.10). 


t Actually the equation of state relates to one another not two but three thermodynamic quantities, for 
example the pressure, density and temperature of the matter. In applications in the theory of gravitation, this 
point is however not important, since the approximate equations of state used here actually do not depend 
on the temperature (as, for example, the equation p = 0 for rarefied matter, the limiting extreme-relativistic 
equation p = c/3 for highly compressed matter, etc.). 
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We mention some peculiarities of the structure of the Einstein equations. They are a 
system of second-order partial differential equations. But the equations do not contain the 
time derivatives of all ten components Qh,. In fact it is clear from (92.1) that second derivatives 
with respect to the time are contained only in the components of the curvature tensor, 
where they enter in the form of the term (the dot denotes differentiation with 

respect to x°); the second derivatives of the components ^oa ^tid ^oo do not appear at all. 
It is therefore clear that the tensor which is obtained by contraction of the curvature 
tensor, and with it the equations (95.5), also contain the second derivatives with respect to 
the time of only the six spatial components 

It is also easy to see that these derivatives enter only in the ^-equation of (95.6), i.e. the 
equation 

K-iKR=^T{. (95.11) 

C 

The 0 and ° equations, i.e. the equations 






(95.12) 


contain only first-order time derivatives. One can verify this by checking that in forming the 
quantities R^ and R^ — ^R=: HRq — RD from Rii,i„ by contraction, the components of the 
form Roaop actually drop out. This can be seen even more simply from the identity (92.10), 
by writing it in the form 

(R9^iS9R\o = - (95.13) 

(/ = 0, 1,2, 3). The highest time derivatives appearing on the right side of this equation are 
second derivatives (appearing in the quantities R% R). Since (95.13) is an identity, its left 
side must consequently contain no time derivatives of higher than second order. But one 
time differentiation already appears explicitly in it; therefore the expressions R^—^S^R 
themselves cannot contain time derivatives of order higher than the first. 

Furthermore, the left sides of equations (95.12) also do not contain the first derivatives 
^Oflt and ^00 (t>ut only the derivatives ^«^). In fact, of all the only Fa.oo and Fq.oo 
contain these quantities, but these latter in turn appear only in the components of the 
curvature tensor of the form Roaop which, as we already know, drop out when we form the 
left sides of equations (95.12). 

If one is interested in the solution of the Einstein equations for given initial conditions 
(in the time), we must consider the question of the number of quantities for which the initial 
spatial distribution can be assigned arbitrarily. 

The initial conditions for a set of equations of second order must include both the 
quantities to be differentiated as well as their first time derivatives. But since in the present 
case the equations contain second derivatives of only the six not all the gu^ and gn^ can 
be arbitrarily assigned. Thus, we may assign (in addition to the velocity and density of the 
matter) the initial values of the functions g^^p and g^^p, after which the four equations (95.12) 
determine the admissible initial values of ^oa and in (95.11) the initial values of 
still remain arbitrary. 

Among the initial conditions thus assigned there are some functions whose arbitrariness 
is related simply to the arbitrariness in choice of the four-dimensional coordinate system. 
But the only thing that has real physical meaning is the number of “physically different” 
arbitrary functions, which cannot be reduced by any choice of coordinate system. From 
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physical arguments rt is easy to see that this number is eight: the initial conditions must 
assign the distribution of the matter density and of its three velocity components, and also 
of four other quantities characterizing the free gravitational field in the absence of matter 
(see later in § 107); for the free gravitational field in vacuum only the last four quantities 
should be fixed by the initial conditions. 


PROBLEM 


Write the equations for a constant gravitational field, expressing all the operations of differentia¬ 
tion with respect to the space coordinates as covariant derivatives in a space with the metric yan 
(84.7). 

Solution: We introduce the notation goo -^h, goa^~hga (88.11) and the three-dimensional 
velocity v° (88.10). In the following all operations of raising and lowering indices and of covariant 
differentiation are carried out in the three-dimensional space with the metric yae, on the three- 
dimensional vectors ga, t" and the three-dimensional scalar //. 

The desired equations must be invariant with respect to the transformation 

.v°->A*®-f/(.v“), (1) 

which does not change the stationary character of the field. But under such a transformation, as is 
easily shown (see the footnote on p. 248), ga—*ga — ^flSx“, while the scalar h and the tensor 
'/an — — 9 an + hga 9 B diVt unchanged. It is therefore clear that the required equations, when expressed 
in terms of yai, h and 9ay can contain 9a only in the form of combinations of derivatives that con¬ 
stitute a three-dimensional antisymmetric tensor: 


faQ — a 5 




( 2 ) 


which is invariant under such transformations. Taking this fact into account, we can drastically 
simplify the computations by setting (after computing all the derivatives appearing in Rik) ga=0 
and 9a;0-^ff0:a=^O.f 
The Christoffel symbols are: 


r® — ^ A j« 

* 00 — 2 ’ 

1 h 

r°o = ^A;.+ 2^%+ ■■■’ 

h 1 

nv=.... 

The terms omitted (indicated by the dots) are quadratic in the components of 9 a\ these terms do 
drop out when we set = 0 after performing the differentiations in (92.10). In the calculations 
one uses formulas (84.9), (84.12-13); the X“y are three-dimensional Christoffel symbols constructed 
from the metric yae. 


t To avoid any misunderstanding we emphasize that this simplified method for making the computations, 
which gives the correct field equations, would not be applicable to the calculation of arbitrary components 
of the Rik itself, since they are not invariant under the transformation (1). In equations (3)-(5) on the left 
are given those components of the Ricci tensor which are actually equal to the expressions given. These 
components are invariant under (1). 
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The tensor Tm is calculated using formula (94.9) with the u' from (88.14) (where again we set 

go = 0 ). 

As a result of the calculations, we obtain the following equations from (95.8); 




I-? 


Vh 2 2 j _ ® ^ 


(3) 


(4) 


’ ' Va c- I ./. 2 




(5) 


Here is a three-dimensional tensor constructed from the yaB in the same way as R}^ is con¬ 
structed from the 


§ 96. The energy-momentum pseudotensor of the gravitational field 

In the absence of a gravitational field, the law of conservation of energy and momentum 
of the material (and electromagnetic field) is expressed by the equation dT^^jdx^ = 0. 
The generalization of this equation to the case where a gravitational field is present is 
equation (94.7): 

In this form, however, this equation does not generally express any conservation law 
whatever.^ This is related to the fact that in a gravitational field the four-momentum of the 
matter alone must not be conserved, but rather the four-momentum of matter plus gravita¬ 
tional field; the latter is not included in the expression for T\, 

To determine the conserved total four-momentum for a gravitational field plus the matter 
located in it, we proceed as follows (L. D. Landau and E. M. Lifshitz, 1947). We choose 
a system of coordinates of such form that at some particular point in spacetime all the 


t The Einstein equations can also be written in an analogous way for the general case of a time-dependent 
metric. In addition to space derivatives they will also contain time derivatives of the quantities >7^, 9ay and h. 
See A. L. Zel’manov, Doklady Acad. ScL, U.S.S.R. 107, 8J5 (1956). 

t Because the integral J ^ — g dS^ is conserved only if the condition 

3(^/^n) ...o 

dx'‘ 

is fulfilled, and not (96.1). This is easily verified by carrying out in curvilinear coordinates all those cal¬ 
culations which in § 29 were done in galilean coordinates. Besides it is sufficient simply to note that these 
calculations have a purely formal character not connected with the tensor properties of the corresponding 
quantities, like the proof of Gauss’ theorem, which has the same form (83.17) in curvilinear as in cartesian 
coordinates. 

§ One might get the notion to apply to the gravitational field the formula (94.4), substituting A = 
—{c^l\6nk)G. We emphasize, however, that this formula applies only to physical systems described by 
quantities q different from the therefore it cannot be applied to the gravitational field which is determined 
by the quantities g^c themselves. Note, by the way, that upon substituting G in place of A in (94.4) we would 
obtain simply zero, as is immediately clear from the relation (95.3) and the equations of the field in vacuum. 
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first derivatives of the vanish (the need not, for this, necessarily have their galilean 
values). Then at this point the second term in equation (96.1) vanishes, and in the first 
term we can take sj—g out from under the derivative sign, so that there remains 


— T • = 0 

k * I 


or, in contravariant components, 


Quantities T**, identically satisfying this equation, can be written in the form 

'pik _ ^ ikl 

^ -SJ" ■ 

where the y\'^' are quantities antisymmetric in the indices k, /; 

Actually it is not difficult to bring to this form. To do this we start from the field 
equation 

-5 »“'')• 

and for we have, according to (92.1) 

nik _ f ^ ^ 9mn _ ^ din _ ^ 9mp ^ 

2 ^ lax”* ax" ax^ ax^ ax"* ax'* ax^ ax"j 

(we recall that at the point under consideration, all the Fh = 0). After simple transforma¬ 
tions the tensor T'* can be put in the form 

a r 1 a 


The expression in the curly brackets is antisymmetric in k and /, and is the quantity 
which we designated above as Since the first derivatives of gik are zero at the point 
under consideration, the factor \/(—g) can be taken out from under the sign of differentia¬ 
tion a/ax'. We introduce the notation 

(96.2) 

dx"" 

= ttV < -gW'g"” -gV") (96.3) 

167rA: 


The quantities are antisymmetric in k and /: 

/i‘^' = — 


a/i'*^ 


Then we can write 


(96.4) 
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This relation, derived under the assumption dg^Jdx^ — 0, is no longer valid when we go 
to an arbitrary system of coordinates. In the general case, the difference dh‘'‘'ldx‘ — (—g)T‘'‘ 
is different from zero; we denote it by (—g)t‘'‘. Then we have, by definition, 

d/i'*' 

+ = (96.5) 

The quantities /'* are symmetric in i and k: 

= /*'■. (96.6) 

This is clear immediately from their definition, since like the tensor T'*, the derivatives 
dh‘'‘'jox‘ are symmetric quantities, t Expressing T'* in terms of I?'*, according to the Einstein 
equations, we get the identity 


(-g) 



(R‘>‘-ig‘^R) + t 


dh““ 

dx^ 


(96.7) 


from which, after a rather lengthy calculation, we find the following expression for /'*.• 


+9‘‘9'”''(K +rL rr,- - rL r^p)+ 

+ 9'“9""'(rip rL+ri r/’, - r-, - rL r„%)+ 

+9"”9'"’(rLnp-rLrt,)}, (96.8) 

or, in terms of derivatives of the components of the metric tensor, 

(- 9)t‘^ = ~ , 9"". „ - 9". / 9*'". „+9'". p 9'’"’. „ - 

- (9"9mr 9*". p 9’"'’. / + 9'“9mn 9'". p 9'"'’. /) + 9In, 9”'9“. n 9‘"’. p + 

+ i(29“9'‘'"-9‘'‘9'”)(29np9tr~9p„9nr)9"'.i9’'‘'.m}< (96.9) 

where g'* = V while the index ,/ denotes a simple differentiation with respect to x‘. 

An essential property of the is that they do not constitute a tensor; this is clear from 
the fact that in dh^^^jdx^ there appears the ordinary, and not the covariant derivative. 
However, is expressed in terms of the quantities r[|, and the latter behave like a tensor 
with respect to linear transformations of the coordinates (see § 85), so the same applies 
to the t 

From the definition (96.5) it follows that for the sum + the equation 

^(-5)(r'* + l'‘) = 0 (96.10) 


is identically satisfied. This means that there is a conservation law for the quantities 

P' = 1 J (- ^XT'* + /“) dS*. (96.11) 

In the absence of a gravitational field, in galilean coordinates, = 0, and the integral 
we have written goes over into (l/c)J that is, into the four-momentum of the 


t For just this purpose we took {—g) out from under the derivative sign in the expression for 7'*'*. If this 
had not been done, dh^^^ldx^ and therefore also r"* would turn out not to be symmetric in / and k. 
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material. Therefore the quantity (96.11) must be identified with the total four-momentum 
of matter plus gravitational field. The set of quantities is called the energy-momentum 
pseudo-tensor of the gravitational field. 

The integration in (96.11) can be taken over any infinite hypersurface, including all of 
the three-dimensional space. If we choose for this the hypersurface = const, then P' 
can be written in the form of a three-dimensional space integral: 

F = j {-gXr° + t'‘°)dV. (96.12) 

This fact, that the total four-momentum of matter plus field is expressible as an integral 
of the quantity { — g) +which is symmetric in the indices /, k, is very important. It 

means that there is a conservation law for the angular momentum, defined as (see § 32)t 

M'* = J (x- dP^-x* dP‘) = ^ J {xXT'“ + t'‘‘)-x\r' + t‘')}(-g) dS,. (96.13) 

Thus, also in the general theory of relativity, for a closed system of gravitating bodies 
the total angular momentum is conserved, and, moreover, one can again define a center of 
inertia which carries out a uniform motion. This latter point is related to the conservation 
of the components (see § 14) which is expressed by the equation 

x° I (r° + P°)(- 3 ) dV- j x*(r°° + 0(-f7) dV = const, 

SO that the coordinates of the center of inertia are given by the formula 

= -. (96.14) 

J (T^^^t^^){-g)dV 

By choosing a coordinate system which is inertial in a given volume element, we can 
make all the vanish at any point in space-time (since then all the vanish). On the other 
hand, we can get values of the different from zero in flat space, i.e. in the absence of a 
gravitational field, if we simply use curvilinear coordinates instead of cartesian. Thus, in 
any case, it has no meaning to speak of a definite localization of the energy of the gravita¬ 
tional field in space. If the tensor 7",^ is zero at some world point, then this is the case for 
any reference system, so that we may say that at this point there is no matter or electro¬ 
magnetic field. On the other hand, from the vanishing of a pseudo-tensor at some point in 
one reference system it does not at all follow that this is so for another reference system, so 
that it is meaningless to talk of whether or not there is gravitational energy at a given place. 
This corresponds completely to the fact that by a suitable choice of coordinates, we can 
“annihilate” the gravitational field in a given volume element, in which case, from what 
has been said, the pseudotensor also vanishes in this volume element. 

The quantities P* (the four-momentum of field plus matter) have a completely definite 

t It is,necessary to note that the expression obtained by us for the four-momentum of matter plus field is 
by no means the only possible one. On the contrary, one can, in an infinity of ways (see, for example, the 
problem in this section), form expressions which in the absence of a field reduce to 7’*'^, and which upon 
integration over give conservation of some quantity. However, the choice made by us is the only one for 
which the energy-momentum pseudotensor of the field contains only first (and not higher) derivatives of 
(a condition which is completely natural from the physical point of view), and is also symmetric, so that it is 
possible to formulate a conservation law for the angular momentum. 
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meaning and are independent of the choice of reference system to just the extent that is 
necessary on the basis of physical considerations. 

Let us draw around the masses under consideration a region of space sufficiently large 
so that outside of it we may say that there is no gravitational field. In the course of time, this 
region cuts out a “channel” in four-dimensional space-time. Outside of this channel there 
is no field, so that four-space is flat. Because of this we must, when calculating the energy 
and momentum of the field, choose a four-dimensional reference system such that outside 
the channel it goes over into a galilean system and all the vanish. 

By this requirement the reference system is, of course, not at all uniquely determined— 
it can still be chosen arbitrarily in the interior of the channel. However the P‘, in full accord 
with their physical meaning, turn out to be completely independent of the choice of co¬ 
ordinate system in the interior of the channel. Consider two coordinate systems, different in 
the interior of the channel, but reducing outside of it to one and the same galilean system, 
and compare the values of the four-momentum P' and P" in these two systems at definite 
moments of “time” and Let us introduce a third coordinate system, coinciding in 
the interior of the channel at the moment with the first system, and at the moment x'^ 
with the second, while outside of the channel it is galilean. But by virtue of the law of con¬ 
servation of energy and momentum the quantities P‘ are constant {dP'jdx^ = 0). This is 
the case for the third coordinate system as well as for the first two, and from this it follows 
thatP* = P'‘. 

Earlier it was mentioned that the quantities P* behave like a tensor with respect to linear 
transformations of the coordinates. Therefore the quantities P' form a four-vector with 
respect to such transformations, in particular with respect to Lorentz transformations 
which, at infinity, take one galilean reference frame into another.! The four-momentum P' 
can also be expressed as an integral over a distant three-dimensional surface surrounding 
“all space”. Substituting (96.5) in (96.11), we find 


1 Cdh 


ikl 


P' = - 


c j dx^ 


dS,, 


This integral can be transformed into an integral over an ordinary surface by means of 
(6.17): 



(96.15) 


If for the surface of integration in (96.11) we choose the hypersurface = const., then 
in (96.15) the surface of integration turns out to be a surface in ordinary space.J 


P‘ = 


1 

c 




h‘°’ dU 


(96.16) 


t Strictly speaking, in the definition (96.11) P' is a four-vector only with respect to linear transformations 
with determinant equal to unity ; among these are the Lorentz transformations, which alone are of physical 
interest. If we also admit transformations with determinant not equal to unity, then we must introduce into 
the definition of P' the value of g at infinity by writing P' in place of P' on the left side of (96.11). 

t The quantity df*, is the “normal" to the surface element, related to the “tangential" element df‘^ by 
(6.11): dfX = On the surface bounding the hypersurface which is perpendicular to the axis 

the only nonzero components of df'""' are those with i, m = 1,2, 3, and so df,* has only those components, 
in which one of / and k is 0. The components df^^ are just the components of the three-dimensional element 
of ordinary surface, which we denote by df^. 
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To derive the analogous formula for the angular momentum, we substitute (96.5) in 
(96.13) and write in the form (96.2). Integrating by parts, we obtain: 


M'* = - lx' —x* ) dSi 

c J \ dx” ox" ax'" ax"/ 

1 r/.aA*'"'" k3A''"'"\ir/,, aA*""" , 

-if (x‘h'"’-xf‘h“-)d;^- - f 

^ c J ox 


A"""" ,k 
ax" ax" / 


From the definition of the quantities A'*''" it is easy to see that 

^i/kn __ ^k/in ^ 

Thus the remaining integral over dSi is equal to 

1 rsA""'' 1 r 




Finally, again choosing a purely spatial surface for the integration, we obtain: 


= ^ J (x'h*"-x‘/i‘'” + A‘“ 


(96.17) 


PROBLEM 

Find the expression for the total four-momentum of matter plus gravitational field, using 
formula (32.5). 

Solution: In curvilinear coordinates one has, in place of (32.1), 

S = l\V^gdVdt, 

and therefore to obtain a quantity which is conserved we must in (32.5) write A y/ —p in place 
of A, so that the four-momentum has the form 


In applying this formula to matter, for which the quantities are different from the gx^y we can 
take y/ —g out from under the sign of differentiation, and the integrand turns out to be equal to 
y/ —g rf, where T^^ is the energy-momentum tensor of the matter. When applying this same 
formula to the gravitational field, we must set A = —{c^l\67ik)Gy while the quantities are the 
components gitc of the metric tensor. The total four-momentum of field plus matter is thus equal to 




g dSic -{-: 


GV-gS'l- 




Using the expression (93.3) for G, we can rewrite this expression in the form: 

The second term in the curly brackets gives the four-momentum of the gravitational field in the 
absence of matter. The integrand is not symmetric in the indices /, so that one cannot formulate 
a law of conservation of angular momentum. 
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§ 97. The synchronous reference system 

As we know from § 84, the condition for it to be possible to synchronize clocks at dif¬ 
ferent points in space is that the components of the metric tensor be equal to zero. If, 
in addition, Qqq = 1, the time coordinate = / is the proper time at each point in space.f 
A reference system satisfying the conditions 

^/o« = 0» ^7oo = l (97. J) 

is said to be synchronous. The interval element in such a system is given by the expression 

ds^ = dt^-y^p (97.2) 

where the components of the spatial metric tensor are the same (except for sign) as the 

Vap = (97.3) 

In the synchronous reference system the time lines are geodesics in the four-space. The 
four-vector u* = dx'Ids, which is tangent to the world line x\x^,x^ = const, has com¬ 
ponents = 0, = 1, and automatically satisfies the geodesic equations: 

^‘+ri,«*«'=no=o. 


since, from the conditions (99.1), the Christoffel symbols TJo and Poo vanish identically. 

It is also easy to see that these lines are normal to the hypersurfaces t = const. In fact, 
the four-vector normal to such a hypersurface, n^ = dtjdx^, has covariant components 
Wo = 1> = 0- With the conditions (97.1), the corresponding contra variant components 

are also w° = 1, w® = 0, i.e., they coincide with the components of the four-vector w* which is 
tangent to the time lines. 

Conversely, these properties can be used for the geometrical construction of a syn¬ 
chronous reference system in any space-time. For this purpose we choose as our starting 
surface any spacelike hypersurface, i.e., a hypersurface whose normals at each point have a 
time-like direction (they lie inside the light cone with its vertex at this point); all elements of 
interval on such a hypersurface are spacelike. Next we construct the family of geodesic lines 
normal to this hypersurface. If we now choose these lines as the time coordinate lines and 
determine the time coordinate t as the length s of the geodesic line measured from the 
initial hypersurface, we obtain a synchronous reference system. 

It is clear that such a construction, and the selection of a synchronous reference system, is 
always possible in principle. Furthermore, this choice is still not unique. A metric of the 
form (97.2) allows any transformation of the space coordinates which does not affect the 
time, and also transformations corresponding to the arbitrariness in the choice of the 
initial hypersurface for the geometrical construction. 

The transformation to the synchronous reference system can, in principle, be done 
analytically by using the Hamilton-Jacobi equation; the basis of this method is the fact that 
the trajectories of a particle in a gravitational field are just the geodesic lines. 

The Hamilton-Jacobi equation for a particle (whose mass we set equal to unity) in a 


gravitational field is 


dx ^ 


(97.4) 


t In this section we set c = 1. 
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T=/(r, 


(97.5) 


where/is a function of the four coordinates and the three parameters (J“; the fourth 
constant A we treat as an arbitrary function of the three With such a representation for t, 
the equations for the trajectory of the particle can be obtained by equating the derivatives 
to zero, i.e. 




(97.6) 


For each set of assigned values of the parameters the right sides of equations (97.6) 
have definite constant values, and the world line determined by these equations is one of the 
possible trajectories of the particle. Choosing the quantities which are constant along 
the trajectory, as new space coordinates, and the quantity t as the new time coordinate, we 
get the synchronous reference system; the transformation which takes us from the old 
coordinates to the new is given by equations (97.5-6). In fact it is guaranteed that for such a 
transformation the time lines will be geodesics and will be normal to the hypersurfaces 
T = const. The latter point is obvious from the mechanical analogy: the four-vector ^dzjdx^ 
which is normal to the hypersurface coincides in mechanics with the four-momentum of the 
particle, and therefore coincides in direction with its four-velocity u\ i.e. with the four- 
vector tangent to the trajectory. Finally the condition ^oo = 1 is obviously satisfied, since the 
derivative —dxjds of the action along the trajectory is the mass of the particle, which we set 
equal to 1; therefore \dxlds\ = 1. 

We write the Einstein equations in the synchronous reference system, separating the 
operations of space and time differentiation in the equations. 

We introduce the notation 






dt 


(97.7) 


for the time derivatives of the three-dimensional metric tensor; these quantities also form a 
three-dimensional tensor. All operations of shifting indices and covariant differentiation of 
the three-dimensional tensor will be done in three-dimensional space with the metric 
Va/j t We note that the sum x® is the logarithmic derivative of the determinant y = — g : 

K = y*' ^ In (y)- (97.8) 

For the Christoffel symbols we find the expressions: 

r8o = rSo = r8, = o, 

rs, = ixj, rj, = (97.9) 

where /Jy are the three-dimensional Christoffel symbols formed from the tensor A 
calculation using formula (92.7) gives the following expressions for the components of the 


t But this does not, of course, apply to operations of shifting indices in the space components of the four- 
tensors Riicy Tin (see the footnote on p. 251). Thus rj must be understood as before to be g^^Tya Vg^^Toa^ 
which in the present case reduces to g^^Tya and differs in sign from y^^Tya- 
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= (97.10) 

1 8 1 
^-0 = 2 ft ^ 4 


Here P^/? is the three-dimensional Ricci tensor which is expressed in terms of in the same 
way as is expressed in terms of g^.. All operations of raising indices and of covariant 
differentiation are carried out with the three-dimensional metric 
We write the Einstein equations in mixed components: 

= (97.11) 


Ra = \ «0-4 -..) = (97.12) 

R! =-Pi- ^ / (v/^ xf) = ink(Ti-i5in (97.13) 

2Vy dt 

A characteristic feature of synchronous reference systems is that they are not stationary: 
the gravitational field cannot be constant in such a system. In fact, in a constant field we 
would have = 0. But in the presence of matter the vanishing of all the would con¬ 
tradict (97.11) (which has a right side different from zero). In empty space we would find 
from (97.13) that all the and with them all the components of the three-dimensional 
curvature tensor vanish, i.e. the field vanishes entirely (in a synchronous system with 
a euclidean spatial metric the space-time is flat). 

At the same time the matter filling the space cannot in general be at rest relative to the 
synchronous reference frame. This is obvious from the fact that particles of matter within 
which there are pressures generally move along lines that are not geodesics; the world line 
of a particle at rest is a time line, and thus is a geodesic in the synchronous reference system. 
An exception is the case of “dust” (p = 0). Here the particles interacting with one another 
will move along geodesic lines; consequently, in this case the condition for a synchronous 
reference system does not contradict the condition that it be comoving with the matter.! 
For other equations of state a similar situation can occur only in special cases when the 
pressure gradient vanishes in all or in certain directions. 

From (97.11) one can show that the determinant —^ = y of the metric tensor in a syn¬ 
chronous system must necessarily go to zero in a finite length of time. 

To prove this we note that the expression on the right side of this equation is positive 


t Even in this case, in order to be able to choose a “synchronously comoving” system of reference, it is 
still necessary that the matter move “without rotation”. In the comoving system the contravariant components 
of the velocity are = 1, //“ = 0. If the reference system is also synchronous, the covariant components 
must satisfy wo = 1, Wn = 0, so that its four-dimensional curl must vanish: 




cu, _ duk _ Q 


But this tensor equation must then also be valid in any other reference frame. Thus, in a synchronous, but 
not comoving, system, we then get the condition curl v 0 for the three-dimensional velocity v. 
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for any distribution of the matter. In fact, in a synchronous reference system we have for 
the energy-momentum tensor (94.9): 

To-iT = i(t + 3/»)+ ^_^2 - 

[the components of the four-velocity are given by (88.14)]; this quantity is clearly positive. 
The same statement is also true for the energy-momentum tensor of the electromagnetic 
field (T= 0, Tq is the positive energy density of the field). Thus we have from (97.11): 

= (97.14) 

(where the equality sign applies in empty space). 

Using the algebraic inequalityf 

vvc can rewrite (97.14) in the form 

or 

d n\ 1 

Suppose, for example, that at a certain time xl > 0. Then as t decreases the quantity 1/xJ 
decreases, with a finite (nonzero) derivative, so that it must go to zero (from positive values) 
in the course of a finite time. In other words, goes to -f cx), but since xl = din y/dt, this 
means that the determinant y goes to zero [no faster than according to the inequality 
(97.15)]. If on the other hand x® < 0 at the initial time, we get the same result for increasing 
times. 

This result does not, however, by any means prove that there must be a real physical 
singularity of the metric. A physical singularity is one that is characteristic of the space- 
time itself, and is not related to the character of the reference frame chosen (such a singularity 
should be characterized by the tending to infinity of various scalar quantities—the matter 
density, or the invariants of the curvature tensor). The singularity in the synchronous 
reference system, which we have proven to be inevitable, is in general actually fictitious, 
and disappears when we change to another (nonsynchronous) reference frame. Its origin 
is evident from simple geometrical arguments. 

We saw earlier that setting up a synchronous system reduces to the construction of a 
family of geodesic lines orthogonal to any space-like hypersurface. But the geodesic lines 
of an arbitrary family will, in general, intersect one another on certain enveloping hyper¬ 
surfaces—the four-dimensional analogues of the caustic surfaces of geometrical optics. 
We know that intersection of the coordinate lines gives rise to a singularity of the metric in 
the particular coordinate system. Thus there is a geometrical reason for the appearance of a 
singularity, associated with the specific properties of the synchronous system and therefore 
not physical in character. In general an arbitrary metric of four-space also permits the 
existence of nonintersecting families of geodesic lines. The unavoidable vanishing of the 
determinant in the synchronous system means that the curvature properties of a real (non¬ 
flat) space-time (which are expressed by the inequality Rq ^ 0) that are permitted by the 


t Its validity can easily be seen by bringing the tensor xf to diagonal form (at a given instant of time). 
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field equations exclude the possibility of existence of such families, so that the time lines in a 
synchronous reference system necessarily intersect one another.f 
We mentioned earlier that for dustlike matter the synchronous reference system can also 
be comoving. In this case the density of the matter goes to infinity at the caustic—simply 
as a result of the intersection of the world trajectories of the particles, which coincide with 
the time lines. It is, however, clear that this singularity of the density can be eliminated by 
introducing an arbitrarily small nonzero pressure of the matter, and in this sense is not 
physical in character. 


PROBLEMS 

1. Find the form of the solution of the gravitational field equations in vacuum in the vicinity of a 
point that is not singular, but regular in the time. 

Solution: Having agreed on the convention that the time under consideration is the time origin, 
we look for ya 5 in the form: 

ya5 = ...» ( 1 ) 


where OaB, ba^y Cas are functions of the space coordinates. In this same approximation the reciprocal 
tensor is: 

where is the tensor reciprocal to OaBy and the raising of indices of the other tensors is done by 
using We also have: 

= + 2rc.,. >ci = bi + tilci - b„b<^). 

The Einstein equations (97.11-13) lead to the following relations: 

= ( 2 ) 

K - iKp - b,,) + t[-c, + + C.% + \bib,f, - {(blb^Xp] = 0, (3) 

Rl = -Pf -mb^-Wabl-cl^O (4) 

{b :^bl,c = cl). The operations of covariant differentiation are carried out in the three-dimensional 
space with metric Qaa’, the tensor P«/» is also defined with respect to this metric. 

From (4) the coefficients Cae are completely determined in terms of the coefficients Qub and buB- 
Then (2) gives the relation 

P^\b^-lbibl = 0. (5) 

From the terms of zero order in (3) we have: 


bi:B^b.,a. (6) 

The terms in this equation vanish identically when we use (2) and (4)-(6) and the identity 
= [see (92.10)]. 

Thus the twelve quantities Oau, baB are related to one another by the one relation (5) and the 
three relations (6), so that there remain eight arbitrary functions of the three space coordinates. 
Of these, three are related to the possibility of arbitrary transformations of the three space co- 


t For the analytic construction of the metric in the vicinity of a fictitious singularity in a synchronous 
reference system, see E. M. Lifshitz, V. V. Sudakov and I. M. Khalatnikov, JETP 40 , 1847, 1961, (Soviet 
phys. — JETP, 13 , 1298, 1961). The general character of the metric is clear from geometrical considerations. 
Since the caustic hypersurface always contains timelike intervals (the line elements of the geodesic time 
lines at their points of tangency to the caustic), it is not spacelike. Furthermore, on the caustic one of the 
principal values of the metric tensor vanishes, corresponding to the vanishing of the distance (<)) between 
two neighboring geodesics that intersect one another at their point of tangency to the caustic. The quantity 
<5 goes to zero as the first power of the distance (/) to the point of intersection. Thus the principal value of 
the metric tensor, and with it the determinant y, goes to zero like P. 
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ordinates, and one to the arbitrariness in choosing the initial hypersurface for setting up the 
synchronous reference system. Therefore we are left with the correct number (see the end of § 95) 
of four “physically different** arbitrary functions. 

2, Calculate the components of the curvature tensor Rtfcim in the synchronous reference system. 
Solution: Using the Christoffel symbols (97.9) we find from (92.1): 

Roafiy = y; /» ^uB‘, y), 

_ 1 a 1 

RoaQB — 2 5 / 4 

where PaBy6 is the three-dimensional curvature tensor corresponding to the three-dimensional 
metric ya/,. 

3. Find the general form of the infinitesimal transformation from one synchronous reference 
system to another. 

Solution: The transformation has the form 

t-^t^-(p{x\ Jt^, jt^), /), 

where (p and are small quantities. We are guaranteed that the condition goo = 1 is satisfied by 
keeping (p independent of /; to maintain the condition goa =0, we must satisfy the equations 

5(;^_ d(p 
Tt ~ d?' 

from which 

v = ^,^r>dt+nx\x\x-), (1) 

where the /® are again small quantities (forming a three-dimensional vector f). The spatial metric 
tensor y*/* is replaced by 

yafi~^yafi 0 ^0; oc SP^a0 ( 2 ) 

[as can be easily verified using (94.3)]. 

Thus the transformation contains four arbitrary functions (<p, /“) of the space coordinates. 


§ 98. The tetrad representation of the Einstein equations 

The determination of the components of the Ricci tensor (and the resulting formulation 
of the Einstein equations) for a metric of some special form generally involves quite compli¬ 
cated calculations. It is therefore important to consider various formulas that enable one 
to simplify these calculations in some cases and to represent the result in a more easily 
understood form. Among such formulas is the expression for the curvature tensor in 
tetrad form. 

We introduce a set of four linearly independent coordinate four-vectors (labeled by 
the index a) and subject only to the condition that 

e[a)e^t)i = (98-A) 

where rj^ij is a given constant symmetric matrix with signature H-; we denote the 

matrix reciprocal to rjai, by Together with the tetrad of vectors we 

t In this section we use early Latin letters a, b, c, .. . for indices labeling coordinate vectors; four-tensor 
indices are again labeled by . In the literature the indices of axes are usually enclosed in brackets. 

To avoid too cumbersome writing of formulas we shall use brackets only when indices for axes appear along 
with tensor indices and omit them for quantities which by their definition involve only coordinate axis 
indices (for example, 7]^^, and later Yabcy A summation is understood throughout over repeated indices 
of both types. 
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also introduce a tetrad of reciprocal vectors (labeled by superscript axial indices), 
and defined by the conditions 

= dl (98.2) 

i.e., each of the vectors is orthogonal to the three vectors e\i,^ with b¥^a. Multiplying 
(98.2) by cfa), we get from which we see that in addition to (98.2), the 

equation 

(98.3) 

is also automatically satisfied. 

Multiplying the equation on both sides by we get: 

e‘Uri‘’\c)i) = 

comparing with (98.2), we find that 

e}"' = (98.4) 

Thus the lowering and raising of tetrad indices is done with the matrices rji,^ and The 
importance of the tetrads thus introduced is that one can express the metric tensor in 
terms of them. In fact, according to the definition of the relation between co- and contra- 
variant components of a four-vector, we have multiplying by and 

using (98.3) and (98.4), we find: 

9ik = (98.5) 

The square of the line element with the metric tensor (98.5) is 

(98.6) 

As for the arbitrarily assignable matrix the most natural choice is the “galilean” 
form (i.e. a diagonal matrix with elements 1, ~1, —1, —1); then, according to (98.1) the 
coordinate vectors will be orthogonal, with one of them timelike and the other three 
spacelike.t We emphasize, however, that this choice is by no means necessary, and that 
situations are possible where, for one or another reason (e.g., symmetry properties of the 
metric) the choice of a nonorthogonal tetrad is advantageous. J 
The tetrad components of a four-vector A' (and similarly for a four-tensor of any rank) 
are defined as its “projections” on the coordinate four-vectors: 

= el,A,, (98.7) 

% 

Conversely, 

A, = A‘ = el,A^‘\ (98.8) 

t Having chosen the linear forms = e\°'* dx' as the segments of the coordinate axes in the given 
element of four-space (and taken “galilean” we bring the metric in this element to galilean form. 
We emphasize once again that the forms dx'^^^ are not in general exact differentials of any function of the 
coordinates. 

I The advantageous choice of the tetrad may be dictated by a previous reduction of ds^ to the form (98.6) 
Thus the expression for ds^ in the form (88.13) corresponds to coordinate vectors 

= —Vhg), (0, e'"’), 

where the choice of the c*°’ depends on the spatial form dl^. 
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In this same way we define the operation of “difierentiation along the a direction”: 
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Aa) 



We introduce quantities needed in the sequel:t 

I ^ 

lach 


and their linear combinations 


(98.9) 


^abc yabc 1acb 

(^(a)i:k ^(a\k:i^^(b)^{c) ^^(a)i,k ^(a)k,i)^(b)^(c)' (98.10) 

The last equation in (98.10) follows from (86.12); we note that the quantities are 
calculated by a simple differentiation of the frame vectors. The converse expression for the 
in terms of the is: 

yabc = i(^^abc-^hca-Kah)‘ (98.11) 

These quantities have symmetry properties: 

yabc ^'ahc ^'■acb‘ (98.12) 


Our aim is to determine the tetrad components of the curvature tensor. To do this we 
must start from the definition (91.6) as applied to the covariant derivatives of the frame 
vectors: 


or 


^(a)i’,k:l ^(a)i:l:k 


R 


(a){bHc)((i} 


(^{a)i;k:l 


_ D 

^{a)^mikh 

^ia)i:l;k)^(b)^{c)^{d)' 


This expression is easily written in terms of the quantities y^^^- write 

^{a)i;k yabc^i ^k ’ 


and ^fter further covariant differentiation the derivatives of the frame vectors are again 
expressed in this same way; here the covariant derivative of the scalar quantity y^^^ coincides 
with its ordinary derivative.^ As a result we get 

^ia)ib){c)(d) == yabc,d “* fafcd.c + 

+ yabfiy^cd - y^dc) + yafcy\d - (98.13) 

where, in accordance with the general rule, y\c = n'^ydbo etc. 

Contraction of this tensor on a pair of indices a, c gives the required tetrad components 
of the Ricci tensor; we present them as expressed in terms of the quantities A^^^: 


^(a){b) ,c~^^'’ba ,c”l”A ca,b~^^ cb,a~^ 




(98.14) 


t The quantities y„,„. are called the Ricci rotation coefficients. 

J We give for reference the transformation in similar fashion of arbitrary four-vectors and four-tensors: 


^(o) ^(b) ^(c) 


A 


(aXbXc) 


Yabc* 


etc. 
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Finally, we call attention to the fact that our construction is essentially independent 
of the four-dimensional nature of the metric. Thus the results obtained can also be used 
to calculate the three-dimensional Riemann and Ricci tensors for a three-dimensional 
metric. Naturally, then, in place of the tetrad of four-vectors we will deal with a triad of 
three-vectors, while the matrix should have the signature + + + (we shall deal with 
such an application in § 116). 



CHAPTER 12 


THE FIELD OF GRAVITATING BODIES 


§ 99. Newton’s law 

In the Einstein field equations we now carry out the transition to the limit of non- 
relativistic mechanics. As was stated in § 87, the assumption of small velocities of all particles 
requires also that the gravitational field be weak. 

The expression for the component Qqq of the metric tensor (the only one which we need) 
was found, for the limiting case which we are considering, in § 87: 

9 qq = 1-f 


Further, we can use for the components of the energy-momentum tensor the expression 
(35.4) T\ = where // is the mass density of the body (the sum of the rest masses 

of the particles in a unit volume; we drop the subscript 0 on //). As for the four-velocity w‘, 
since the macroscopic motion is also considered to be slow, we must neglect all its space 
components and retain only the time component, that is, we must set w® = 0, = Mq = 1* 

Of all the components T-, there thus remains only 

T°o = tic\ (99 1) 

The scalar T = Tj will be equal to this same value nc^. 

We write the field equations in the form (95.8): 



One easily verifies that in the approximation we are considering all the other equations vanish 
identically. 

For the calculation of Rq from the general formula (92.7), we note that terms containing 
products of the quantities F^, are in every case quantities of the second order. Terms con¬ 
taining derivatives with respect to x® = ct are small (compared with terms with derivatives 
with respect to the coordinates x*) since they contain extra powers of 1/c. As a result, there 
remains Rqo = Rq = dr^Q/dx*. Substituting 
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^ 00 — 


dx^ 


d<l> 


dx'^ 


5jc*^ “ 

Thus the Einstein equations give 

A</) = 47rfe/i. (99.2) 

This is the equation of the gravitational field in nonrelativistic mechanics. It is completely 
analogous to the Poisson equation (36.4) for the electric potential, where here in place of 
the charge density we have the mass density multiplied by —k. Therefore we can immediately 
write the general solution of equation (99.2) by analogy with (36.8) in the form 

C udV 

(99.3) 

This formula determines the potential of the gravitational field of an arbitrary mass distribu¬ 
tion in the nonrelativistic approximation. 

In particular, we have for the potential of the field of a single particle of mass m 

(99.4) 


and, consequently, the force F = 
(mass w'), is equal to 


R 

-m\d4>jdR)y acting in this field on another particle 


F= - 


kmm' 


(99.5) 


This is the well-known law of attraction of Newton, 

The potential energy of a particle in a gravitational field is equal to its mass multiplied by 
the potential of the field, in analogy to the fact that the potential energy in an electric field is 
equal to the product of the charge and the potential of the field. Therefore, we may write, by 
analogy with (37.1), for the potential energy of an arbitrary mass distribution, the expression 


V 




fi<l> dV, 


(99.6) 


For the Newtonian potential of a constant gravitational field at large distances from the 
masses producing it, we can give an expansion analogous to that obtained in §§ 40-41 for 
the electrostatic field. We choose the coordinate origin at the inertial center of the masses. 
Then the integral J pet dVy which is analogous to the dipole moment of a system of charges, 
vanishes identically. Thus, unlike the case of the electrostatic field, in the case of the gravita¬ 
tional field we can always eliminate the “dipole terms”. Consequently, the expansion of the 
potential 0 has the form: 

. , [M 1 52 1 


(99.7) 


[Ro ■ 

where A/ = J /x t/K is the total mass of the system, and the quantity 

D,t = J rOx, xg - r^d,f) d V (99.8) 

may be called the mass quadrupole moment tensor,^ It is related to the usual moment of 


t We here write all indices a, as subscripts, not distinguishing between co- and contra variant components, 
in accordance with the fact that all operations are carried out in ordinary Newtonian (Euclidean) space. 
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J,ii = I 

by the obvious relation 

(99.9) 

The determination of the Newtonian potential from a given distribution of masses is the 
subject of one of the branches of mathematical physics; the exposition of the various 
methods for this is not the subject of the present book. Here we shall for reference purposes 
give only the formulas for the potential of the gravitational field produced by a homo¬ 
geneous ellipsoidal body. 

Let the surface of the ellipsoid be given by the equation 


T2 l2 + TT - 


a > b > c. 


(99.10) 


Then the potential of the field at an arbitrary point outside the body is given by the following 
formula: 


(p = —Ttfiahck 


+s b^ + s c^ + s) 


(99.11) 


Rs = V(fl^ + .9)(6^-hs)(c^-hs), 
where ^ is the positive root of the equation 

y^ _ 

The potential of the field in the interior of the ellipsoid is given by the formula 


(p = —nfiabck 


a^ + s b^ + s 


\ (is 

i c^-^sJrJ 


(99.12) 


(99.13) 


which differs from (99.11) in having the lower limit replaced by zero; we note that this expres¬ 
sion is a quadratic function of the coordinates x,y, z. 

The gravitational energy of the body is obtained, according to (99.6), by integrating the 
expression (99.13) over the volume of the ellipsoid. This integral can be done by elementary 
methods,! and gives: 

3kni^ C n / b^ \ J 

^ 8 J [s + , + b^s C=+.v/ “ J “ 

0 

3tm’ r [2 ,/l\ 2 *1 

0 

^ abc fi is the total mass of the body^; integrating the first term by parts, we 

t The integration of the squares is most simply done by making the substitution x = ax\ 

y = by\ z = cz\ which reduces the integral over the volume of the ellipsoid to an integral over the volume of 
the unit sphere. 
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3fcm^ r ds 

~io" J 


(99.14) 


All the integrals appearing in formulas (99.11)-(99.14) can be expressed in terms of 
elliptic integrals of the first and second kind. For ellipsoids of rotation, these integrals are 
expressed in terms of elementary functions. In particular, the gravitational energy of an 
oblate ellipsoid of rotation (a = b> c)is 


17 = 


3km^ , c 

-COS” * “ 


(99.15) 


and for a prolate ellipsoid of rotation {a> b — c): 

3km^ 


L7 = 




- cosh”^ 

2 C 


(99.16) 


For a sphere (a = c) both formulas give the value U = —3km^l5a, which, of course, can 
also be obtained by elementary methods.f 


PROBLEM 


Determine the equilibrium shape of a homogeneous gravitating mass of liquid which is rotating 
as a whole. 

Solution: The condition of equilibrium is the constancy on the surface of the body of the sum of 
the gravitational potential and the potential of the centrifugal forces: 

^ — = const. 

(Cl is the angular velocity; the axis of rotation is the z axis). The required shape is that of an oblate 
ellipsoid of rotation. To determine its parameters we substitute (99.13) in the condition of equi¬ 
librium, and eliminate by using equation (99.10); this gives: 




Infika^c 


to 


C ds 

0 


= const., 


from which it follows that the expression in the square brackets must vanish. Performing the in¬ 
tegration, we get the equation 

(a^-\-2c^)c 3c^ _ __ 25 

a Inkfi 6 \ 3/ \a) 

(M = ima^Cl is the angular momentum of the body around the z axis), which determines the 
ratio of the semiaxes cla for given Cl or M. The dependence of the ratio cja on M is single-valued; 
cja increases monotonicaily with increasing M, 

However, It tums out that the symmetrical form which we have found is stable (with respect to 
small perturbations) only for not too large values of M.+ The stability is lost for M = 
2.89 k}'^ (when cja — 0.58). With further increase of M, the equilibrium shape becomes a 

general ellipsoid with gradually decreasing values of bja and cja (from 1 and from 0.58, respectively). 
This shape in turn becomes unstable for M = 3.84 k^'^ (when a: b:c^\ : 0.43:0.34). 


t The potential of the field inside a homogeneous sphere of radius a is 

-Inkn j 

+ References to the literature concerning this question can be found in the book by H. Lamb, Hydro- 
dynamics^ chap. XII. 
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§ 100. The centrally symmetric gravitational field 

Let us consider a gravitational field possessing central symmetry. Such a field can be 
produced by any centrally symmetric distribution of matter; for this, of course, not only the 
distribution but also the motion of the matter must be centrally symmetric, i.e. the velocity 
at each point must be directed along the radius. 

The central symmetry of the field means that the space-time metric, that is, the expression 
for the interval ds, must be the same for all points located at the same distance from the 
center. In euclidean space this distance is equal to the radius vector; in a non-euclidean 
space, such as we have in the presence of a gravitational field, there is no quantity which has 
all the properties of the euclidean radius vector (for example to be equal both to the distance 
from the center and to the length of the circumference divided by 27r). Therefore the choice 
of a “radius vector” is now arbitrary. 

If we use “spherical” space coordinates r, 0, 0, then the most general centrally symmetric 
expression for ds^ is 

ds^ = /i(r, t) rfr^-h/c(r, /)(sin^ 0 d(l)^ + d0^) +l(r, t) /) dr dt, (100.1) 


where a, h, k, I are certain functions of the “radius vector” r and the “time” /. But because 
of the arbitrariness in the choice of a reference system in the general theory of relativity, we 
can still subject the coordinates to any transformation which does not destroy the central 
symmetry of ds ^; this means that we can transform the coordinates r and t according to the 
formulas 

where/i ,/2 are any functions of the new coordinates r\ t\ 

Making use of this possibility, we choose the coordinate r and the time t in such a way 
that, first of all, the coefficient a{r, t) of dr dt in the expression for ds^ vanishes and, secondly, 
the coefficient k(r, t) becomes equal simply to —The latter condition implies that the 
radius vector r is defined in such a way that the circumference of a circle with center at the 
origin of coordinates is equal to 2nr (the element of arc of a circle in the plane 9 = n/l 
is equal to dl = r d<f)). It will be convenient to write the quantities h and / in exponential 
form, as and respectively, where 2 and v are some functions of r and t. Thus we 
obtain the following expression for ds^ : 

ds^ = dt^-r^idO^-h sin^ 0 d(l>^)-e^ dr^. ( 100 . 2 ) 

Denoting by x', respectively, the coordinates ct,r,0, 0, we have for the 

nonzero components of the metric tensor the expressions 

9 oo = e\ 911 =-e\ 922 =^33 =sin^ 0 . 


Clearly, 


= e' 


9^^ = -e' 


9^^ = -r' 


sin”^ 


With these values it is easy to calculate the from formula (86.3). The calculation leads 
to the following expressions (the prime means differentiation with respect to r, while a dot 
on a symbol means differentiation with respect to cr): 


t These conditions do not determine the choice of the time coordinate uniquely. It can still be subjected 
to an arbitrary transformation /=/(/'), not containing r. 
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r 


I 

n 


A' 

r 


r 


0 

11 



= “, r 33 = — sin 0 cos 

r'22=-re-\ rlo = "^e-\ 


r^2 = r?3 = J, r|3 = coi<?. r%o=\. 
r}o = ^, r33 = -rsin^0e“^ 


§ 100 


(100.3) 


All other components (except for those which differ from the ones we have written by a 
transposition of the indices k and /) are zero. 

To get the equations of gravitation we must calculate the components of the tensor Rl 
according to formula (92.7). A simple calculation leads to the following equations: 




(100.4) 

ink . Snk , 1 


(100.5) 



( 100 . 6 ) 


Stt/c , .3-1 

— 4 - T'o= -e * - . 

r 

(100.7) 

The other components of (95.6) vanish identically. Using (94.9), the components of the 
energy momentum tensor can be expressed in terms of the energy density e of the matter, 


its pressure p, and the radial velocity v. 

The equations (100.4-7) can be integrated exactly in the very important case of a centrally 
symmetric field in vacuum, that is, outside of the masses producing the field. Setting the 
energy-momentum tensor equal to zero, we get the following equations: 


-X ^ 

e M- + -3 

1 - A=0. 

( 100 . 8 ) 

\r 



Vr 

+ 

II 

p 

(100.9) 


/l = o 

( 100 . 10 ) 


[we do not write the fourth equation, that is, equation (100.5), since it follows from the 
other three equations]. 

From (100.10) we see directly that 2 does not depend on the time. Further, adding 
equations ( 100 . 8 ) and ( 100 . 9 ), we find X' + v = 0 , that is, 

>l-fv=/( 0 , ( 100 . 11 ) 

where/(O is a function only of the time. But when we chose the interval ds^ in the form 
( 100 . 2 ), there still remained the possibility of an arbitrary transformation of the time of the 
form t = /’(/'). Such a transformation is equivalent to adding to v an arbitrary function of 
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the lime, and with its aid we can always make f(t) in (100.11) vanish. And so, without any 
loss in generality, we can set / + v = 0. Note that the centrally symmetric gravitational 
field in vacuum is automatically static. 

The equation (100.9) is easily integrated and gives: 


= 1 + - 


const 


( 100 . 12 ) 


Thus, at infinity (r--» cx)), — e' — 1, that is, far from the gravitating bodies the metric 

automatically becomes galilean. The constant is easily expressed in terms of the mass of the 
body by requiring that at large distances, where the field is weak, Newton’s law should 
hold-t In other words, we should have goo = H-(20/c^), where the potential (f> has its 
Newtonian value (99.4) (p — —ikm/r) (m is the total mass of the bodies producing the field). 
From this it is clear that const = —{Ikmlc^). This quantity has the dimensions of length; 
it is called the gravitational radius r^ of the body: 


2km 




(100.13) 


Thus we finally obtain the space-time metric in the form: 


ds‘ 




dt^ — r\sin- 0 d(f>^ + dO^)- 


r 


(100.14) 


This solution of the Einstein equations was found by K. Schwarzschild (1916). It completely 
determines the gravitational field in vacuum produced by any centrally-symmetric distribu¬ 
tion of masses. We emphasize that this solution is valid not only for masses at rest, but also 
when they are moving, so long as the motion has the required symmetry (for example, a 
cenirally-symmeiric pulsation). We note that the metric (100.14) depends only on the total 
mass of the gravitating body, just as in the analogous problem in Newtonian theory. 

The spatial metric is determined by the expression for the element of spatial distance: 

dr^ 

--1. r^(sin^ 0 -f dO^), (100.15) 


The geometrical meaning of the coordinate r is determined by the fact that in the metric 

(100.15) the circumference of a circle with its center at the center of the field is 2nr. But the 
distance between two points r^ and ri along the same radius is given by the integral 


j 





(100.16) 


Furthermore, we see that goo^ 1- Combining with the formula (84.1) dx = \lgoo dt, 
defining the proper time, it follows that 

dx^dt. (100.17) 


t For the field in the interior of a spherical cavity in a centrally symmetric distribution, we must have 
const = 0, since otherwise the metric would have a singularity at r = 0. Thus the metric inside such a cavity 
is automatically galilean, i.e., there is no gravitational field in the interior of the cavity (just as in Newtonian 
theory). 
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The equality sign holds only at infinity, where t coincides with the proper time. Thus at 
finite distances from the masses there is a “slowing down” of the time compared with the 
time at infinity. 

Finally, we present an approximate expression for ds^ at large distances from the origin 
of coordinates: 

2km 

ds^ = dsl - —(dr^ + c^ dt^). (100.18) 

c r 


The second term represents a small correction to the galilean metric dsQ. At large distances 
from the masses producing it, every field appears centrally symmetric. Therefore (100.18) 
determines the metric at large distances from any system of bodies. 

Certain general considerations can also be made concerning the behavior of a centrally 
symmetric gravitational field in the interior of the gravitating masses. From equation (100.6) 
we see that for r-^0, 2 must also vanish at least like r^; if this were not so the right side 
of the equation would become infinite for r-^O, that is, Tq would have a singular point at 
r = 0, which is physically impossible. Formally integrating (100.6) with the limiting con¬ 
dition obtain 

A= J rgr^t/r|. (100.19) 

0 


Since, from (100.10), = e~'Too^(^< it is clear that A>0, that is, 

^ 1 . 

Subtracting equation (100.6) term by term from (100.4), we get; 


( 100 . 20 ) 


— (y'+n=^(n-T\) = 

r c 


(e + p) 


{' 4 ) 

- 1 — ^> 0 , 


1 - 


i.e. v'-fA'^O. But for r-^oo (far from the masses) the metric becomes galilean, i.e. 
V 0, A 0. Therefore, from v' +A' ^ 0 it follows that over all space 

v-fA^O. (100.21) 

Since A > 0, it then follows that v < 0, i.e. 

( 100 . 22 ) 

The inequalities obtained show that the above properties (100.16) and (100.17) of the 
spatial metric and the behaviour of clocks in a centrally symmetric field in vacuum apply 
equally well to the field in the interior of the gravitating masses. 

If the gravitational field'is produced by a spherical body of "radius" a, then for r>Q, 
we have Tq = 0. For points with r>a, formula (100.19) therefore gives 

0 

On the other hand, we can here apply the expression (100.14) referring to vacuum, according 
to which 
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m 


f 

“ J 


r o 
n 


r" dr. 


(100.23) 


expressing the total mass of a body in terms of its energy-momentum tensor. 

In particular, for a static distribution of matter in the body we have Tq = £, so that 


m 


a 


471 


J er^dr. 
0 


(100.24) 


We call attention to the fact that the integration is taken with respect to Anr^dr, whereas 
the element of spatial volume for the metric (100.2) is dV = Anr'^e^'^dr, where, according 
to (100.20), e' ^>1. This difference indicates the gravitational mass defect of the body. 


PROBLEMS 


1. Find the invariants of the curvature tensor for the Schwarzschild metric (100.14). 

Solution: A calculation with (92.1) and the T^, from (100.3) (or using the formulas found in 
problem 2 of ^ 92) leads to the following values for the nonzero components of the curvature 
tensor: 


R 


0 101 


- 7 , Roioi 


^03 03 

sin^ 0 


Ir^ ' 


R\2 


Riz 


sin' f) 


2(r-rj’ 


Rzziz — —/*/* sin'i 


For the invariants h and h of (92.20) we find: 


/. 



h - 



2 


(products including the dual tensor are identically zero). The curvature tensor belongs to 
type D of the Petrov classification (with real invariants = —rJ2r^). We note that the 

curvature invariants have a singularity only at the point r -= 0, and not at r = r^. 

2. Determine the spatial curvature for this metric. 

Solution: The components of the spatial curvature tensor can be expressed in terms of the 
components of the tensor Pa 5 (and the tensor yaa) so that we need only calculate Paa (see problem 1 
in § 92). The tensor Pat is expressed in terms of yat just as 7?,^ is expressed in terms of gxH. Using 
the values of yut from (100.15), we find from the calculations: 




^ _ 
♦ ~ 


Ll 




[g 

r3’ 


and Pf = 0 for a ^ p. We note that PJ, PJ >0, P^ < 0, while P = P“ = 0. 
From the formula given in problem 1 of § 92, we find: 

Prtrt = (P; + P;)yrr ytt = -Pt Yrr 

Pf^r^ “ P\yrry^^i 

P = — P\ yBB y^0^ 


It then follows (see the footnote on p. 264) that for a “plane” perpendicular to the radius, the 
Gaussian curvature is 

yBB y0^ 

(which means that, in a small triangle drawn on the “plane” in the neighborhood of its intersection 
with the radius perpendicular to it, the sum of the angles of the triangle is greater than n). As to 
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the “planes” which pass through the centre, their Gaussian curvature Ar<0; this means that the 
sum of the angles of a small triangle in such a “plane” is less than n (however this does not refer 
to the triangles embracing the centre—the sum of the angles in such a triangle is greater than n). 

3. Determine the form of the surface of rotation on which the geometry would be the same as on 
a “plane” passing through the origin in a centrally symmetric gravitational field in vacuo. 
Solution: The geometry on the surface of rotation z = z(r) is determined (in cylindrical co¬ 
ordinates) by the element of length: 

dl^ = dr^dz^ r^d(p^ = dr\\ +z'^)-\-r^d(p^. 

Comparing with the element of length (100.15) in the “plane" 6 = .^/2 

dr^ 

\-rJr 

we find 


from which 


-Hr- 


'^rg(r-rg). 


For /• - this function has a singularity—a branch point. The reason for this is that the spatial 
metric (100.15) in contrast to the space-time metric (1()0.I4), actually has a singularity at r = 

The general properties of the geometry on “planes” passing through the center, which were 
mentioned in the preceding problem, can also be f^ound by considering the curvature in the pictorial 
model given here. 

4. Transform the interval (100.14) to such coordinates that its element of spatial distance has 
conformal—euclidean form, i.e. dl^ is proportional to its euclidean expression. 

Solution: Setting 


we get from (100.14) 




{dp^-\- dO^^- sin^ 0 d(p^). 


The coordinates /?, 0, (p are called isotropic spherical coordinates; instead of them we can also 
introduce isotropic cartesian coordinates a:, z. In particular, at large distances {p > rg) we have 
approximately: 


ds^ = dr — -h ’-J-j (dx^ -h dy^ -h dz^). 

5. Find the equations for a centrally symmetric gravitational field in matter in the comoving 
reference system. 

Solution: We make use of the two possible transformations of the coordinates r, t in the element 
of interval (100.1) in order to, first, make the coefficient air, t) of dr dt vanish, and, second, to make 
the radial velocity of the matter vanish at each point (because of the central symmetry the other 
components are not present). After this is done, /• and t can still be subjected to an arbitrary trans¬ 
formation of the form /• = r{r') and t = tit'). 

We denote the radial coordinate and time selected in this way by R and t , and the coefficients 
h, k, I by ~e^, ~e^, e^, respectively (where /, p and v are functions of R and t.) We then have 
for the line element: 

ds^ = c -e^dR^-e^^idd^ -f sin^ 6 d<f>^). (1) 

In the comoving reference system the components of the energy-momentum tensor are: 


1 + ^ 


{dx^ + dy^ + d:^). 


Tl^T\ = -p. 
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The calculation gives the following field equations ;t 

8n/: SnA: i \ . 

—Tl =-0-p = le~^(2v'' +v'^ +2p'' +p'‘ —p'X'—v'X' +p'v') + 


S7tk Snk 

r» = — f = -e 


-h ie~ ^{?>v +iiv — 2/i—/t^), 

(^p" + -tie-'' (^/.p 


SttA , . . 

~4 = 0 = -Xfi'-v'ii) 


( 2 ) 

(3) 

(4) 

(5) 


(where the prime denotes differentiation with respect to R and the dot with respect to ct). 

General relations for A,// and v can be found easily if we start from the equations = 0 
which are contained in the field equations. Using formula (86.11), we get the following two equa¬ 
tions : 


A-f2/i 


2k , _ 2p^ 

p + e p+E 


( 6 ) 


If p is known as a function of £, equation (6) can be integrated in the form: 

X + 2p = -2 f — +/.(/?), V = -2 f (7) 

where the functions fi(R) and/ 2 (T) can be chosen arbitrarily in view of the possibility mentioned 
above of making arbitrary transformations of the form R = R(R'), r = t(t'). 

6. Find the equations determining the static gravitational field in vacuum around an axially 
symmetric body at rest (H. Weyl, 1917). 

Solution: The static line element in cylindrical space coordinates = <^, = ^, x^ - z is 

assumed to have the form 

ds^ = e^c^dt^—e^ d(l>^—ef^{dQ^ 

where v, w, p are functions of q and z; such a representation fixes the choice of coordinates to 
within a transformation of the form q = q{q\ z')» ^ = z{q\ z'), which multiplies the quadratic 
form dg^ -rdz^ simply by a common factor. 

From the equations 

/?; = J^'^[2wp.p+Wp(vp+a>p)+2cu.,.,+a>^(v^-hwj] = 0 

(wheFe the subscripts and ,2 denote differentiation with respect to g and z), and taking their 
sum, we find: 

Q'.p,p^^Q'.^.^ = 0, 

where 

v_+_tu 

g'(g, 2 ) = e 2 , 

Thus g'(g, z) is a harmonic function of the variables g, z. According to the well-known properties 
of such functions, this means that there exists a conjugate harmonic function z'(^, z) such that 
g'+iz' = /(o + /z), where /is an analytic function of the complex variable g-f-/z. If now we choose 
g', z' as new coordinates, because of the conformality of the transformation z-^g'z' we will have 

e^^idg^ -i-dz^) = e^'(dg'^ +*'*), 


t The components R,^ can be calculated directly as was done in the text or with formulas obtained in 
problem 2 of § 92. 
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where z') is some new function. At the same time == writing + v = y and dropping 

the primes, we write ds^ in the form 


ds^ = e^c^dt^d<f>^ - e^~^(dQ^+dz^). 

Forming the equations = 0, R\ — R\ = 0, R\ = 0 for this metric, we find: 

1 d / dv\ 

Q \ Sq) 


( 1 ) 

( 2 ) 


dy dv dv dy f 

dz ^ ^ die? do ^ ‘ LVav \Sz) J‘ 


(3) 


We note that (2) has the form of the Laplace equation in cylindrical coordinates (for a function 
independent of 0). If this equation is solved, then the function y(o, z) is completely determined by 
eqs. (2)-(3). At large distances from the body producing the field, the functions v and y should 
tend to zero. 


§ 101. Motion in a centrally symmetric gravitational field 


Let us consider the motion of a particle in a centrally symmetric gravitational field. As 
in every centrally symmetric field, the motion occurs in a single “plane” passing through 
the origin; we choose this plane as the plane 6 = n/2. 

To determine the trajectory of the particle, we use the Hamilton-Jacobi equation: 


d?dx^ 


— mV = 0. 


where m is the mass of the particle (and we denote the mass of the central body by m'). Using 
the given in the expression (100.14), we find the following equation: 


\ r j j \ r) ) r^\d(l)J 


= 0 , 


where = 2km 'is the gravitational radius of the central body. 

By the general procedure for solving the Hamilton-Jacobi equation, 
S in the form 


— SQtM(f> + S^(r)^ 


( 101 . 1 ) 


we look for an 

( 101 . 2 ) 


with constant energy Sq and angular momentum M. Substituting (101.2) in (101.1), we 
find the derivative dSJdr, and thus: 




■dr. 


(101.3) 


The dependence r = r{t) is given (cf. Mechanics, § 47) by the equation dSjdS'o = const, 
from which 


ct = 



The trajectory itself is determined by the equation dSjdM = const, so that 


(101.4) 
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Mdr 




(101.5) 


This integral reduces to an elliptic integral. 

For the motion of a planet in the field of attraction of the Sun, the relativistic theory 
leads to only an insignificant correction compared to Newton’s theory, since the velocities 
of the planets are very small compared to the velocity of light. In the integrand in the equation 
(101.5) for the trajectory, this corresponds to a small value for the ratio rjr, where is the 
gravitational radius of the Sun.t 

To calculate the relativistic corrections to the trajectory, it is convenient to start from 
the expression (101.3) for the radial part of the action, before differentiation with respect 
to M. 

We make a transformation of the integration variable, writing 


K'•-0 = r'^ i.e. 


•S r'. 


as a result of which the term with under the square root takes the form In the 

Other terms we make an expansion in powers of rjr \ and obtain to the required accuracy: 

r f/ 1 1 / 

S^=| - - —-]\ dr, (101.6) 


where for brevity we have dropped the prime on r' and introduced the non-relativistic 
energy (without the rest energy). 

The correction terms in the coefficients of the first two terms under the square root have 
only the not particularly interesting effect of changing the relation between the energy and 
momentum of the particle and changing the parameters of its Newtonian orbit (ellipse). But 
the change in the coefficient of l/r^ leads to a more fundamental effect—to a systematic 
(secular) shift in the perihelion of the orbit. 

Since the trajectory is defined by the equation (^ + (55^/5A/) = const, the change of 
the angle (f) after one revolution of the planet in its orbit is 

i# . - i, 4S„ 


where is the corresponding change in 5,.. Expanding 5^ in powers of the small correction 
to the coefficient of 1/r^, we get: 


AS, = ASt°^- 


AM 


where ASj®^ corresponds to the motion in the closed ellipse which is unshifted. Differentiating 
this relation with respect to M, and using the fact that 


~ ---- ASJ"> = = 271, 

cM 


we find: 


A0 = 271 + 


3nm^c^rl 

2M^ 


= 27r + 


6nk^m^m'^ 


t For the Sun, r, = 3 km; for Earth, = 0.9cm. 
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The second term is the required angular displacement d(j) of the Newtonian ellipse during 
one revolution, i.e. the shift in the perihelion of the orbit. Expressing it in terms of the length 
a of the semimajor axis and the eccentricity e of the ellipse by means of the formula 




we obtain :t 




(101.7) 


2 /i 2 k' , J 

c a{ \ —e) 

Next we consider the path of a light ray in a centrally symmetric gravitational field. This 
path is determined by the eikonal equation (87.9) 

dx' dx^ 

which differs from the Hamilton-Jacobi equation only in having m set equal to zero. There¬ 
fore the trajectory of the ray can be obtained immediately from (101.5) by settings = 0; at 
the same time, in place of the energy S'q = —(dS/dt) of the particle we must write the 
frequency of the light, cuq = —(dil/ldt). Also introducing in place of the constant M a 
constant q defined by ^ = cMIojq, we get: 

</.= (*- -=JL==. ( 101 . 8 ) 




If we neglect the relativistic corrections (r^->0), this equation gives r= q/cos (f), i.e. a 
straight line passing at a distance q from the origin. To study the relativistic corrections, 
we proceed in the same way as in the previous case. 

For the radial part of the eikonal we have [see (101.3)]: 




Making the same transformations as were used to go from (101.3) to (101.6), we find: 


^r(r) = — 
c 


1 +— 
r 


Expanding the integrand in powers of rjr, we have: 

C J C Q 

where corresponds to the classical straight ray. 

The total change in {j/, during the propagation of the light from some very large distance R 
to the point r = q nearest to the center and then back to the distance R is equal to 


C Q 

The corresponding change in the polar angle (j) along the ray is obtained by differentiation 

t Numerical values of the shifts determined from formula (101.7) for Mercury and Earth are equal, 
respectively, to 43.0" and 3.8" per century. 
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with respect to Af = Qq/coc: 

^ dM dM 


Finally, going to the limit cOy and noting that the straight ray corresponds to Acf) = tt, 
we get: 

A0 = 7r+-^ 


This means that under the influence of the field of attraction the light ray is bent: its 
trajectory is a curve which is concave toward the center (the ray is “attracted” toward the 
center), so that the angle between its two asymptotes differs from n by 



4km' 

C^Q ’ 


(101.9) 


in other words, the ray of light, passing at a distance q from the center of the field, is 
deflected through an angle 


§ 102. Gravitational collapse of a spherical body 


In the Schwarzschild metric (101.14), ^oo to zero and to infinity at r = (on the 
“Schwarzschild sphere”). This could give the basis for concluding that there must be a 
singularity of the space-time metric and that it is therefore impossible for bodies to exist 
that have a “radius” (for a given mass) that is less than the gravitational radius. Actually, 
however, this conclusion would be wrong. This is already evident from the fact that the 
determinant g = sin^ 0 has no singularity at = r, so that the condition ^ < 0 (82.3) 
is not violated. We shall see that in fact we are dealing simply with the impossibility of 
establishing a rigid reference system for r<r^. 

To make clear the true character of the space-time metric in this domain J we make a 
transformation of the coordinates of the form: 


Then 



( 102 . 1 ) 


ds^ = ^^ (c^dz^ — r^{dO^ -\-sin^ 6 dcj)^). 

We eliminate the singularity at r = by choosing/(r) so that/(r^) = 1. If we set/(r) = v 
then the new coordinate system will also be synchronous (^„ = 1). First choosing the upper 
sign in (102.1), we have: 


R — cz 


r ii-P)dr 



2 rV2 

~ 3 


t For a ray just skirting the edge of the Sun, d<l> = 1.75"'. 

+ The physical meaning of the Schwarzschild singularity was first explained by D. Finkelstein (1958) 
using a different transformation. The metric (102.3) was first found by Lemaitre (1938). 
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( 102 . 2 ) 


(we set the integration constant, which depends on the time origin, equal to zero). The 
element of interval is: 

dR^ r3 

ds^ = c^dx^ --:r^ -- |•^(/^-CT) r^'^dO'+ s'm^ 0 d<j>^). (102.3) 


(R-cx) 

L2r, J 


In these coordinates the singularity on the Schwarzschild sphere [to which there corres¬ 
ponds the equality | (/^—ct) = rj is absent. The coordinate R is everywhere spacelike, 
while T is timelike. The metric (102.3) is nonstationary. As in every synchronous reference 
system, the time lines are geodesics. In other words, “test” particles at rest relative to the 
reference system are particles moving freely in the given field. 

To given values of r there correspond world lines R — ct = const (the sloping straight 
lines in Fig. 20). The world lines of particles at rest relative to the reference system are 
shown on this diagram as vertical lines; moving along these lines, after a finite interval of 



proper time the particles “fall in” to the center of the field (r = 0), which is the location of 
the true singularity of the metric. 

Let us consider the propagation of radial light signals. The equation ds^ = 0 (for 
0, 0 = const) gives for the derivative dx/dR along the ray: 


dx 






(102.4) 


the two signs corresponding to the two boundaries of the light “cone” with its vertex at 
the given world point. When r > (point a in Fig. 20) the slope of these boundaries 
satisfies \cdx/dR\ < 1, so that the straight line r = const (along which cdxjdR = 1) falls 
inside the cone. But in the region r < (point a') we have \c dxldR\ > 1, so that the line 
r = const, the world line of a particle at rest relative to the center of the field, lies outside 
the cone. Both boundaries of the cone intersect the line r = 0 at a finite distance, approach¬ 
ing it along a vertical. Since no causally related events can lie on the world line outside the 
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light cone, it follows that in the region r < no particles can be at rest. Here all interactions 
and signals propagate in the direction toward the center, reaching it after a finite interval 
of time T. 

Similarly, choosing the lower signs in (102.1) we would obtain an “expanding” reference 
system with a metric differing from (102.3) by a change of the sign of t. It corresponds to a 
space-time in which (in the region r < r^) again rest is impossible, but all signals propagate 
outward from the center. 

The results described here can be applied to the problem of the behavior of massive 
bodies in the general theory of relativity. 

The investigation of the relativistic conditions for equilibrium of a spherical body shows 
that for a body of sufficiently large mass, states of static equilibrium cannot exist.t It is 
clear that such a body must contract without limit (i.e. it must undergo ""gravitational 
collapse"'),X 

In a reference system not attached to the body and galilean at infinity [metric (100.14)], 
the radius of the central body cannot be less than r^. This means that according to the clocks 
t of a distant observer the radius of the contracting body only approaches the gravitational 
radius asymptotically as t oo. It is easy to find the limiting form of this dependence. 

A particle on the surface of the contracting body is at all times in the field of attraction of 
a constant mass m, the total mass of the body. As r the gravitational force becomes very 
large; but the density of the body (and with it, the pressure) remains finite. Neglecting the 
pressure forces for this reason, we reduce the determination of the time dependence r = r{t) 
of the radius of the body to a consideration of the free fall of a test particle in the field of 
the mass m. 

The function r(t) for fall in a Schwarzschild field is given by the integral (101.4), where 
for purely radial motion M = 0. Thus, if the fall starts at a “distance” Tq from the center 
with zero velocity at some time the energy of the particle is = mc^\/X—rJrQ, and 
for the time t for it to reach the “distance” r we have: 



This integral diverges like In (r — r^) for r-^r^. Thus we find the asymptotic formula for 
the approach of r to 

r — fg = const (102.6) 


Thus the final stage of approach of the collapsing body to the gravitational radius occurs 
according to an exponential law with a very small characteristic time 
Although the rate of contraction as observed from outside goes to zero asymptotically, 
the velocity v of fall of the particles, as measured in their proper time, increases and appro¬ 
aches the velocity of light. In fact, according to the definition (88.10): 


V 


2 


9oo \^v 


t See Statistical Physics, §111. 

X The essential properties of this phenomenon were first explained by J. R. Oppenheimer and H. Snyder 
(1939). 
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Taking and Qqq from (100.14) and drjdt from (102.5), we find: 



'*0 


(102.7) 


The approach to the gravitational radius, which according to the clocks of the outside 
observer takes an infinite time, occupies only a finite interval of proper time (i.e. time in the 
reference system comoving with the body). This is already clear from the analysis given above, 
but one can also verify it directly by computing the proper time t as the invariant integral 


CT 


r rr t 

= i/s = c^Qoo + dr 


Taking drjdt for the falling particle from (102.5), we get for the proper time for fall from 
To to r: 

^ ~ H(7 ~ 7 ) 

'o 

This integral converges for r r^. 

Having reached the gravitational radius (as measured by proper time), the body will con¬ 
tinue to contract, with all of its particles arriving at the center within a finite time; the 
moment of collapse of each portion of the matter into the center is a true singularity of the 
space-time metric. We do not, however, observe any of this process of collapse of the body 
within the Schwarzschild sphere. The moment when the surface of the body crosses this 
sphere corresponds to / = oo; we may say that the whole process of collapse within the 
Schwarzschild sphere occurs “after an infinite time” for the distant observer—an extreme 
example of the relativity of time. There are, of course, no logical contradictions in this 
picture. In complete accord with it is the statement above about the property of the contract¬ 
ing coordinate system: in this system no signals emerge from the Schwarzschild sphere. 
Particles or light rays may intersect this sphere (in the comoving reference system) only in 
one direction—toward the inside, and once crossing there, can no longer emerge. Such a 
“one-way valve” is called the event horizon. 

With respect to an external observer the contraction to the gravitational radius is 
accompanied by a “closing up” of the body. The time for propagation of signals sent from 
the body tends to infinity: for a light signal c dt = drl{\ —rjr), the time for propagation 
from r to some rQ>r is given by the integral 


ro 

f dr 






(102.9) 


which [like the integral (102.5)] diverges for r-^rg. Intervals of proper time on the surface 
of the body are shortened, as compared to intervals of time t for the distant observer, in 

the ratio ^_ 

\ 900 = \ 1 “V'*' 

consequently, as r-^rg all processes on the body appear to be “frozen” with respect to the 
external observer. 



§ 102 GRAVITATIONAL COLLAPSE OF A SPHERICAL BODY 313 

The frequency of a spectral line emitted by the body and received by a distant observer 
is reduced, but this is not only an effect of the gravitational red shift, but also the effect of 
the Doppler shift due to the motion of the source, which is falling toward the center along 
with the surface of the sphere. When the radius of the sphere is already close to (so that 
the velocity of fall is already close to the light velocity) this effect reduces the frequency 
by a factor 



Under the influence of both effects, the observed frequency consequently goes to zero as 
according to the law 

O) = const (102.10) 

Thus, from the point of view of a distant observer, the gravitational collapse leads to the 
appearance of a “congealed” body which sends no signals into the surrounding space 
and interacts with the external world only through its static gravitational field. Such a 
structure is called a black hole or a collapsar. 

In conclusion we make one further remark of a methodological nature. We have seen 
that for the central field in vacuum the “system of the outside observer” that is inertial at 
infinity is not complete: there is no place in it for the world lines of particles moving inside 
the Schwarzschild sphere. The metric (102.3) is still applicable inside the Schwarzschild 
sphere, but this system too is not complete in a certain sense. Consider, in this system, a 
particle carrying out a radial motion in the direction away from the center. As t -► cx) its 
world line goes out to infinity, while for t — oo it must approach asymptotically to r = r^, 
since, in this metric, within the Schwarzschild sphere motion can occur only along the direc¬ 
tion to the center. On the other hand, emergence of the particle from r = to any given 
point r>rg occurs within a finite interval of proper time. In terms of proper time the 
particle must approach the Schwarzschild sphere from inside before it can begin to move 
outside it; but this part of the history of the particle is not kept by the particular reference 
system.t 

We emphasize that this incompleteness arises only in a formal treatment of the metric 
of the field, where it is regarded as produced by a point mass. In a real physical problem, 
say the collapse of an extended body, this incompleteness does not occur: the solution 
obtained by matching the metric (102.3) with the solution inside of the matter, will, of course, 
be complete, and will describe the whole history of all possible motions of the particles. 
(The world lines of particles moving in the region r>r^ in the direction toward the center 
necessarily begin from the surface of the sphere, even before its contraction to within the 
Schwarzschild sphere.) 


PROBLEMS 

1. Find the radii of circular orbits for a particle in the field of a black hole (S. A. Kaplan, 1949). 
Solution: The dependence r = r(/) for a particle moving in the Schwarzschild field is given by 


t The construction of a reference system that is not incomplete in this way is considered in problem 5 
of this section. 
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(101.4), or, in differential form: 


I 




where 


1 - r cdt Sq 


( 1 ) 


(m is the mass of the particle, = 2km^r^ is the gravitational radius of the central body with 
mass m'). The function U{r) plays the role of an “effective potential energy" in the sense that the 
condition So>U{r) determines the admissible range of the motion (in analogy to nonrelativistic 
theory). Figure 21 shows curves of U{r) for various values of the angular momentum M of the 
particle. 



Fig. 21. 


The radii of curvature of the orbits and the corresponding values of So and M are determined 
by the extrema of the function U{r), where the minima correspond to stable, and the maxima to 
unstable orbits. Simultaneous solution of the equations U{r) = So, U'(r) = 0 gives: 


r _ r r 3m^c^rl' 



where the upper sign refers to stable, and the lower to unstable orbits. The stable orbit closest to 
the center has the parameters 


/■ = 3/'^, M = V3 mcr^. So = nic\ 

The minimum radius for an unstable orbit is 3rJ2 and is reached in the limit A/-^oo, Sq-^^. 
Figure 22 shows the dependence of r'r^ on the upper branch gives the radius for stable, 

and the lower for unstable orbits.f 

2. For motion in this same field determine the cross-section for gravitational capture of (a) non- 
relativistic, (b) ultrarelativistic, particles coming from infinity (Ya. B. Zefdovich and I. D. Novikov, 
1964). 


t For comparison we recall that in a Newtonian field circular orbits would be possible (and stable) at 
any distance from the center (the radius being related to the angular momentum by the formula r = M^lkm'm^. 
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Fig. 22. 

Solution: (a) For a nonrelativistic velocity (at infinity) the energy of the particle is me-. 
From Fig. 21 we see that the line ^o= mc^ lies above all the potential curves with angular momenta 
M < Imcrg, i.e. all those with impact parameters c < Icrgjvaa. All particles with such values of c 
undergo gravitational capture: they reach the Schwarzschild sphere (asymptotically, as /->oo) 
and do not emerge again to infinity. The capture cross-section is 

(b) In equation (1) of problem 1 the transition to the ultrarelativistic particle (or to a light ray) 
is achieved by the substitution m~*0. Also introducing the impact parameter cMISq, we get: 

1 /. I 

^_r,cdl V r- r=' 
r 

The limits of the radial motion (the turning points) are determined by the roots of the expression 
under the square root. They are plotted as functions of o in Fig. 23; the regions of possible motions 



Fig. 23 
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correspond to the unshaded part of the plane. The curve has a minimum at the point 
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O 




For smaller values of the impact parameter the particle does not reach the turning point, i.e. it 
moves to the Schwarzschild sphere. Then we get for the capture cross-section 


C7 = 



§ 103. Gravitational collapse of a dustlike sphere 

A discussion of the course of change of the internal state of a collapsing body (including 
in the course of the process its compression below the Schwarzschild sphere) requires the 
solution of the Einstein equations for the gravitational field in a material medium. In the 
centrally symmetric case the field equations can be solved in general form if we neglect 
the pressure of the matter: p = 0 {R. Tolman, 1934). Although the approximation made is 
not usually admissible in real situations, the general solution of this problem has consider¬ 
able methodological interest. 

As was shown in § 97, for a dustlike medium one can choose a reference system which is 
both synchronous and comoving.t Denoting the time and the radial coordinate chosen 
in this way by t and /?, we write the spherically symmetric line element in the formj 

ds^ = (103.1>) 

The function r(T, R) is the “radius,” defined so that Inr is the circumference of a circle 
(with center at the origin). The form (103.1) fixes the choice of t uniquely, but still permits 
arbitrary transformations of the radial coordinate of the form R = R(R'). 

The calculation of the components of the Ricci tensor for this metric leads to the following 
system of Einstein equations :§ 

-e~V'^ + 2rr-hr^+l =0, (103.2) 

p~ ^ r}, .. ^ r 

- (2r"-r7') + --hA+- = 0, (103.3) 

r r 2 r 


€ ^ 1 . 

-^ (2rr"4-/‘'^ —rr7/)-h(rr2-hr^ +1) = 87^/c^, (103.4) 

2r'-;> = 0, (103.5) 

where the prime denotes differentiation with respect to /?, and the dot with respect to t. 


t The matter must move “without rotation” (cf. the footnote on p. 288). In the present case this condition 
is surely satisfied, since spherical symmetry implies purely radial motion of the material. 

+ In this section, we set c = 1. 

§ Compare problem 5 of § 100. Equations (103.2-5) are obtained, respectively, from eqs. (2)-(5) of the 
problem if we set v = 0, p = 0. We note that the second of eqs. (6) of this same problem gives 

v' = 0, i.e., V = v{t)^ when p = 0; the remaining arbitrariness in the metric (1) in the choice of r therefore 
allows us to make v equal to zero, which again demonstrates the possibility of introducing a synchronous- 
comoving leference frame. 



GRAVITATIONAL COLLAPSE OF A DUSTLIKE SPHERE 


317 


§ 103 

Equation (103.5) is immediately integrated over the time, giving 

,'2 


i+m' 


(103.6) 


where/(7?) is an arbitrary function, subject only to the condition that I +/>0. Substituting 
this expression in (103.2), we get 

2rr + r^ - / = 0 

[substitution in (103.3) gives nothing new]. The first integral of this equation is 


=f(R) + 

where F(R) is another arbitrary function. Thus 


F{R) 


(103.7) 


T = + 


dr 


/+- 


The function r{r, R) obtained from the integration can be written in the parametric form: 

(103.8) 


F F 

r ==—(cosh To{R)-t - ^ (sinh r]-ri) for />0, 


F F 

r = 3^(1 -cos Ij), To(/?)-T = 2(Zfji (7-sin n) for /<0, 

where To(/?) is again an arbitrary function. If/ = 0. 

/9FY 

r = l—j [to(7?)-t]^ for / = 0. 

In all cases, substituting (103.6) in (103.4) and eliminating / by using (103.7), we get the 
following expression for the matter density;! 


(103.9) 


(103.10) 


F' 

Znks = —5. 
r'r 


(103.11) 


Formulas (103.6-11) determine the required general solution. J We remark that it depends 
on only two “physically different” arbitrary functions; although three functions,/, Fand Tq 
appear in it, the coordinate R can still be subjected to an arbitrary transformation R = R{R'). 
This number corresponds exactly to the fact that the most general centrally symmetric 
distribution of matter is given by two functions (the density distribution and the radial 
velocity of the matter), while a free gravitational field with central symmetry does not exist. 

Since the reference frame is comoving with the matter, to each particle of matter there 


t The functions F, /, tq have only to satisfy conditions assuring the positivity of r and c. In addition 
to the condition !-*-/> 0 given above, it follows that F>0. We shall also assume that F'>0y r'>0; this 
excludes cases that lead to crossing of spherical layers of matter during their radial motion. 

t It does not, however, include the special case where r = r(r), and does not depend on /?, so that eq. 
(103.5) reduces to an identity; cf. V. A. Ruban, JETPy 56, 1914 (1969); Soviet Phys. JETPy 29, 1027 (1969). 
This case does not, however, correspond to the conditions of the problem of collapse of a finite body. 
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corresponds a definite value of R\ the function r(T, R) for this value of R determines the 
law of motion of the particular particle, while the derivative r is its radial velocity. An 
important property of the solution obtained here is that the assignment of the arbitrary 
functions appearing in it over the interval from 0 to some Rq completely determines the 
behaviour of the sphere of this radius; it does not depend on how the functions are assigned 
for R>Rq. One automatically obtains the solution of the interior problem for any finite 
sphere. The total mass of the sphere is given, according to (100.23), by the integral 

r(T,/?o) Ro 

m = 4n |* er^dr = 4n jsr^r'dR. 

b r 

Substituting (103.11) and noting that F{0) = 0 (when /? = 0, we must have r = 0), we find 


m 


F(Ro) 
2k ’ 


r, = F{Ro) 


(103.12) 


{Kg is the gravitational radius of the sphere). 

For F = const^O, we find £ = 0 from (103.11), so that the solution applies to empty 
space, i.e. it describes the field of a point mass (located at the center, the singular point 
of the metric). So, selling F = r^.f— 0, Tq = we obtain the metric (102.3).f 

Formulas (103.8-10) describe both contraction and expansion of the sphere (depending 
on the range of values taken by the parameter rj); both are equally admissible for the field 
equations. The important problem of behaviour of an unstable massive body corresponds 
to contraction—gravitational collapse. The solutions (103.8-10) are written so that contrac¬ 
tion occurs when r, while increasing, tends to Tq. To the moment t = Tq(R) there corres¬ 
ponds the arrival at the center of the matter with a given radial coordinate R (where we 
must have To>0 ). 

The limiting character of the metric inside the sphere as t-^To(/?) is the same for all 
three cases (10.T8-10): 

/• % (To - (103.13) 


This means that all radial distances (in the comoving reference frame used here) tend to 
infinity, while tangential distances go to zero (like t—To).+ Correspondingly the matter 
density increases without limit :§ 


Snke % 


2F' 

3Fa^T)' 


(103.114) 


t The case of F = 0 (where (103.7) gives r = v7(t—tq)) corresponds to the absence of a field; by a 
suitable transformation of variables, the metric can be brought to Galilean form. 

J The geometry on a “plane” passing through the center is that which would exist on a conical surface of 
revolution which is stretching in the course of time along its generators and at the same time contracting 
along its bounding circles. 

§ The fact that in this solution collapse occurs for any mass of the sphere is a natural consequence of 
neglecting the pressure. Clearly, as c^oo, from the physical point of view the assumption that the matter 
is dustlike is never admissible, and we should use the ultrarelativistic equation of state p = c/3. It appears 
however, that the general character of the limiting laws of compression are to a large extent independent 
of the equation of state of the matter (cf. E. M. Lifshitz and^I. M. Khalatnikov, JETP 39, 149, 1960; Soviet 
Phys, JETP, 12, 108, 1961). 
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Thus, in agreement with .our remarks in § 102, there is a collapse of the whole matter 
distribution in to the center.f 

In the special case where the function Tq(R) = const (i.e. all the particles reach the center 
simultaneously), the metric inside the contracting sphere has a different character. In this 
case 


r 




F' 

2F\TTJ 




Snk'E 


4 

3(To-t)^' 


(103.15) 


i.e. as T-^To- all distances, both tangential and radial, tend to zero according to the same 
law —T)^: the matter density goes to infinity like (To —t)“^ and, in the limit, its 
distribution becomes uniform. 

We call attention to the fact that in all cases the moment of passage of the surface of the 
collapsing sphere through the Schwarzschild sphere [r(T, Rq) = / J has no significance 
for its internal dynamics (described by the metric in the comoving reference frame). At 
each moment of time, however, a definite part of the sphere is already below its “event 
horizon". Just as F(R(j), through (103.12), determines the gravitational radius of the 
sphere as a whole, so F(R) for any given value of R is the gravitational radius of the part 
of the sphere within the spherical surface R = const: thus this part of the sphere is deter¬ 
mined at each moment of time z by the condition /-(t, R)^F(R). 

Finally, we show how these formulas can be used to solve the problem posed at the 
end of § 102: to construct the most complete reference system for the field of a point mass.t 

To achieve this goal we must start from a metric in vacuum that could contain both 
contracting and expanding space-time regions. Equation (103.8) is such a solution, in 
which we must set F = const = r^. Also choosing 


we get : 


/ = 


\Rlry+l' 2' 


r \ /R^ 

- = -(- + ] )(I-cos»;), 


I V 

T "7 + ^ (TT-yz-f-sin rj); 


(103.16) 


where the parameter r] runs through values from 0 to 2n, the time t (for a given R) decreases 
monotonically, while r increases from zero, goes through a maximum, and then again 
drops to zero. 

In Fig. 24, the lines ACB and A'CB’ correspond to the point r = 0 (parameter values 
rj = 271 and t] = 0). The curves AO A' and BOB' correspond to the Schwarzschild sphere 
r = Vg. Between A'CB' and A'OB' is the region of space-time in which only motion out 


t The case where tq - const includes, in particular, the collapse of a completely homogeneous sphere— 
see the problem. 

X Such a system was first found by M. Kruskal using other variables (M. Kruskal, Fhys. Rev. 119, 1743, 
1960). The form of the solution given here, in which the reference system is synchronous, is due to I. D. 
Novikov, 1963. 
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from the center is possible, while between ACB and AOB there is the region in which 
motion occurs only toward the center. 


A T B 



The world line of a particle that is at rest relative to this reference system is a vertical line 
{R = const). It starts from r = 0 (point a), cuts the Schwarzschild sphere at the point 


reaches its farthest distance 


T2+' 

g 


at time t == 0 , after which the particle again 


begins to fall in toward the Schwarzschild sphere, passes through it at point c, and arrives 
once more at r = 0 (point d) at the time 


T = 



This reference system is complete: both ends of the world line of any particle moving 
in the field are either at the true singularity r = 0, or go off to infinity. The incomplete metric 
(102.3) covers only the region to the right of the curve AO A' (or to the left of BOB'), while 
the “expanding” reference system covers the region to the right of BOB' (or to the left 
of AO A'). The Schwarzschild reference frame with the metric (100.14) covers only the 
region to the right of BOA' (or to the left of AOB'). 


PROBLEM 


Find the solution of the interior problem for the gravitational collapse of a dustlike homogeneous 
sphere whose material is at rest initially. 

Solution: Setting 

To = const, / = — sin^ /?, F = 2^7o sin^ R, 

we find 

r = Qo sin R( \ —cos tj), r — To= ao(v—sin fj) (1) 

(the radial coordinate R is dimensionless and runs through values from 0 to In). Then the density is 


StiIce = —- 

al( \ —cos t/r 


( 2 ) 
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and, for a given r. is independent of /?, so the sphere is homogeneous. We can represent the metric 
(103.1) with /• from (1) in the form 

ds^ = dr^ a^{T)[dR^ ^sin^ RidO^ -i-sin^ 0 d<t>^], (3) 

a ^ flo( 1 -cos /y). 

We call attention to the fact that it coincides with the Friedmann solution for the metric of a 
universe completely filled with uniform dustlike matter 112)—a co'^-^letely natural result, 

since a sphere cut out of a uniform distribution of matter has central symmetry.t 
The condition originally posed can be satisfied by (1) for definite choices of the constants ao, Tq. 
Making a change of parameter for convenience —/y), we write the solution in the form 


/• 


/o sin R 
2 sin Ro 


(1 -cos /y). 


T 


I'o 

2 sin Ro 


(/y-sin /y). 


(4) 


where [according to (103.12)] the gravitational radius of the sphere is = /'o sin^ Ro At the 
initial time (r ^ 0, /y 0) the matter is at rest (/* = 0), and 2.t/o ^ 2.Tr(0, Ro) is the initial circum¬ 
ference of the sphere. The collapse of this matter into the center occurs at the time t = Tiro 'l sin Rq. 

The time t in the reference frame of a distant observer (the Schwarzschild frame) is related to the 
proper time t on the sphere by the equation 




where by r we mean the value / (t, Rq) corresponding to the surface of the sphere. Integration of 
this equation leads to the following expression for t as a function of the same parameter /y: 


t 


tj 

cot Ro ^tan ^ 

In-^ cot Ro 

// 

cot Ro tan ^ 



1 

2 sin^ Ro 


if/ -sin fj) 




(5) 


(where the time t = 0 corresponds to r ^ 0). The passage of the surface of the sphere through 
the Schwarzschild sphere (/(t, Ro) r^) corresponds to the value of the parameter /y determined 
by the equation 

, 

cos* ^ ^ = sin^ Ro. 

2 fo 

As we approach this value, the time t goes to infinity, in accordance with the remarks in § 102.+ 


§ 104. Gravitational collapse of nonspherical and rotating bodies 

All the results of the preceding two sections were applicable strictly to bodies that are 
rigorously spherically symmetric. Simple arguments show, however, that the qualitative 
picture of gravitational collapse remains the same for bodies with small deviations from 
spherical symmetry (A. G. Doroshkevich, Ya. B. Zel'dovich and I. D. Novikov, 1965). 

We shall consider, first, bodies whose deviation from central symmetry is related to the 
matter distribution and not to a rotation of the body as a whole. 

It is obvious that if a massive centrally symmetric body is gravitationally unstable, this 

t The metric (3) corresponds to a space of constant positive curvature. In analogous fashion, setting 
/ = sinh^ Ri R ^ 2ao sinh^ R, we obtain the solution corresponding to a space of constant negative curva¬ 
ture (§ 113). 

+ The function r(T, Rq) determined from formula (4) coincides, of course, with the function calculated 
from the external metric and given by the integral (102.8). The same remark applies to the function t(r) 
defined by formulas (4) and (5); it coincides with that given by the integral (102.5). 
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instability will remain for small disturbances of the symmetry, so that such a body will 
collapse. Treating the weak asymmetry as a small perturbation, we can follow its develop¬ 
ment (in the comoving frame) during the contraction of the body. Perturbations, generally 
speaking, increase with increasing density of the body. But if the perturbations are suffi¬ 
ciently weak at the start of the contraction, they will still be small at the time when the body 
reaches its gravitational radius; it was pointed out in § 103 that this moment is in no way 
special for the internal dynamics of the contracting body, while its density is, of course, 
still finite.t 

Because the internal perturbations in the body are small, the perturbations of the external 
centrally symmetric gravitational field produced by it also remain small. This means that 
the surface of the ‘‘event horizon," the Schwarzschild sphere, also remains almost un¬ 
changed, and nothing prevents the collapsing body from crossing it (in the comoving 
reference frame). 

No information reaches the external observer concerning the further growth of per¬ 
turbations inside the body since no signals emerge from beyond the event horizon: the whole 
process remains "infinitely delayed" for the distant observer. From this it follows, in turn, 
that with respect to the external reference frame the gravitational field of the collapsing 
body must tend to become stationary as the body approaches the gravitational radius 
asymptotically. The characteristic time for this approach is very small and during 

it we may assume that in the external space there are only those perturbations that deve¬ 
loped earlier in the centrally symmetric field. But all disturbances must in the course of time 
dissipate in space as gravitational waves, going out to infinity (or passing beyond the 
horizon). 

Time-independent static disturbances also cannot remain in the external gravitational 
field of a developing black hole. This conclusion can be obtained from an analysis of 
constant perturbations applied on the Schwarzschild sphere in vacuum. Such an analysis 
shows that in the static case every perturbation (which drops off at infinity) increases without 
limit as it approaches the Schwarzschild sphere of the unperturbed problem;+ but, as already 
stated, in the present case there is no reason for the appearance of large perturbations of 
the external field. 

The deviations from spherical symmetry in the density distribution of the body are 
described by quadrupole and higher multipole moments of the distribution; each of them 
gives its contribution to the external gravitational field. Our assertion means that all such 
perturbations of the external field damp out in the final stages (from the point of view of 
the external observer) of the collapse. § The developing gravitational field of the black hole 
is again the centrally symmetric Schwarzschild field, determined solely by the total mass of 
the body. 


t The development of perturbations in a nonstationary, unbounded homogeneous distribution of matter 
is treated in § 115 (where the formulas obtained apply equally to the cases of expansion and contraction). 
Nonuniformities of the unperturbed distribution or infinite extent of the body do not change the conclusions 
drawn there. 

I Cf. T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063 (1957). We emphasize that we are speaking of 
perturbations coming from the central body itself. The condition imposed at infinity excludes cases where 
static perturbations arise from external sources: in such cases small perturbations only distort the Schwarzs¬ 
child sphere without changing its qualitative properties and without producing a true space-time singularity 
on it. 

§ For this damping law, cf. R. H. Price, Phys. Rev. D, 5, 2419, 2439 (1972). During collapse, initially 
static 2'-pole perturbations of the external gravitational field damp like 



§ 114 GRAVITATIONAL COLLAPSE OF NONSPHERICAL AND ROTATING BODIES 323 

The question of the ultimate fate of the body in its collapse beyond the event horizon 
(which is not observable from the external reference frame) is not completely clear. Appa¬ 
rently one can assert that here, too, the collapse terminates in a true singularity of the 
space-time metric, but a singularity of a completely different type than in the centrally 
symmetric case. This question is, however, not settled completely at present. 

Let us turn to the case where the weak disturbance of the spherical symmetry is associated 
not with the density distribution but with rotation of the body as a whole; the assumption 
that the perturbation is weak means that we must have a sufficiently slow rotation. All 
the previous remarks remain valid with one exception. It is clear from the start that, because 
of the conservation of the total angular momentum M of the body, the field of the black 
hole cannot depend on just the mass of the body. To this there corresponds the fact that 
among the stationary (but not static) time-independent perturbations of a centrally symmet¬ 
ric gravitational field there is one which does not increase without limit as This 

perturbation is just the one that is associated with rotation of the body, and is described 
by adding to the Schwarzschild metric tensor g,* (in the coordinates = t, x' = /*, x^ = 0, 
x^ = (j)) the small off-diagonal component:t 

IkM . , ^ 

Qoi = — s>>n 0 (104.1) 

(cf. the problem in § 105). This expression remains valid (in the external space) as the body 
approaches the gravitational radius, and thus the gravitational field of a slowly rotating 
black hole will (to first approximation in the small angular momentum M) be a centrally 
symmetric Schwarzschild field with the small correction (104.1). This field is no longer 
static but only stationary. 

If gravitational collapse is possible for small disturbances of spherical symmetry, then 
collapse of the same character (with movement of the body beyond the event horizon) 
must also be possible in some finite, range of sizeable deviations from sphericity; the condi¬ 
tions determining this region are not as yet established. Independent of these conditions, 
it appears that one can assert that, from the point of view of an external observer, the pro¬ 
perties of the structure resulting from the collapse (a rotating collapsar) are independent of 
all characteristics of the initial body except for its total mass m and angular momentum A/.J 
If the body does not rotate as a whole {M = 0), then the external gravitational field of the 
collapsar is the centrally symmetric Schwarzschild field.§ 

The gravitational field of the rotating black hole is given by the following axially sym¬ 
metric stationary Kerr metric 


t In this section, we set c = 1. 

I To avoid misunderstandings we remind the reader that we are not considering bodies that carry an 
uncompensated electric charge. 

§ This assertion is strongly supported by the following theorem due to Israel: among all static solutions 
of the Einstein equations that are galilean at infinity and have closed single-sheeted spatial surfaces goo = 
const, t = const, the Schwarzschild solution is the only one that has a horizon (^oo = 0) without a 
singularity of the space-time metric on it (for the proof cf. W. Israel, Phys. Rev. 164, 1776, 1967). 

H This solution of the Einstein equations was discovered by R. Kerr, 1963, in a different form, and reduced 
to (104.2) by R. H. Boyer and R. W. Lindquist, 1967. There is no constructive analytic derivation of the 
metric (104.2) in the literature that is adequate in its physical ideas, and even a direct check of this solution 
of the Einstein equations involves cumbersome calculations. The claim that the Kerr metric is the unique 
field for a rotating collapsar is supported by a theorem analogous to the theorem of Israel (cf. B. Carter, 
Phys. Rev. Lett. 26, 331, 1971). 
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sin^ 0 sin^0d<^^4- 


sin^ 6 d<j) dt, 


where we have introduced the notation 


— + — r^ + fl^cos^ 0 , 


(104.2) 


(104.3) 


while rg is again = 2mk. This metric depends on two constant parameters, m and a, 
whose meaning is clear from the limiting form of the metric at large distances r. To terms 
of order -- 1 /r, we have: 


fa rgU . , ^ 

000^1—0O3-— sm^ 0; 
r r 


comparison of the first expression with (100.18) and of the second with (104.1) shows that 
m is the mass of the body, while the parameter a is related to the angular momentum M by 


M = ma 


(104.4) 


(M = mac in the usual units). For ^ = 0 the Kerr metric goes over into the Schwarzschild 
metric in its standard form (100.14).t We also call attention to the fact that the form (104.2) 
exhibits explicitly the symmetry under time reversal: this transformation (r-^-r) also 
changes the rotation direction, i.e., the sign of the angular momentum so that 

ds^ remains unchanged. 

The determinant of the metric tensor (104.2) is 

— g^p^ sin^ 0. (104.5) 

We also give the contravariant components by introducing them into the following 
expression for the square of the four-gradient operator: 






Asin^ 0 


p^\dr 


r„r\/ dV 2)-ra d d 


'- fikr . 


p^A dcf) dt 


(104.6) 


When m = 0, in the absence of a gravitating mass, the metric (104.2) should become 
galilean. In fact, the expression 


ds^ = dt^- 




dr^ - p^dO^ —{r^ a^)sin^ 0 dcj)^ 


(104.7) 


is the galilean metric 

ds^ = dt^ — dx^ — dy^ — dz^ 

written in spatially oblate spheroidal coordinates; the transformation to cartesian coordi- 

t To terms of first order in a, the metric (104.2) for 1 differs from the Schwarzschild metric only in the 
term (Irgafr) sin^ Bd4> dt, in agreement with our remarks above about the case of weak deviations from 
spherical symmetry. 
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X = \ sin 6 cos </>, 

y = yfr^-ya^ sin 6 sin </>, 
z = r cos 6 ; 


the surfaces r = const are oblate ellipsoids of rotation: 




= 1 . 


The metric (104.2) has a fictitious singularity, just as the Schwarzschild metric (100.14) 
has a fictitious singularity at r = r^. But, whereas in the Schwarzschild case Qqq goes to 
0 and to infinity simultaneously on the surface r = r^, in the Kerr metric these two 
surfaces are separated. The equality Qqq = 0 holds when = rr^; the larger of the two 
roots of this quadratic equation is 



The quantity goes to infinity when A = 0; the larger of the two roots of this equation is 

rhor = 5+^(2)'"''' 

For brevity, we shall denote the surfaces r = Tq and r = whose physical meaning is 
explained below, by Sq and The surface >s a sphere, while Sq is an oblate figure 
of rotation; is contained inside Sq, and the two surfaces touch at the poles (0 = 0 
and 6 = tt). 

As we see from (104.8-9), the surfaces Sq and 5hor exist only when a^rjl. When a>rJ2 
the character of the metric (104.2) changes radically and begins to show physically inadmis¬ 
sible properties that violate the principle of causality.t 
The fact that the Kerr metric is no longer meaningful for a>r^/2 implies that the value 

(104.10) 

gives the upper limit of possible angular momenta of a collapsar. It must be regarded as a 
limiting value that can be approached arbitrarily closely, while exact equality a = is 
impossible. The corresponding limiting values of the radii of the surfaces Sq and S^or are 

^0 =-^""(l+sin ^), rhor = y. (104.11) 

We shall show that the surface 5^0 is the event horizon, which is passed by a moving 
particle or light ray in only one direction, toward the interior. 


t The violations manifest themselves in the appearance of closed timelike world lines: they would make it 
possible to head into the past and then later develop into the future. We point out immediately that these 
same violations would appear if we extended the Kerr metric inside of 5i,or» even when a < r^ll, which shows 
the physical inapplicability of this metric inside of 5hor (we shall return to this point later). For this same 
reason, there is no physical interest in the surfaces defined by the two smaller roots of the quadratic equations 
goo = 0 and Ijgn = 0, which lie inside cf. B. Carter, Phys. Rev. 174, 1559 (1968). 



326 


THE FIELD OF GRAVITATING BODIES 


§ 104 

As a preliminary, we show that, from the general point of view, the property of unidirec¬ 
tional passage of world lines of moving particles holds for any null hypersurface (i.e. a 
hypersurface whose normal at every point is a null vector). Suppose the hypersurface is 
defined by the equation /(x°, x\ x^, x^) = const. Its normal is directed along the four- 
gradient n' = dfldx\ so that for a null hypersurface we have w.a?' = 0. This means, in other 
words, that the direction of the normal lies in the surface itself: along the hypersurface 
df = n^dx^ = 0, and this equation is satisfied when the directions of the four-vectors 
dx' and w* coincide. From this same property = 0, the element of length on the hyper¬ 
surface in this same direction is ds = 0. In other words, along this direction the hyper¬ 
surface is tangent, at the given point, to the light cone constructed on the point. Thus, 
the light cones constructed at each point of a null hypersurface (say, in the direction of 
the future) lie entirely on one side of it, and are tangent to the hypersuuface (at these points) 
along one of their generators. But this means precisely that (directed into the future) the 
world lines of particles or light rays can cross the hypersurface in only one direction. 

This property of null hypersurfaces is usually physically trivial: unidirectional passage 
through these surfaces simply expresses the impossibility of motion with a velocity greater 
than the light velocity (the simplest example of this sort is the hypersurface x = rin a flat 
space-time). A nontrivial new physical situation arises when the null hypersurface does not 
extend out to spatial infinity, so that its sections t = const are closed spatial surfaces; 
these surfaces are the event horizon in the same sense as the Schwarzschild sphere was in 
the centrally symmetric gravitational field. 

What is the surface ^hor in the Kerr field? The condition a7,a 7' = 0 for the hypersurface 
of the form/(r, 0) = const in the Kerr field has the form 



[with from (104.6)]. This equation is not satisfied on Sq, but is satisfied on 5hor (where 
dfide = 0, A = 0). 

Continuation of the Kerr metric inside the surface of the horizon (as was done in §§ 102, 
103 for the Schwarzschild metric) has no physical meaning. Such a continuation would 
depend on only the same two parameters {m and a) as the field outside of from which 
it is already clear that it could have no connection with the physical question of the fate of 
the collapsing body after its passing under the horizon. The effects of nonsphericity are not 
at all damped out in the comoving reference frame, and, on the contrary, must increase 
with further contraction of the body, so there is no reason to expect that the field beyond 
the horizon should be determined solely by the mass and angular momentum of the body.t 

Let us consider the properties of the surface Sq and the space between it and the horizon 
(this region of the Kerr field is called the ergosphere). 

The fundamental property of the ergosphere is that no particle in it can remain at rest 
relative to the frame of a distant observer: when /*, 0, (j> = const, we have ds^ <0, i.e. the 
interval is not timelike, as it should be for the world line of a particle; the variable t loses 
its temporal character. Thus a rigid reference frame cannot be extended from infinity into 
the ergosphere, and in this sense the surface Sq might be called the limit of stationarity. 

The character of the motion of a particle in the ergosphere is essentially different from 

t Mathematically, this situation manifests itself in the violation of the causality principle (mentioned 
above) when we extend the Kerr metric into the interior of S^^r- 
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what we had inside the horizon of the SchwarzschiId field. In the latter case, also, particles 
could not be at rest relative to an external reference system, and we could not have r = const; 
all particles had to move radially toward the center. In the ergosphere of the Kerr field 
it is </> = const that is impossible for particles (the particles must necessarily rotate around 
the axis of symmetry of the field), while r = const is possible for a particle. Furthermore, 
particles (and light rays) can move both with increasing and decreasing r, and can emerge 
from the ergosphere into the external space. Corresponding to this last point, it is possible 
for particles coming from the external region to reach the ergosphere: the time for such 
a particle (or light ray) to reach the surface Sq, as measured with the clocks t of a distant 
observer, is finite for all of Sq except for - he poles, at which Sq touches the time for 
reaching these points, just as for all points of *^hor’ is again, of course, infinite.t 

Because of the inevitability of rotational motion of particles in the ergosphere, the 
natural form for writing the metric in this region is: 

(Is- = + + + • (104.13) 

The coefficient of 

^ _ 

^33 + sin^ 0 p-' 

is positive everywhere outside of *^ot vanish on 5o); the interval ds is timelike 

when r = const, 0 = const, dcj) = -{gQylgyi)dt. The quantity 


Qoz ^ 

932, p^(r^ + + r^ra^ sin^ 0 


(104.14) 


plays the role of a “generalized angular velocity of rotation of the ergosphere” relative to 
the external reference system (where this direction of rotation coincides with the direction 
of rotation of the central body).J 

The energy of a particle, defined as —dSjdx, the derivative of the action with respect 
to the proper time of the particle, synchronized along the trajectory, is always positive 
(cf. § 88). But, as explained in § 88, during motion of the particle in a field independent 
of time /, the energy Sq defined as —dSjdt, is conserved; this quantity coincides with the 
covariant component of four-momentum Pq = muQ = rngQ^dx' (where m is the mass of the 
particle). The fact that the variable t (the time according to the clocks of the distant observer) 
does not have temporal character inside the ergosphere results in a peculiar situation: 
in this region ^oo<0» and thus the quantity 




dt 

Qoo ■ 7"+^03 
els 



t The time for reaching particular points of So may also turn out to be infinite in particular cases of special 
values of the energy and angular momentum of the particle, chosen so that the radial velocity vanishes at 
the particular point of So. 

t We call attention to the fact that intervals of proper time for particles moving along the boundary 
of the ergosphere do not vanish along with ^oo- In this sense, So is not the surface of ‘‘infinite red shift”; 
the frequencies of light signals sent out from it by a moving source (here sources cannot be at rest) and obser¬ 
ved by a distant observer, do not go to zero. We recall that in the centrally symmetric field there could be 
neither sources at rest nor moving sources on the Schwarzschild sphere (since a null surface cannot contain 
timelike world lines). The “infinite red shift” arose there because, as intervals of proper time dr = \^goo 
dt (for given dt), as measured with clocks at rest relative to the reference frame, went to zero. 
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can be negative. Since, in the external space, where t is the time, the energy Sq cannot be 
negative, a particle with Sq<0 cannot fall into the ergosphere from outside. A possible 
source for the appearance of such a particle is the breakup of a body, entering the ergo¬ 
sphere, into, say, two parts, one of which is captured in a ‘‘negative energy” orbit. This 
part can no longer emerge from the ergosphere, and is finally captured within the horizon. 
The second part can return into the external space; since Sq is a conserved additive quantity, 
the energy of this part is greater than the energy of the initial body, so we get an extraction 
of energy from the rotating black hole (R. Penrose, 1969). 

Finally, we note that although the surface Sq is not singular for the space-time metric, 
the purely spatial metric [in the reference frame (104.2)] does have a singularity there. 
Outside of Sq, where the variable t has temporal character, the spatial metric tensor is 
calculated from (84.7), and the element of spatial distance has the form 

dl^ = ^dr^ + p^de^ + ^ - " 14 d4>^- (• 04.15) 

A 1-'Vp 

Near Sq parallels (6 = const, r = const) go to infinity according to the law Ina sin^ 0/ 

The difference in readings of clocks [cf (88.5)] also goes to infinity here when they are 
synchronized along this closed contour. 


PROBLEMS 


1. Carry out the separation of variables in the Hamilton-Jacobi equation for a particle moving 
in the Kerr field (B. Carter, 1968). 

Solution: In the Hamilton-Jacobi equation 


dS dS 
^ dx‘dx"- 




= 0 


(m is the mass of the particle, not to be confused with the mass of the central body) with g'' from 
(104.6) the time t and the angle <f> are cyclic variables; they therefore enter in the action S in the 
form —where <^o is the conserved energy and L denotes the component of the angular 
momentum along the axis of symmetry of the field. It turns out that the variables 0 and r can also 
be separated. Writing S in the form 

S — —^ot-¥L(^-\-S^{f’)-^SQ{0)^ (1) 

we reduce the Hamilton-Jacobi equation to two ordinary differential equations (cf. Mechanics, 
§48): 

■^(a<^os\n0 — cos^ 6 K, 

\d0/ \ sin 6/ 

- -aLV = -K, (2) 


where K (the separation parameter) is a new arbitrary constant. The functions and are then 
determined by simple quadratures. 

The four-momentum of the particle is 


P 


dx' 

ds 


P. 


g 


dxj 


Calculating the right-hand side of this equation using (I) and (2), we get the following equations: 
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dt 

r„/'a . <?o / , 


rra^ 


\ 

(3) 

'^ds^- 

A ('■ 

' +a^ + 

9 

0^ 

sin^ B 

)’ 

d<t> 

- ^ Yi 

_ 9 \ l 9 



(4) 

m j- 

ds 

A sin^ B \ 



^ 0» 



\ [(/'^ 

9 

-aLY 

A 

{K + m 
Q* 


(5) 

II 

1 

o 

O 

e)-V 

Q 


sin B- 

--V- 

sin B/ 

(6) 


These integrals are the first integrals of the equations of motion (the equations of the geodesics). 
The equation of the trajectory and the time dependence of the coordinates along the trajectory 
can be found either from (3) to (6) or directly from the equations 

dSidS’o = const, dSioL -= const, dSIdK = const. 


For the case of light rays, we must set /n =0 on the right sides of equations (3)-(6) and write 
Wo in place of (cf. § 101), while we must replace the derivatives mdids on the left sides by the 
derivatives d d/. with respect to the parameter A, which varies along the ray (cf. the end of § 87). 

Equations (4)-(6) permit purely radial motion only along the axis of rotation of the body, as 
is already clear from symmetry arguments. From these same considerations it is clear that motion 
in a “plane" is possible only if the plane is equatorial. In that case, setting 6 = nil and expressing 
K in terms of and L from the condition dSids = 0, we obtain the equations of motion in the 
form 




ds 


(7) 

< 8 ) 


2. Determine the radius of the circle, closest to the center, that is a stable orbit for a particle 
moving in the equatorial plane of the limiting Kerr field (R. Ruffini and J. A. Wheeler, 

1969). 

Solution: Proceeding as in problem I of § 102, we introduce the “effective potential energy" 
(/(/'), defined from 

-^a^)U{r)-aLY -^[{aU(r)-L)^ = 0 

[for S'o = U the right side of eq. (9) vanishes]. The radii of stable orbits are determined by the 
minima of the function U(r), i.e. by simultaneous solution of the equations U{r) = U'(r) = 0 

for U'\r)>0. The orbit closest to the center corresponds to f/'X'min) = 0; for / < the function 
U{r) has no minima. As a result we obtain the following values for the parameters of the motion: 

(a) When L<0 (motion opposite to the direction of rotation of the collapsar) 

/•„ 2 ’ m 3 v ' 3 ’ mr, 2 V 3 

(b) For L> 0 (motion in the direction of rotation of the collapsar) as a-^rJ2 the radius tends 
toward the radius of the horizon. Setting a = (r^,2) (1 +()), we find, for ^-^0: 


— = i(I +v'2<)), 
r. 


— = Ml +(44)*]. 

r 


S 0 

m 


L 


V3 


[I 


Then 
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We call attention to the fact that /*„,„ remains greater than I throughout, i.e. th^ orbit do^s 
not go outside the horizon. This is as it should be: the horizon is a null hypersurface, and no time¬ 
like world lines of moving particles can lie on it. 


§ 105. Gravitational fields at large distances from bodies 

Let us consider a stationary gravitational field at large distances from the body producing 
it, and determine the first terms in its expansion in powers of Hr. 

Far from the body, the field is weak. This means that there the space-time metric is almost 
galilean, i.e. we can choose a reference system in which the components of the metric tensor 


are almost equal to their galilean values: 



(105.1) 

We accordingly write the g^^ in the form 


II 

(105.2) 


where the are small corrections determined by the gravitational field. 

In operating with the tensor /?,^, we shall agree to raise and lower its indices using the 
“unperturbed" metric: etc. Here we must distinguish the from the correc¬ 

tions to the contravariant components of the metric tensor g'^. The latter are determined 
by solving the equations: 

so that, to terms of second order, we find: 

^ (105.3) 

To this same accuracy, the determinant of the metric tensor is 

g = (105.4) 

where h = h\. 

We emphasize immediately that the condition that the /z.^ be small in no way fixes a 
unique choice of reference frame. If this condition is satisfied in any one system, it will 
also be satisfied after any transformation x'' = where the c' are small quantities. 

According to (94.3), the tensor /z,^ then goes over into 


fhk = hik- 

cx cx 


(105.5) 


where c' = g\^^c^ [because of the co-nstancy of the g\^^ the covariant derivatives in (94.3) 
reduce to ordinary derivatives in the present case].t 

In first approximation, to terms of order I/r, the small corrections to the galilean values 
are given by the corresponding terms in the expansion of the centrally symmetric Schwarzs- 
child metric. Because of the indeterminacy in the choice of reference frame (galilean at 
infinity) mentioned above, the specific form of the /z,^ depends on the way the radial coordi- 


+ For a stationary field it is natural to admit only those transformations that preserve the time-indepen¬ 
dence of the i.e. the f must be functions only of the space coordinates. 
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nate r is defined. Thus, if the Schwarzschild metric is written in the form (100.14) the first 
terms in its expansion for large r are given by the expression (100.18). Changing from 
spherical spatial coordinates to cartesian (for which we must write dr = where n 

is the unit vector in the direction of r), we obtain the following values: 

*00 = -'X Kf = *o!.’ = 0, (105.6) 


where = Ikmlc^A 

Among the terms of second order proportional to 1/r^, there are terms having two 
different origins. Some of the terms result from the effect of nonlinearity of the Einstein 
equations on the first-order terms. Since the latter depend only on the mass (and on no 
other characteristics of the body), these second-order terms can depend only on the mass. 
It is therefore clear that these terms can be obtained by expanding the Schwarzschild 
metric. In these coordinates, we find 


*!)o = 0. hi-' = n,n^. (105.7) 

The remaining second-order terms arise as the corresponding solutions of the linearized 
field equations. Having in mind later applications, we shall carry out the linearization of the 
equations with the formulas written in more general form than is needed here; at the start 
we shall not make use of the stationarity of the field. 

For small the quantities r[f, expressed in terms of derivatives of the are also 
small. Neglecting powers higher than the first, we can keep in the curvature tensor (92.1) 
only the terms in the first bracket: 


,kim 2 cx'c^x'" dx'dx‘ dx'‘dx'”J 

For the Ricci tensor, we have to this same accuracy: 

Rik = 9"”Run.k * 
or 


^ik 



dx^dx^'^ dx^dx^ 


d^h \ 

dx^dxy' 


(105.8) 


(105.9) 


The expression (105.9) can be simplified by making use of the remaining arbitrariness 
in the choice of reference frame. We can impose on the four (the number of arbitrary 
functions ^‘) supplementary conditions 

^~= 0, = h’l- (5fA. (105.10) 


t If, however, we start from the Schwarzschild metric in isotropic spatial coordinates (cf. problem 4 
of § 100), we would get: 

1,(1) _—^ S —0 

^00 ^ ^ "o, 

The shift from (105.6) to (105.6a) is accomplished by the transformation (105.5) with 


(105.6a) 
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Then the last three terms in (105.9) cancel one another, and we are left with 


Ri, = 


(105.11) 


In the stationary case that we are considering here, when the /z,^ do not depend on the 
time, the expression (105.11) reduces to Rn^ = where A is the Laplace operator in 

the three spatial coordinates. The Einstein equations for the field in vacuum thus reduce 
to the Laplace equation 

Ahi, = 0, (105.12) 

with the supplementary conditions (105.10), which take the form 




(105.13) 


hi = 0 . 


(105.14) 


We call attention to the fact that these conditions still do not completely fix a unique choice 
of reference frame. It is easy to see that if the satisfy eqs. (105.13-14), then the same 
conditions will be satisfied by the /z,^ of (105.5) so long as the satisfy the equations 

Ac* = 0. (105.15) 

The component /zqo niust be given by a scalar solution of the three-dimensional Laplace 
equation. We know that such a solution, proportional to 1/r^, has the form a*V(l/r), 
where a is a constant vector. But a term of this type in /zqo can always be eliminated by 
simply shifting the coordinate origin in the term of first order in 1/r. Thus the presence of 
such a term would indicate only a poor choice of the coordinate origin, and is therefore 
not of interest. 

The components /iq^ are given by a vector solution of the Laplace equation, i.e. they 
must have the form 

. _ , ^1 

where is a constant tensor. The condition (105.14) gives 

dx'^dx^ r 

from which it follows that the must have the form where a^^p is an anti- 

d 1 

symmetric tensor. But a solution of the form A - , - can be eliminated by the transforma- 

cx r 

tion (105.5) with = a//*, = 0 [satisfying the condition (105.15)]. Thus the only solution 

that has real meaning is 

. - 1 


Finally, by similar but more complicated arguments one can show that by a suitable 
transformation of the spatial coordinates one can always eliminate the quantities /z^^ given 
by a tensor solution (symmetric in a and P) of the Laplace equation. 
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As for the tensor it is related to the total angular momentum tensor M,p, and the 
final expression for has the form 



d 1 



na 


(105.16) 


We show this by calculating the integral (96.17). 

The angular momentum M^p is related only to the /iq,, and so in calculating it we may 
assume that all other components of /i,^ are absent. To terms of second order in the ho^, 
we have from (96.2-3) (we note that g*® = = /i,o, while -g differs from unity only 

by a term of second order: 








167c/< cx 


4 

1 6nk dx' 


Upon substituting from (105.16), the second term under the derivative sign vanishes, 
while the first gives 


^ -^ 

Stt 


1 c 


3npny-5py 


Using this expression we find that, carrying out the integration in (96.16) over the surface 
of a sphere of radius r (dfy = n/^do): 


% 

(n^nyMpy-n^nyM^y)do = -\{d^yM py-dpyM^y) = 


1 

An 


An analogous calculation gives: 



\6nk 




Adding these two quantities, we obtain the required value of M^p. 

We emphasize that in the general case, when the field near the body may not be weak, 
M^p is the total angular momentum of the body together with its gravitational field. Only 
if the field is weak at all distances can its contribution to the angular momentum be 
neglected, t 

Formulas (105.6-7) and (105.16) solve our problem to terms of order l/r^.J The covariant 
components of the metric tensor are: 


9ik = 


(105.17) 


According to (105.3), to this same accuracy the contravariant components are 

gik ^ gik(0}__^ik(\)_f^ik(2)_^^i(\)^ik(i) (105.18) 


* If the rotating body is spherical in shape, the direction of M remains the only distinguished diiection 
foi the held in all the space outside the body. If the field is weak everywhere (and not just at large distances 
iVoin the body) formula (105.16) is valid over all the space outside the body. This formula remains valid 
ovei dll space also for the case when the centrally symmetric part of the field is not weak everywhere, but the 
spherical body rotates sufficiently slowly (cf. problem 1). 

I The transformations (105.5) with = 0, f® {x\ x^) do not change the /loa- Thus the expression 

(105.16) does not depend on the choice of the coordinate r. 
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Formula (105.16) can be rewritten in vector form as t 

2k 

g = -^2 " * (105.19) 

where M is the total angular momentum vector of the body. It was shown in problem 1 of 
§ 88 that in a stationary gravitational field a “Coriolis force" acts on the body which is the 
same as that which would act on the body in a reference frame rotating with angular 
velocity ^ 

^ N^curl g. 

We may therefore say that in the field of a rotating body a coriolis force acts on a distant 
particle with strength corresponding to an angular velocity: 

c k 

Q curl g = -j-r [M“3n(IVl n)]. (105.20) 

2 


Finally, we apply the expression (105.6) to calculate the total energy of a gravitating 
body using the integral (96.16). Computing the necessary components of from formulas 
(96.2-3), we find to the required accuracy (we keep terms to order l/r^): 


^00. 


itnk dx^ 


00^*/?) 




= 0 . 

mc^ c / (5*^ A‘*x^\ 


mc^ if 
An 


Now, integrating in (96.16) over a sphere of radius r, we get, finally, 

= 0, = me, (105.21) 


a result which was naturally to be expected. It is an expression of the equality of “gravita¬ 
tional" and "inertial" mass (“gravitational" mass is the mass that determines the gravita¬ 
tional field produced by the body, the same mass that appears in the metric tensor in a 
gravitational field, or, in particular, in Newton’s law; “inertial" mass is the mass that 
determines the ratio of energy and momentum of the body; in particular, the rest energy 
of the body is equal to this mass multiplied by c^). 

In the case of a constant gravitational field it is possible to derive a simple expression 
for the total energy of matter plus field in the form of an integral only over the space 
occupied by the matter. We can do this, for example, by starting from the following expres¬ 
sion, which is valid when all quantities are independent of x^:t 


t To the assumed accuracy, the vector = —gojgoo^—go^. For this same reason, in the definitions of 
vector product and curl (cf the footnote on p. 253) we must set y = 1, so that they may be understood in 
their usual sense for cartesian vectors. 

♦ From (92.7) we have 

and, using (86.5) and (86.8), we find that this expression can be written as 

Ri - —L. ^,(y—ggO' r'.o)-g"" r?.,, r!o); 

V—g dx 


(§--r:.rr. 


-r;’; r, 


o». I- 


using the same relation (86.8) it is easy to show that the second term on the right is identicall> eon .: tn 
- because all quantities are independent of v , is equal to zero. Finally, replacing the sum¬ 

mation over / by one over a in the first term, for this same reason, we get (105.22), 



GRAVITATIONAL FIELDS AT LARGE DISTANCES FROM BODIES 


335 


§ 105 




(105.22) 


Integrating /?o\/^ over (three-dimensional) space and using the three-dimensional 
Gauss formula, we obtain: 


|iR° gg'^ri;dU 


Taking a sufficiently remote surface for the integration and using the expressions (105.6) 
for the we find, after simple calculations: 




,, , 4nk 471 k ^ 

R^o^-gdV^ ^m= ,-P". 

c ir 


Noting also that, according to the field equations. 


n ^Ttk ,__n _ 47zk —1 _ •> _7 

«o = —(T°o-iT) =~(T°-T\-Tl-Tl), 
c c 


we get the required formula: 


= me = 


T\)^--gdV. 


(105.23) 


This formula expresses the total energy of the matter and the constant gravitational field 
(i.e., the total mass of the body) in terms of the energy-momentum tensor of the matter 
alone (R. Tolman, 1930), We recall that in the case of central symmetry of the field we 
had still another expression for this quantity—formula (100.23). 


PROBLEMS 

1. Show that formula (105.16) remains valid for the field over all space outside of the rotating 
spherical body under conditions of slow rotation (M<^cnirj but without the requirement that the 
centrally symmetric part of the field be small (A. G. Doroshkevich, Ya. B. Zel’dovich and I. D. 
Novikov, 1965; V. Gurovich, 1965). 

Solution: In spherical spatial coordinates (.v‘ = /•, = 0, =<^) formula (105.16) is written 

as 

2kM 

hoi sin^ B. (I) 

rc^ 

Considering this quantity to be a small correction to the Schwarzschild metric (100.14), we must 
verify that the equation Rm = 0, linearized in hoi, is satisfied (since in the other field equations 
the correction terms drop out identically). /?o 3 can be calculated using formula (4) of the problem 
in 95, where the linearization means that the three-dimensional tensor operations should be carried 
out with the "unperturbed" metric (100.15). As a result we get the following equation 

>,\c^f>oi,2r sin 0 5 / 1 dhoi\ „ 

7 )—^ 

which expression (1) actually does satisfy. 

2. Determine the systematic ("secular") shift of the orbit of a particle moving in the field of a 
central body, associated with the rotation of the latter (J. Lense, H. Thirring, 1918). 

Solution: Because all the relativistic effects are small, they superpose linearly w'ith one another, 
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SO in calculating the effects resulting from the rotation of the central body we can neglect the in¬ 
fluence of the non-Newtonian centrally symmetric force field which we considered in § 101; in other 
words, we can make the computations assuming that of all the hi)^ only the hoa are different from 
zero. 

The orientation of the classical orbit of the particle is determined by two conserved quantities: 
the angular momentum of the particle, M = r xp, and the vector 

A=PxM-^-^ 

m r 

whose conservation is peculiar to the Newtonian field (p — —km'lr (where m' is the mass of the 
central body), t The vector M is perpendicular to the plane of the orbit, while the vector A is directed 
along the major axis of the ellipse toward the perihelion (and is equal in magnitude to kmm'e, 
where e is the eccentricity of the orbit). The required secular shift of the orbit can be described in 
terms of the change in direction of these vectors. 

The Lagrangian for a particle moving in the field (105.19) is 


L= -mc-=Lo- 

dt 


<5L, dL = meg * V ■ 


' M' • Vxr 


(where we denote the angular momentum of the central body by M' to distinguish it from the angular 
momentum M of the particle). Then the Hamiltonian is [cf. Mechanics (40.7)]: 

... ... .... . .. 2A: 




:M' TXp 


Computing the derivative M = fxp+rxp using the Hamilton equations f = 5^/^p, 
p = -{dje’jdr), we get: .. 

M = _-M'xM. (2) 


Since we are interested in the secular variation of M, we should average this expression over the 
period of rotation of the particle. The averaging is conveniently done using the parametric represen¬ 
tation of the dependence of r on the time for motion in an elliptical orbit, in the form 


r = a{\ —e cos ^), 


/ = —((^-esin 0 


{a and e are the semimajor axis and eccentricity of the ellipse; cf. Mechanics, § 15): 


T 

^=1 r_ 

t] Ina^] (1~ 


_ 

e cos {)^ 


■^ 3 ( 1 _^ 2 ) 3 / 2 - 


Thus the secular change of M is given by the formula 

dM_ IkM'xM 

dt “■cV(l-e2)3> ^ ^ 

i.e. the vector M rotates around the axis of rotation of the central body, remaining fixed in mag¬ 
nitude. 

An analogous calculation for the vector A gives: 


^^M'xA+ -p- 

c^r^ c^mn 


(MM')(rxM). 


The averaging of this expression is carried out in the same way as before; from symmetry considera¬ 
tions it is clear beforehand that the averaged vector r/r® will be along the major axis of the ellipse, 
i.e. along the direction of the vector A. The computation leads to the following expression for the 
secular change of the vector A: 

d\ ^ _ 2kM' , . . , 


= ilxA, 


""2~57i-‘"0} 


t See Mechanic:^, § 15. 
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(n and n' are unit vectors along the directions of M and M'), i.e. the vector A rotates with angular 
velocity remaining fixed in magnitude; this last point shows that the eccentricity of the orbit 
does not undergo any secular change. 

Formula (3) can be written in the form 


dM 

dt 




with the same il as in (4); in other words, Cl is the angular velocity of rotation of the ellipse “as 
a whole”. This rotation includes both the additional (compared to that considered in § 101) shift 
of the perihelion of the orbit, and the secular rotation of its plane about the direction of the axis of 
the body (where the latter effect is absent if the plane of the orbit coincides with the equatorial 
plane of the body). 

For comparison we note that to the effect considered in § 101 there corresponds 

_ 6nkm' 
c^a{\ 


§ 106. The equations of motion of a system of bodies in the second approximation 


As we shall see later (§ 110), a system of moving bodies radiates gravitational waves 
and thus loses energy. This loss appears only in the fifth approximation in 1/c. In the first 
four approximations, the energy of the system remains constant. From this it follows 
that a system of gravitating bodies can be described by a Lagrangian correctly to terms 
of order Xjc^ in the absence of an electromagnetic field, for which a Lagrangian exists in 
general only to terms of second order (§ 65). Here we shall give the derivation of the Lagran¬ 
gian of a system of bodies to terms of second order. We thus find the equations of motion 
of the system in the next approximation after the Newtonian. 

We shall neglect the dimensions and internal structure of the bodies, regarding them as 
“pointlike”; in other words, we shall restrict ourselves to the zero’th approximation in the 
expansion in powers of the ratios of the dimensions a of the bodies to their mutual separa¬ 
tions /. 

To solve our problem we must start with the determination, in this same approximation, 
of the weak gravitational field produced by the bodies at distances large compared to their 
dimensions, but at the same time small compared to the wavelength k of the gravitational 
waves radiated by the system (a r < A /c/r). 

To terms of order 1/c^ the field far from the body is given by the expressions obtained 
in the preceding section and denoted there by here we use these expressions in the 
form*( 105.6a). In § 105 it was tacitly assumed that the field was produced by just one body, 
located at the coordinate origin. But since the field ^ is a solution of the linearized Einstein 
equations, the principle of superposition holds for it. Thus the field far from a system of 
bodies is obtained by simply summing the fields of each of them; we write the field in the 
form 


hi = 0 , 

<t>{r) = 


- 

(106.1) 

c 


'4- 

II 

oo 

(106.2) 

hi. 1 

a\r-r,\ 



where 
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is the Newtonian gravitational potential of a system of point objects (r^ is the radius vector 
to the body with mass mj. The expression for the line element with the metric tensor 
(106.1-2) is: 

^ dt^ ~ ~ ^ ^ ^ (106.3) 


We note that first order terms containing (j) appear not only in ^oo but also in in 
§ 87 it was already stated that, in the equations of motion of the particle, the correction 
terms in give quantities of higher order than the terms coming from ^oo J as a consequence, 
of this, by a comparison with the Newtonian equations of motion we can determine only 


9oo* 

As will be seen from the sequel, to obtain the required equations of motion it is sufficient 
to know the spatial components to the accuracy 1/c^) with which they are given in 
(106.1); the mixed components (which are absent in the 1/c^ approximation) are needed to 
terms of order 1/c^, and the time component Hqq to terms in Ijc^, To calculate them we turn 
once again to the general equations of gravitation, and consider the terms of corresponding 
order in these equations. 

Disregarding the fact that the bodies are macroscopic, we must write the energy-momen¬ 
tum tensor of the matter in the form (33.4), (33.5). In curvilinear coordinates, this expression 
is rewritten as 


= 


I 


m^c dx‘dx'‘ 
ds dt 




(106.4) 


[for the appearance of the factor IJs!—g, see the analogous transition in (90.4)]; the sum¬ 
mation extends over all the bodies in the system. 

The component 


^00 — X 


m^c" 2 




in first approximation (for galilean g^) is equal to ^ m„c^ 5(r—r,); in the next approxima- 

a 

tion, we substitute for from (106.3) and find, after a simple computation: 

^00 = E 

where v is the ordinary three-dimensional velocity {v’ = dx^/dt) and is the potential 
of the field at the point r„. (As yet we pay no attention to the fact that <l>, contains an in¬ 
finite part—the potential of the self-field of the particle m„; concerning this, see below.) 

As regards the components T,p, Tq, of the energy-momentum tensor, in this approxima¬ 
tion it is sufficient to keep for them only the first terms in the expansion of the expression 
(106.4) 

^ “ x- ^ (106.6) 

a 

Next we proceed to compute the components of the tensor /?,*. The calculation is con¬ 
veniently done using the formula = g'^Jiumk with given by (92.1). Here we must 
remember that the quantities and Aqo contain no terms of order lower than l/c^,andAo« 
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no terms lower than 1/c^; differentiation with respect to = ct raises the order of smallness 

of quantities by unity. 

The main terms in /?oo of order 1/c*; in addition to them we must also keep terms of 
the next non-vanishing order Ijc*. A simple computation gives the result: 


Rqo — 1 


id/dK ia«\ 1 . Wdh 


2c dt) 


-F-A/ioo+z/t"" 


2 dx'dx^ 4 


m- 


4 dx^ \ dx* dx^/ 


In this computation we have still not used any auxiliary condition for the quantities 
Making use of this freedom, we now impose the condition 

dh% 1 dK ^ 


Ic dt 


(106.7) 


as a result of which all the terms containing the components //q* drop out of Rqq. In the 
remaining terms we substitute 


— “ ^00 — ^(l> + 0 


and obtain, to the required accuracy, 


12 2 

i?oo = ;; A/ioo+ - 4 ’i (V<^)^ 

ICC 


(106.8) 


where we have gone over to three-dimensional notation. In computing the components 
is sufficient to keep only the terms of the first nonvanishing order—1/c^. In similar 
fashion, we find: 

R 1 m , 1 1 1 

2c dtdx^ 2 dx’dx^ 2c dtdx” 2 


and then, using the condition (106.7); 

n 1a, 1 

/?o. - 2 AI10.+ 2^3 

Using the expressions (106.5)~( 106.9), we now write the Einstein equations 

^ik — 2 / 

The time component of equation (106.10) gives: 

AAoo+ -i 4 = —4- Z (1 + ^“ + ^(r-ra); 

C C C \ C ^C J 

making use of the identity 

4(V<f>f = 2A((t)^)-4(t>A4> 
and the equation of the Newtonian potential 

A<f> = 47rk Y 


(106.9) 


(106.10) 


(106.11) 
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we rewrite this equation in the form 

i (*.o- I ■>“) ('<* '2) 

After completing all the computations, we have replaced on the right side of (106.12) by 

A' ^ v' '"o 

<?-= rr-Ti’ 

i.e. by the potential at the point of the field produced by all the bodies except for the 
body the exclusion of the infinite self-potential of the bodies (in the method used 
by us, which regards the bodies as pointlike) corresponds to a “renormalization” of their 
masses, as a result of which they take on their true values, which take into account the field 
produced by the bodies themselves, t 

The solution of (106.12) can be given immediately, using the familiar relation (36.9) 


We thus find: 


A - = -4;t5(r). 
r 


c^V|r-rJ c^V|r-rJ 


The mixed component of equation (106.10) gives: 


A/loa — 


167rfc 1 d^(t> 


The solution of this linear equation isj 


I _ ^ ^ ^ f 

^ "didx^^ 

where /is the solution of the auxiliary equation 

A/=<^= -Er—I- 
Using the relation Ar = 2/r, we find: 

^ a 

and then, after a simple computation, we finally obtain: 

^’o. = 2^3 E L“| [ 7 i’«. + (v,-njn„], 


(106.13) 


(106.14) 


(106.15) 


t Actually, if there is only one body at rest, the right side of the equation will have simply (87r^/c^)ma5(r-r^), 
and this equation will determine correctly (in second approximation) the field produced by the body. 

♦ In the stationary case, the second term on the right of equation (106.14) is absent. At large distances 
from the system, its solution can be written immediately by analogy with the solution (44.3) of equation (43.4) 


Ik 

hoa = ^AMxn)a 

(where M = J r x ^ydV = 1 x is the angular momentum of the system), in agreement with formula 
(105.19). 
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where n, is a unit vector along the direction of the vector r—F j. 

The expressions (106.1), (106.13) and (106.15) are sufficient for computing the required 
Lagrangian to terms of second order. 

The Lagrangian for a single body, in a gravitational field produced by other bodies and 
assumed to be given, is 


ds 





cV • 


Expanding the square root and dropping the irrelevant constant we rewrite this 

expression, to the required accuracy, as 










[y 7+ 27 Y ^ 47"-j' 


( 106 . 16 ) 

Here the values of all the are taken at the point ; again we must drop terms which become 
infinite, which amounts to a “renormalization” of the mass appearing as a coefficient 
in 

The further course of the calculations is the following. The total Lagrangian of the system 
is, of course, not equal to the sum of the Lagrangians for the individual bodies, but 
must be constructed so that it leads to the correct values of the forces acting on each of 
the bodies for a given motion of the others. For this purpose we compute the forces by 
differentiating the Lagrangian L^: 


fa = 



the differentiation is carried out with respect to the running coordinate r of the “field 
point” in the expressions for hn^). It is then easy to form the total Lagrangian L, from which 
all of the forces are obtained by taking the partial derivatives dLjdr^. 

Omitting the simple intermediate computations, we give immediately the final result for 
the Lagrangian:! 

0 ^ \ b C a OC a b ob 

[7v,-v»+(v.-n«j)(vfn.t)]- XX! Z . » (106.17) 








where = Ira—Tbl, n^b is a unit vector along the direction and the prime on the 

summation sigi/means that we should omit the term with b = a ox c = a. 


PROBLEMS 

1. Find the action function for the gravitational field in the Newtonian approximation. 
Solution: Using the from (106.3), we find from the general formula (93.3), G = (2/c^)(V9>)-, 
so that the action for the field is 

t The equations of motion corresponding to this Lagrangian were first obtained by A. Einstein, L. Infeld 
and B. Hoffmann (1938) and by A. Eddington and G. Clark (1938). 
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The total action, for the field plus the masses distributed in space with density n, is: 

One easily verifies that variation of S with respect to q> gives the Poisson equation (99.2), as it 
should. 

The energy density is found from the Lagrangian density A [the integrand in (1)] by using the 
general formula (32.5), which reduces in the present case (because of the absence of time derivatives 
of in A) to changing the signs of the second and third terms. Integrating the energy density over 
all space, where we substitute ti(p ^{\IAnk)(pti(p in the second term and integrate by parts, we 
finally obtain the total energy of field plus matter in the form 





dV. 


Consequently the energy density of the gravitational field in the Newtonian theory is 
IT* -(l/87rA:)(V^)2.t 

2. Find the coordinates of the center of inertia of a system of gravitating bodies in the second 
approximation. 

Solution: In view of the complete formal analogy between Newton’s law for gravitational 
interaction and Coulomb’s law for electrostatic interaction, the coordinates of the center of inertia 
are given by the formula 



which is analogous to the formula found in Problem 1 of § 65. 

3. Find the secular shift of the perihelion of the orbit of two gravitating bodies of comparable 
mass (H. Robertson, 1938). 

Solution: The Lagrangian of the system of two bodies is 


niji'l km^ni2 1 . . 


+ 


km^nh 


[3(i;f -¥v\)- 7v, ’ V 2 - (v, • n)(v 2 • n)] - 


27V 


Going over to the Hamiltonian function and eliminating from it the motion of the center of inertia 
(see problem 2 in § 65), we get: 


A:/Wi/W2 P V ^ . i_\ 

2 \mi ^ m 2 ) r 8c^ \ml ^ ml) 

<■> 

where p is the momentum of the relative motion. 

We determine the radial component of momentum Pr as a function of the variable r and the 
parameters M (the angular momentum) and / (the energy). This function is determined from the 
equation 3f which, in the second-order terms, we must replace by its expression from 

the zero’th approximation): 


t To avoid any misunderstanding, we state that this expression is not the same as the component (—g) /oo 
of the energy-momentum pseudotensor (as calculated with the from (106.3)); there is also a contribution 
to W'from i—g) 7^. 
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r»2 1/11 W^OTimaV/- ArmiWaV 

■ 8c* Vmr mi; V/«i+ma; V r / 


* Fi Z"** 1 tI ^Wima / ArWimaX k j 

-+ maj +’J ^ + “7- ) "2?^^'+ 


k^mim2{mi f-zwa) 
2cV • 

The further course of the computations is analogous to that used in § 98. Having determined Pr 
from the algebraic equation given above, we make a transformation of the variable r in the integral 


S, = jprdr, 

to the form ^ 
ivistic correc 


so that the term containing Af ^ is brought to the form Then expanding the expression under 

the square root in terms of the small relativistic corrections, we obtain: 


[see (101.6)], where A and B are constant coefficients whose explicit computation is not necessary. 
As a result we find for the shift in the perihelion of the orbit of the relative motion: 

6nk^mlml 6nk{nii-{‘m 2 ) 




c^a{\ —e^) 


Comparing with (101.7) we see that for given dimensions and shape of the orbit, the shift in the 
perihelion will be the same as it would be for the motion of one body in the field of a fixed center of 


mass /Wi+/n 2 . 

4. Determine the frequency of precession of a spherical top, performing an orbital motion in the 
gravitational field of a central body that is rotating about its axis. 

Solution: In the first approximation the effect is the sum of two independent parts, one of which 
is related to the non-Newtonian character of the centrally symmetric field (H. Weyl, 1923) and the 
other to the rotation of the central body (L. Schiff, 1960). 

The first part is described by an additional term in the Lagrangian of the top, corresponding to 
the second term in (106.17). We write the velocities of individual elements of the top (with mass 
dm) in the form v = V+ca x r, where V is the velocity of the orbital motion, © is the angular velocity, 
and r is the radius vector of the element dm relative to the center of the top (so that the integral over 
the volume of the top dm = 0). Dropping terms independent of © and also neglecting terms 
quadratic in ©, we have: 


<5<'>L 


_3km' r 

2c^ J 


. V ©xr , 

2--— dm. 


where m' is the mass of the central body, /? = |Ro-f r| is the distance from the center of the field 
to the element dm, Ro is the radius vector of the center of inertia of the top. In the expansion 
\IR l//?o—(n r/Z^o) (where n = Ro/Z?o) the integral of the first term vanishes, while integration 
of the second term is done using the formula 


J XaXo dm = \IdaB 

where / is the moment of inertia of the top. As a result we get: 


2c^Rl 

where M = /© is the angular momentum of the top. 

The additional term in the Lagrangian, due to the rotation of the central body, can also be found 
from (106.17), but it is even simpler to calculate it using formula (I) of the problem in § 105: 






M' • (© X r) X R 


dm. 


where M' is the angular momentum of the central body. Expanding, 


R n 1 
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and performing the integration, we get: 

{M-M'-3(n-M)(n*M')}. 

c J\q 

Thus the total correction to the Lagrangian is 

'\knt' Jc 

= -M • a n = , n X Vo+ {3n(n • M') -M'}. 

To this function there corresponds the equation of motion 


dM 

dt 


= nxM 


[see equation (2) of the problem in § 105]. This means that the angular momentum M of the top 
precesses with angular velocity Cl, remaining constant in magnitude. 
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§ 107. Weak gravitational waves 

Just as in electrodynamics, in the relativistic theory of gravitation the finite velocity of 
propagation of interactions results in the possibility of the existence of free gravitational 
fields that are not linked to bodies—gravitational waves. 

We consider the weak gravitational field in vacuum. As in § 105, we introduce the tensor 
hii,, describing a weak perturbation of the galilean metric: 

Gik = gT + h,,. (107.1) 


Then, to terms of first order in the the contravariant metric tensor is: 

gik ^ gikio^^f^ik^ (107.2) 

and the determinant of the tensor 

g = (107.3) 


where h = h\ \ all operations of raising and lowering tensor indices are done with the unper¬ 
turbed metric g^^K 

As already pointed out in § 105, the condition that the be small leaves the possibility 
of arbitrary transformations of reference system of the form x:" = ^ with small 
then 


I,' I. 

^ik ^ik -> It 

OX 


dx' 


(107.4) 


Using this arbitrariness of gauge for the tensor h,^, we impose on it the supplementary 
condition 

^^■=0, (107.5) 

after which the Ricci tensor takes the simple form (105.11): 

Rik = iCih,,, (107.6) 

where n denotes the d’Alembertian operator: 

□ = —g^”'^^^d^icx^cx"' = ^ 

ct 

The conditions (107.5) still do not fix a unique choice of reference frame: if certain /z.^ 
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satisfy these conditions, then so will the h\i, of (107.4), if only the c' are solutions of the 
equations 

= 0. (107.7) 


Equating (107.6) to zero, we thus find the equations for the gravitational field in vacuum 
in the form 

□ftf = 0. (107.8) 


This is the ordinary wave equation. Thus gravitational fields, like electromagnetic fields, 
propagate in vacuum with the velocity of light. 

Let us consider a plane gravitational wave. In such a wave the field changes only along 
one direction in space; for this direction we choose the axis = x. Equation (107.8) then 
changes to 





h) = 0. 


(107.9) 


the solution of which is any function of t±xlc (§ 47). 

Consider a wave propagating in the positive direction along the x axis. Then all the quan¬ 
tities h) are functions of t—xic. The auxiliary condition (107.5) in this case gives 
= 0, where the dot denotes differentiation with respect to t. This equality can be 
integrated by simply dropping the sign of differentiation—the integration constants can 
be set equal to zero since we are here interested only (as in the case of electromagnetic 
waves) in the varying part of the field. Thus, among the components \l/) that are left, we 
have the relations 

= = = K (107.10) 


As we pointed out, the conditions (107.5) still do not determine the system of reference 
uniquely. We can still subject the coordinates to a transformation of the form 
x'* = jc‘-f<^‘(/-“X/c). These transformations can be employed to make the four quantities 
^ 3 » ^2 + ^3 vanish; from the equalities (107.10) it then follows that the components 
^i»^ 2 »^ 3 »^o ^Iso vanish. As for the remaining quantities —they cannot be 

made to vanish by any choice of reference system since, as we see from (107.4), these com¬ 
ponents do not change under a transformation = ^i{t — x/c). We note that ij/ = if/] also 
vanishes, and therefore = fij. 

Thus a plane gravitational wave is determined by two quantities, h 23 and /J 22 = 

In other words, gravitational waves are transverse waves whose polarization is determined 
by a symmetric tensor of the second rank in the yz plane, the sum of whose diagonal terms, 
/'22 + ^ 33 » Is zero. 

For the two independent polarizations we may choose the cases in which one of the two 
quantities /z 23 and K^ 22 “^ 33 ) differs from zero. These two polarizations are distinguished 
from one another by a rotation through n/4 in the yz plane. 

Let us calculate the energy-momentum pseudotensor in a plane gravitational wave. 
The components are second-order quantities; we must calculate them neglecting terms 
of still higher order. Since, when /? = 0, the determinant g differs from = -1 only by 
terms of second order, we can, in the general formula (96.9), set For 

a plane wave all the other nonzero terms in are contained in the term 

\g'V^gn,9,rg^\i 

in curly brackets in (96.9) (as is easily shown by choosing one of the axes of a galilean 
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I'* = 


22nk “ ” ■ 


(107.11) 


The energy flux in the wave is given by the quantities — In a plane wave, 

propagating along the x* axis, in which the nonzero quantities /ijj and hiz — 
depend only on the difference t—xjc, this flux is also along and is equal to 

= 7^.Lhh+m22-h33fl (107.12) 


As initial conditions for the arbitrary field of a gravitational wave we must assign four 
arbitrary functions of the coordinates: because of the transversality of the field there are 
just two independent components of in addition to which we must also assign their 
first time derivatives. Although we have made this enumeration here by starting from the 
properties of a weak gravitational field, it is clear that the result, the number 4, cannot be 
related to this assumption and applies for any free gravitational field, i.e. for any field which 
is not associated with gravitating masses. 


PROBLEMS 

Determine the curvature tensor in a weak plane gravitational wave. 

Solution: Calculating from (105.8), we find the following nonzero components: 

Ro 202 = ^0303 = ~^1212 = ^0212 = ^0331 = ^3131 = O ’, 

Ro203 = ””/?1231 = —-^0312 = ^0231 = 

where we use the notation 

^ =* — JA 33 = JA 22 , 11 = - J^23. 

In terms of the three-dimensional tensors and in (92.15), we have: 

( 0 0 0\ /O 0 0 \ 

0 A .B„= 0 . . 

0 // < 7 / \0 a —fil 

By a suitable rotation of the axes, we can make one of the quantities a or // vanish (at a 

given point of four-space); if we make a vanish in this way, we reduce the curvature tensor to the 
degenerate Petrov type II (type N). 


§ 108. Gravitational waves in curved space-time 

Just as we have treated the propagation of gravitational waves “on the background” 
of a flat space-time, we can consider weak perturbations relative to an arbitrary (non- 
galilean) “unperturbed” metric Also anticipating other possible applications, we 
shall write the necessary formulas in a more general form. 

Again taking the in the form (107.1), we find the first order correction to the Christoffel 
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symbols expressed in terms of the : 

riv* =,m:,+hU-h„% ( 108 . 1 ) 

which can be verified by direct calculation (here, as in the sequel, all tensor operations of 
raising and lowering of indices, and covariant differentiation, are done with the nongalilean 
metric g\k^). We find for the corrections to the curvature tensor: 

The corrections to the Ricci tensor are then 



(108.2) 


(108.3) 


The corrections to the mixed components of the Ricci tensor are obtained from the relations 


so that 


(108.4) 

The exact metric in vacuum must satisfy the exact Einstein equations 7?,^ = 0. Since the 
unperturbed metric satisfies the equations R^^]^ = 0, we find for the perturbation. 


f'M + hUi-hi/.-h,,, = 0. (108.5) 

In the general case of arbitrary gravitational waves, simplification of this equation to a 
form like (107,8) is not possible. This can, however, be done in the important case of waves 
of high frequency: when the wavelength X and the oscillation period A/c are small compared 
to the characteristic distances L and times Ljc over which the “background field" changes. 
Each differentiation of a component h-f, increases the order of the quantity by a factor L/X 
relative to derivatives of the unperturbed metric If we limit the accuracy to terms of the 
two highest orders [{L/?.)^ and (L/X)] we can interchange the orders of differentiation; 
in fact, the difference 




is of order {LjXf, whereas each of the expressions and contains terms of both 
higher orders. Imposing on /z,^ the supplementary conditions 


^i;k = 0 (108:6) 

[analogous to (107.5)], we get the equation 

= 0- (108.7) 


which generalizes (107.8). 

For the reasons given in § 107, the condition (108.6) does not fix a unique choice of coordi¬ 
nates. They can still be subjected to a transformation x'' = + where the small quanti¬ 

ties q' satisfy the equation = 0. These transformations can be used, in particular, 
to impose on the the condition h = h\ = 0. Then = /z^, so that the /zf are subjected 
to conditions 

= 0, /z = 0. (108.8) 

After this the set of admissible transformations is reduced to the requirement = 0. 
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The pseudotensor contains, in addition to the unperturbed part terms of various 
orders in the We arrive at an expression analogous to (107.11) if we consider the quanti¬ 
ties averaged over regions of four-space with dimensions large compared to A but small 
compared to L. Such an averaging (which we denote by the angular brackets <...>) does 
not affect the and annihilates all quantities that are linear in the rapidly oscillating 
quantities Z?-^. Of the quadratic terms, we preserve only the terms of higher (second) order 
in I/A; these are the terms quadratic in the derivatives , = dhiJdx^. 

To this accuracy, all terms in that are expressed as four-divergences can be dropped. 
In fact, the integrals of such quantities over a region of four-space (the region of averaging) 
are transformed by Gauss' theorem, as a result of which their order of magnitude in 1/A 
is reduced by unity. In addition, those terms drop out which vanish because of (108.7) 
and (108.8) after integration by parts. Thus, integrating by parts and dropping integrals 
of four-divergences, we find: 

= 0 , 

= -</lXn> = 0. 

As a result the only second-order terms that remain are 

= TTT (>08.9) 

32nk 


We note that to this same accuracy, = 0. 

Since it has a definite energy, the gravitational wave is itself the source of some additional 
gravitational field. Like the energy producing it, this field is a second-order effect in the Zj.n. 
But in the case of high-frequency gravitational waves the effect is significantly strengthened: 
the fact that the pseudotensor is quadratic in the derivatives of the Zz,.^ introduces 
the large factor A“^. In such a case we may say that the wave itself produces the background 
field on which it propagates. This field is conveniently treated by carrying out the averaging 
described above over regions of four-space with dimensions large compared to A. Such 
an averaging smooths out the short-wave “ripple" and leaves the slowly varying back¬ 
ground metric (R. A. Isaacson, 1968). 

To derive the equation determining this metric, we must, in expanding the R,-^, keep 
not only linear terms but also quadratic terms in Z?-^: As already 

pointed out, the averaging does not affect the zero-order terms. Thus, the averaged field 
equations (Riu} = 0 take the form 

RT = (108.10) 


where we should keep only terms of second-order in 1/A in R\^K They are easily found from 
the identity (96.7). The terms quadratic in Zz.^ that arise on the right side of this identity, 
and have the form of a four-divergence, vanish (to the accuracy considered) when the 
averaging is done, and there remains 


Snk 




or, since = 0, to this same accuracy: 


, -, 87r/c ,,, 
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Finally, using (108.9), we get eq. (108.10) in the final form 

= KKjh%y 008.11) 

If the “background” is produced entirely by the waves themselves, (108.11) and (108.7) 
must be solved simultaneously. An estimate of the expressions on both sides of (108.11) 
shows that in this case the radius of curvature of the background metric, which is of order 
£, is related to the wavelength X and the order of magnitude of its field /? by L~^ 
i.e. XIL'-^h. 


§ 109. Strong gravitational waves 

In this section we shall consider the solution of the Einstein equations which is a general¬ 
ization of the weak, plane gravitational wave in a flat space-time (I. Robinson and H. Bondi, 
1957). 

We shall look for a solution in which, in a suitable reference frame, all the components 
of the metric tensor are functions of a single variable, which we call (without, however, 
prejudging its character). This condition still permits coordinate transformations of the 
form 

(109.1) 

(109.2) 

where </>* are arbitrary functions. 

The character of the solution depends essentially on whether we can make all the go« 
vanish by using the three transformations (109.1). This can be done if the determinant 
In fact, under the transformation (109.1), 9oar^goa~^9ap4>^ (where the dot denotes 
differentiation with respect to x°); if \gap\¥^0, the system of equations 

+ = 0 

determines the that accomplish the required transformation. Such a case will be 

treated in § 117; here we shall be interested in the solution in which 

\9.p\ = 0. (109.3) 

In this case there is no reference system in which all the goa = ^ Instead, however, the 
four transformations (109.1-2) can be used to make 

9oi “ I» 9oo ” 9o2 ~ 9o3 ” (109.4) 

Here the variable has “lightlike” character: for c/x* = 0, t/x°#0, the interval ds = 0; 
we shall denote the variable x® chosen in this way by x° = rj. Under the conditions (109.4) 
the line element can be written in the form 

ds^ = 2rfx* drj-{-g„f,(dx'' + g°dx^){dx^-{-g^dx'). (109.5) 

Throughout this section, the indices a, b, c, .. . take on values 2, 3; gabi^) can be regarded 
as a two-dimensional tensor. Calculation of the quantities leads to the following field 
equations: 

Rab = “ 


\9^cg"9bi9^ = 0 - 
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It then follows that g^c g"" = 0, or g"" = 0, i.e. g^ = const. We can, therefore, by a transforma¬ 
tion + bring the metric to the form 

ds^ = 2c/.v' drj + g^,,(rj)dx''dx^. (109.6) 

The determinant —g of this metric tensor coincides with the determinant Ig^bl^ while 
the only nonzero Christoffel symbols are the following: 

Ko = iK-, ri, = 

where we have introduced the two-dimensional tensor K^b = g^b^ the 

components of the Ricci tensor, the only one that does not vanish identically is Rqq, so that 
we have the equation 

«oo = = 0. (109.7) 

Thus, the three functions gzi^n)- 9 z 3 in) r^itist satisfy just one equation. Therefore 

two of them can be chosen arbitrarily. It is convenient to write (109.7) in another form 
writing the g^b in the form 

9ab = bflfci = 1- (109.8) 

Then the determinant —g = \g^^^\ = and substitution in (109.7) gives, after simple 
transformations, 

X + i(7ay0(ywy"")X = 0 (109.9) 

(/^ is the two-dimensional tensor reciprocal to we assign arbitrary functions yab{ 9 ) 

(related to one another through the relation [y^bl = 0 these equations determine the 
function x(^). 

We thus arrive at a solution containing two arbitrary functions. It is easy to see that it is 
a generalization of the case considered in § 107 of a weak plane gravitational wave pro¬ 
pagating in one direction.t The latter is obtained if we make the transformation 

t + A* , t-x 

" ■ 72 ’ " 71 

and set y^b = ^ab'^^abi^) (where the h^b are small quantities, subject to the condition 
^ 22+^33 = ^ i a constant value of x satisfies (109.9) if we neglect small second- 

order terms. 

Suppose that a weak gravitational wave of finite extent (a “wave packet”) is passing 
some point x. At the beginning of the passage we have h„b = 0, x = 1 i the end of the 
passage we again have h^b = 0, = 0, but the inclusion of second order terms in 

(109.9) leads to the appearance of a nonzero negative value of dx/dt: 

*<o 

(the integral is taken over the time of passage of the wave). Thus, after the wave has passed, 
X = 1 — const-/, and after a finite time interval, x changes its sign. But vanishing of x means 
vanishing of the metric determinant g, i.e. a singularity in the metric. This singularity, 
however, is not physical in character; it is related only to the unsatisfactory nature of the 

t A solution of similar character in a larger number of variables is given in I. Robinson and A. Trautman, 
Phys. Rev. Lett. 4, 431 (1960); Proc. Roy. Soc. A 265, 463 (1962). 
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reference frame, “spoiled” by the passing gravitational wave, and can be eliminated by a 
suitable transformation; after passage of the gravitational wave, the space-time does 
actually become flat again. 

This can be shown directly. If we measure the variable rj from its value corresponding to 
the singular point, x = so that 



and the substitution rj = ^ = (t — x)/\^2 finally brings the metric to galilean 

form. 

This property of the gravitational wave—the creation of a fictitious singularity, is, of 
course, not related to the fact that the wave is weak; it also applies to the general solution 
of (109.7); just as in the example considered, near the singularity i.e. 


PROBLEM 

Find the condition for a metric of the form 

ds^ = dt^ —dx^ —dy^ —dz^ —X, y, z)idt—dx)^ 

to be an exact solution of the Einstein equations for a field in vacuum (A. Peres, I960). 

Solution: The Ricci tensor is calculated most simply in the coordinates u = (t—x)'\/2, v = 
= (t-\-x)l^2, y, z, in which 

ds^ = —dy^ —dz^ +2dudv +2/(w, y, z)du^. 

Aside from gji = ^33 = —1, the only nonzero components of the metric tensor are = 2/, 
= 1; then g'"'" = —2/, g'*'’ = 1, while the determinant p = — 1. A direct calculation with 
(92.1) gives for the nonzero components of the curvature tensor: 

^yuyu - Rzuzu - yuru - 

The only nonzero component of the Ricci tensor is = A/, where A is the Laplacian in the 
coordinates y, z. Thus the Einstein equation is A/ = 0, i.e. the function f{t—x, y, z) must be harmo¬ 
nic in the variables y, z. 

If / is independent of y and z, or linear in them, there is no field—the space time is flat (the 
curvature tensor vanishes). The function /(w, y, z) = yzfiiu) -f- i(y^ —z^)/ 2 (m), which is quadratic 
in y and z, corresponds to a plane wave propagating in the positive x direction; the curvature 
tensor in such a field depends only on t-x\ 

^yuxu = -MU)^ ^yuyu = ” ^zuzu = “/^(w)- 

Corresponding to the two possible polariza^-ons of the wave, the metric contains two arbitrary 
functions fi{u) and fiiu). 

t This can be shown using (109.7) in precisely the same way as in § 97 for the analogous three-dimensional 
equation in the synchronous reference frame. Just as there, the appearance of a fictitious singularity is 
reiaied to the crossing of coordinate curves. 
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Let us consider next a weak gravitational field, produced by arbitrary bodies, moving with 
velocities small compared with the velocity of light. 

Because of the presence of matter, the equations of the gravitational field will differ from 
the simple wave equation of the form = 0 (107.8) by having, on the right side of the 
equality, terms coming from the energy-momentum tensor of the matter. We write these 
equations in the form 

1 Snk . 

= — ( 110 . 1 ) 

2 c 

where we have introduced in place of the h] the more convenient quantities 

ij/) = 


and where denotes the auxiliary quantities which are obtained upon going over from the 
exact equations of gravitation to the case of a weak field in the approximation we are con¬ 
sidering. It is easy to verify that the components Tq and are obtained directly from the 
corresponding components T] by taking out from them the terms of the order of magnitude 
in which we are interested; as for the components t^, they contain along with terms obtained 
from the TJ, also terms of second order from — 

The quantities ip) satisfy the condition (107.5) dij/^ildx^ = 0. From (110.1) it follows that 
this same equation holds for the rf: 


M 

dx^ 


= 0. 


110 . 2 ) 


This equation here replaces the general relation T-. ^ = 0. 

Using the equations which we have obtained, let us consider the problem of the energy 
radiated by moving bodies in the form of gravitational waves. The solution of this problem 
requires the determination of the gravitational field in the “wave zone”, i.e. at distances 
large compared with the wavelength of the radiated waves. 

In principle, all the calculations are completely analogous to those which we carried out 
for electromagnetic waves. Equation (110.1) for a weak gravitational field coincides in 
form with the equation of the retarded potentials (§ 62). Therefore we can immediately 
write its general solution in the form 



Since the velocities of all the bodies in the system are small, we can write, for the field 
at large distances from the system (see §§ 66 and 67), 


- 


4k 

c^Ro 


J 


dv. 


(110.4) 


t From eqs. (110.1) we can again obtain the formulas (106.1-2) that were used in § 106 for the weak 
constant field far from bodies. In the first approximation we neglect terms with second time derivatives 
(containing 1 /c^), and of all the components of only t° = /xc^ remains. The solution of the equations 
Ai/f^ — 0. Ai/f’ — 0, Ai/f° = ISrrk that vanishes at infinity is = 0. </'o = 0, = 4<^/c, where <f> is the 

Newtonian gravitational potential; cf. (99.2). One then finds for the tensor A** = *1 ^—the values 
(106.1-2). 
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where Rq is the distance from the origin, chosen anywhere in the interior of the system. 
From now on we shall, for brevity, omit the index t—(/?o/c) in the integrand. 

For the evaluation of these integrals we use equation (110.2). Dropping the index on the 
T* and separating space and time components, we write (110.2) in the form 


^^cty _ Q _ dTpo _ 

dx’’ dx° ’ dx’' dx® 


(110.5) 


Multiplying the first equation by x^, we integrate over all space. 

Since at infinity = 0, the first integral on the right, after transformation by Gauss' 
theorem, vanishes. Taking half the sum of the remaining equation and the same equation 
with transposed indices, we find 

J j {t,oX^+ Tfox‘‘) dV. 

Next, we multiply the second equation of (110.5) by and again integrate over all 
space. An analogous transformation leads to 

^ J TooxV dV = - j (TaoX^ + r^oX'’) dV. 

Comparing the two results, we find 

Jr., = Jroo^VdF. (110.6) 

Thus the integrals of all the appear as expressions in terms of integrals containing only 
the component Tqo. But this component, as was shown earlier, is simply equal to the corres¬ 
ponding component ^00 of the energy-momentum tensor and can be written to sufficient 
accuracy [see (99.1)] as: 

^00 = /^^^^- (110.7) 


Substituting this in (110.6) and introducing the time t = x^/c, we find for (110.4) 

2k C 

At large distances from the bodies, we can consider the waves as plane (over not too large 
regions of space). Therefore we can calculate the flux of energy radiated by the system, say 
along the direction of the x^ axis, by using formula (107.12). In this formula there enter the 
components //23 = ^23 ^ 22“^33 = ^ 22 “"^ 33 - From (110.8), we find for them the 

expressions! 

2k .. 2k 

fh3 = “ ^22~^33 = “ (^22 “^ 33 ) (110.9) 


t The tensor (110.8) does not satisfy the conditions under which formula (107.12) was derived. However, 
the transformation of reference frame that brings the to the required gauge does not affect the values 
of the components of (110.9) that are used here. 
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(the dot denotes time differentiation), where we have introduced the mass quadrupole 
tensor (99.8): 

= J dV. (110.10) 


As a result, we obtain the energy flux along the x' axis in the form 


ct^° = 


36nc 




(IIO.II) 


The flux of energy into an element of solid angle in the given direction is then obtained 
by multiplying by Rl do. 

The two terms in this expression correspond to the radiation of waves of two independent 
polarizations. To write them in invariant form (independent of the choice of the direction 
of radiation) we introduce the three-dimensional unit polarization tensor of the plane 
gravitational wave, which determines the nonzero components of (in the gauge for the 
/i,fc in which = h^Q h = 0). The polarization tensor is symmetric and satisfies the 
conditions 

= 0, = 0, = 1, (110.12) 

where n is a unit vector in the direction of propagation of the wave. 

Using this tensor we can write the intensity of radiation of a given polarization into 
solid angle do in the form 

dl = do. (110.13) 

This expression depends implicitly on the direction of n through the transversality con¬ 
dition = 0. The total angular distribution for all polarizations is gotten by summing 
(110.13) over polarizations, or, what is equivalent, averaging over polarization and multiply¬ 
ing by 2 (the number of independent polarizations). The averaging is done using the formula 

-h -h Ay) “ 

(110.14) 

(the expression on the right is a tensor formed from the unit tensor and the components of 
the vector n; it has the required symmetry in its indices, it.gives unity on contraction on 
pairs of indices a, y and jS, 5, and vanishes after scalar multiplication with n). 

The result is 

di = J^5 ^0)^ +\ i^l0~ ^a0^ay n/| M, j do. (1 10.1 5) 


The total radiation in all directions, i.e., the energy loss of the system per unit time 
{ — dSjdt), can be found by averaging dijdo over all directions and multiplying the result 
by An. The averaging is easily performed using the formulas given in the footnote on p. 189, 
and gives 


dS k 

^- 41 ?®-'- 


(110.16) 


We note that the radiation of gravitational waves is a fifth order effect in \/c. This fact, 
together with the smallness of the gravitational constant makes the usual effects extremely 
small. 



356 


GRAVITATIONAL WAVES 


§ 110 


PROBLEMS 

1. Two bodies, attracting each other according to Newton's law, move in circular orbits (around 
their common center of inertia). Determine the average (over a rotation period) of the intensity 
of radiation of gravitational waves and its distribution in polarization and direction. 

Solution: Choosing the coordinate origin at the center of inertia, we have for the radius vectors 
of the two bodies: 


m2 mi 

r, =-^— r, r 2 -^-r, r = Ti -Ti. 

mi ^mi mi +m2 

The components of the tensor are (if the xy plane coincides with the plane of motion): 

cos^ V’ —1), ^yy = sin^ V' —1)» 

= 3/z/'^ cos y) sin 

where ^ = mimi/imi 4 -m 2 ), w is the polar angle of the vector r in the xy plane. For circular motion 
r = const, and tp = r~^Vk(mi +m 2 )=(o. 

We assign the direction of n by the polar angle B and azimuth (^, with the polar axis z perpendi¬ 
cular to the plane of the motion. Let us consider the two polarizations for which: (I) = l/v^2; 

(2)^ee == ^ l/V'^. Projecting the tensor on the directions of the spherical unit vectors 

and e^, calculating with formula (110.13) and averaging over the time, we find the result for 
these two cases and for the sum / = Ii+h : 


dll 

do 


ku^(o^r* , , ^ dll k/u^oj^r* 

-5 . 4 cos^ 6, — = (1-hcos^0)^ 

Itic^ do 2nc^ 


^ = Ar-r (l4-6cos^0-hcos^(9), 
do Inc^ 

and after integrating over all directions: 

d<^ _ . 32kpi^(jo^r* _ 32k*m\ml{mi -f-^i) /i _ 5 
~'dt ^ 5c^ “ ’ /2 " 7 

[for calculating the total intensity I alone, we should, of course, have used (110.16)]. 

The loss of energy from the radiating system leads to a gradual (secular) approach of the two 
bodies. Since ^ = —kmim2l2r, the velocity of approach is 

. _ 2r* dS’ _ (Ak^mimiimi -{-mz) 

kmimz dt 5c^r^ 

2. Find the average (over a rotation period) of the energy radiated in the form of gravitational 
waves by a system of two bodies moving in elliptical orbits (P. C. Peters and J. Mathews).t 
Solution: In contrast to the case of circular motion, the distance /' and the angular velocity vary 
along the orbit according to the laws 

a(\ — p^) dw 1 

- = 1 4-^ COS v^, -r = +m2)flr(l 

r dt 


where e is the eccentricity and a is the semimajor axis of the orbit (c/. Mechanics^ § 15). A quite 
lengthy calculation using (110.16) gives: 


d^ 


dt 


%k^m\m\(mi -{-mz) 
15flV(l -eA 


(I -he cos v>)* [12(1 -he cos v^)^ -he^ sin^ V^]. 


In averaging over the period of rotation, the integration over t is replaced by integration over y). 


t For the angular, polarization, and spectral distributions of this radiation, cf. Phys. Rev. 131, 435 (1963). 
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dS I / 73 ^ 37 A 

dt (I " 24 ^ ^96^’/ 

We note the rapid increase in intensity of radiation with increasing eccentricity of the orbit. 

3. Determine the time-averaged rate of loss of angular momentum from a system of bodies in 
stationary motion and emitting gravitational waves. 

Solution: For convenience of writing formulas, we temporarily regard the body as consisting 
of discrete particles. We represent the average rate of loss of energy of the system as the work of 
the “frictional forces" f acting on the particles: 


(we omit the index labeling the particles). Then the average rate of loss of angular momentum is 
given by 


cIM^ 

W 


= -(•• Xf). = 


12 ) 


(cf. the derivation of formula (75.7)). To determine f, we write 


dS 

It 


^ ^ k ^ 

4 l? “ “45? 


(where we have used the fact that the average values of total time derivatives vanish). Substituting 
2r vi)^^) and comparing with (1), we find: 


2k 


- ij;, 


Substitution of this expression in (2) gives the result: 


dM^ _ _ 

dt 45c^ 


e 



(3) 


4. for a system of two bodies moving in elliptical orbits, find the average loss of angular momen¬ 
tum per unit time. 

Solution: A calculation with formula (3) of the preceding problem, analogous to that done 
in problem 2, gives the result: 

dM^ _ I2khn\m \^mi 4 m 2 1 / ^ i\ 

~~dr ^ V ''’8^ ) 

For circular motion (e = 0) the values of and M are, as they should be, related by ^ = Afco. 
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RELATIVISTIC COSMOLOGY 

§ 111. Isotropic space 

The general theory of relativity opens new avenues of approach to the solution of prob¬ 
lems related to the properties of the universe on a cosmic scale. The new remarkable 
possibilities which arise are related to the non-galilean nature of space-time (first noted by 
Einstein in 1917). 

Before proceeding to a systematic construction of relativistic cosmological models, 
we make the following comment concerning the basic field equations from which we start. 

The requirements formulated in § 93 as conditions for determining the action for the 
gravitational field will still be satisfied if we add a constant term to the scalar CJ, i.e. if we set 

where A is a new constant (with dimensions cm"^). Such a change leads to the appearance 
in the Einstein equations of an auxiliary term 

%nk ^ 

Rik-iRQik = + 

If one ascribes a small value to the “cosmological constant" A, the presence of this term 
will not significantly affect gravitational waves over not too large regions of space-time, 
but it will lead to the appearance of new types of “cosmological solutions" which could 
describe the universe as a whole.t At the present time, however, there are no cogent and 
convincing reasons, observational or theoretical, for such a change in the form of the 
fundamental equations of the theory. We emphasize that we are talking about changes that 
have a profound physical significance: introducing into the Lagrange density a constant 
term which is generally independent of the state of the field would mean that we ascribe 
to space-time a curvature which cannot be eliminated in principle and is not associated 
with either matter or gravitational waves. All of the remaining presentation in this section 
is therefore based on the Einstein equations in their classical form without the “cosmological 
constant". 

We know that the stars are distributed over space in a very nonuniform manner; they 
are concentrated into separate star systems (galaxies). But in studying the universe on a 
“large scale" one should disregard “local" inhomogeneities produced by the condensation 

t In particular, one can now have stationary solutions which do not occur for A = 0. It was precisely 
for this reason that the “cosmological term" was introduced by Einstein before the discovery by Friedmann 
of nonstationary solutions of the field equations—cf. below. 
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of matter into stars and star systems. Thus, by the mass density we should understand the 
density averaged over regions of space whose dimensions are large compared to the distances 
between galaxies. 

The solutions of the Einstein equations considered later (in §§ 111-114), the so-called 
isotropic cosmological model (first discovered by A. A. Friedmann in 1922), are based on 
the assumption of homogeneity and isotropy of the distribution of matter in space. Existing 
astronomical data do not contradict such an assumption,t and at present there is every 
reason to believe that in general terms the isotropic model gives an adequate description 
not only of the present state of the universe but also of a significant part of its evolution 
in the past. We shall see below that the main feature of this model is its nonstationarity. 
There is no doubt that this property (“the expanding universe") gives a correct explanation 
of the phenomenon of the red shift, which is fundamental for the cosmological problem 
(§ 114). 

At the same time it is clear that, by its very nature, the assumption of homogeneity and 
isotropy of the universe can have only an approximate character, since these properties 
surely are not valid if we go to a smaller scale. We shall turn to the question of the possible 
role of inhomogeneities of the universe in various aspects of the cosmological problem 
in §§ 115-119. 

The homogeneity and isotropy of space mean that we can choose a world time so that 
at each moment the metric of the space is the same at all points and in all directions. 

First we take up the study of the metric of the isotropic space as such, disregarding for 
the moment any possible time dependence. As we did previously, we denote the three- 
dimensional metric tensor by i.e. we write the element of spatial distance in the form 

j/2 _ (11 l.i) 

The curvature of the space is completely determined by its three-dimensional curvature 
tensor, which we shall denote by in distinction to the four-dimensional tensor 
In the case of complete isotropy, the tensor must clearly be expressible in terms of 
the ihetric tensor alone. It is easy to see from the symmetry properties of 
must have the form: 

( 111 . 2 ) 

where 2 is some constant. The Ricci tensor = Pl,f is accordingly equal to 

P,„ = 2Xy,i, (111.3) 

and the scalar curvature 

P = 62. (111.4) 

Thus the curvature properties of an isotropic space are determined by just one constant. 
Corresponding to this there are altogether three different possible cases for the spatial 
metric: (1) the so-called space of constant positive curvature (corresponding to a positive 
value of 2), (2) space of constant negative curvature (corresponding to values of a< 0), 
and (3) space with zero curvature (A = 0). Of these, the last will be a flat, i.e. euclidean, 
space. 


t We have in mind data on the distribution of galaxies in space and on the isotropy of the so-called 
background radio radiation. 
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To investigate the metric it is convenient to start from geometrical analogy, by considering 
the geometry of isotropic three-dimensional space as the geometry on a hypersurface known 
to be isotropic, in a fictitious four-dimensional space.j Such a space is a hypersphere; the 
three-dimensional space corresponding to this has a positive constant curvature. The 
equation of a hypersphere of radius a in the four-dimensional space Xj, X 2 , X 3 , X 4 , has the 
form 

Xi+x| + X3-f X4 = 

and the element of length on it can be expressed as 

dl^ = dxl + dxl-hdxl + dxl. 

Considering X 2 , X 3 as the three space coordinates, and eliminating the fictitious co¬ 
ordinate X 4 With the aid of the first equation, we get the element of spatial distance in the 
form 


dl^ = dxl + dxl + dxl^ 


(x, dxi + X2 dx2 + X3 dx^y 


(II1.5) 


From this expression, it is easy to calculate the constant X in ( 111 . 2 ). Since we know 
beforehand that P.0 has the form (111.3) over all space, it is sufficient to calculate it only for 
points located near the origin, where the are equal to 




x«x 


/» 


Since the first derivatives of the and consequently the quantities vanish at the 
origin, the calculation from the general formula (92.7) turns out to be very simple and gives 
the result 


X 



(II 1 . 6 ) 


We may call the quantity a the “radius of curvature” of the space. We introduce in place 
of the coordinates Xj, X 2 , X 3 , the corresponding “spherical” coordinates r, 0, </>. Then the 
line element takes the form 


dr^ 

dy =-. + r\sin^ e d<l>^-\-dO^). (111.7) 

The coordinate origin can of course be chosen at any point in space. The circumference of a 
circle in these coordinates is equal to 2nr, and the surface of a sphere to Anr^. The “radius” 
of a circle (or sphere) is equal to 


r 

J 


dr 


a sin”'(r/a), 


that is, is larger than r. Thus the ratio of circumference to radius in this space is less than In. 
Another convenient form for the dl^ in “four-dimensional spherical coordinates” is 


t This four-space is understood to have nothing to do with four-dimensional space-time. 
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obtained by introducing in place of the coordinate r the “angle” x according to r = a sin x 
(x goes between the limits 0 to n).f Then 

dl^ = a\dx^ + sin^ x(sin^ 0 d(i>^ + dO^y]. (111.8) 

The coordinate x determines the distance from the origin, given by ax. The surface of a 
sphere in these coordinates equals 47ia^ sin^ X- We see that as we move away from the 
origin, the surface of a sphere increases, reaching its maximum value 4Ka^ at a distance 
of najl. After that it begins to decrease, reducing to a point at the “opposite pole” of the 
space, at distance na, the largest distance which can in general exist in such a space [all this 
is also clear from (111.7) if we note that the coordinate r cannot take on values greater 
than a]. 

The volume of a space with positive curvature is equal to 

2ji « « 

F = J J J sin^ X sin 0 dx dO d(t>. 

0 0 0 

so that 

F = 27rV. (111.9) 

Thus a space of positive curvature turns out to be “closed on itself”. Its volume is finite 
though of course it has no boundaries. 

It is interesting to note that in a closed space the total electric charge must be zero. 
Namely, every closed surface in a finite space encloses on each side of itself a finite region 
of space. Therefore the flux of the electric field through this surface is equal, on the one hand, 
to the total charge located in the interior of the surface, and on the other hand to the total 
charge outside of it, with opposite sign. Consequently, the sum of the charges on the two 
sides of the surface is zero. 

Similarly, from the expression (96.16) for the four-momentum in the form of a surface 
integral there follows the vanishing of the total four-momentum P' over all space. Thus the 
definition of the total four-momentum loses its meaning, since the corresponding con¬ 
servation law degenerates into the empty identity 0 = 0. 

We now go on to consider geometry of a space having a constant negative curvature. 
From (111.6) we see that the constant A is negative if a is imaginary. Therefore all the 
formulas for a space with negative curvature can be immediately obtained from the pre¬ 
ceding ones by replacing a by ia. In other words, the geometry of a space with negative 
curvature is obtained mathematically as the geometry on a four-dimensional pseudosphere 
with imaginary radius. 

Thus the constant X is now 

a=-4. ("'*0) 

and the element of length in a space of negative curvature has, in coordinates r, 0, 0, the 
form 

dr^ 

dl^ =-^ -f r^(sin’ 0 d(l)^4-d0^), (111.11) 



t The “cartesian” coordinates Xi, Xa, Xa, x^ are related to the four-dimensional spherical coordinates 
a, 6, X by the relations: 

Xi=^a sin x sin 0 cos Xa = sin sin ^ sin 
Xa = sin xco^^, X4 = cos x- 
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where the coordinate r can go through all values from 0 to co. The ratio of the circumference 
of a circle to its radius is now greater than 2n, The expression for dl^ corresponding to 
(111.8) is obtained if we introduce the coordinate x according to r = a sinh x (x here goes 
from 0 to cx)). Then 

dl^ = a^{rfx^ + sinh^ X(sin^ 6 dcf)^-^dO^)}. (111.12) 

The surface of a sphere is now equal to 4710^ sinh^ x we move away from the 

origin (increasing x), it increases without limit. The volume of a space of negative curvature 
is, clearly, infinite. 


PROBLEM 


Transform the element of length (111.7).to a form in which it is proportional to its euclidean 
expression (conformal-euclidean coordinates). 

Solution: The substitution 


leads to the result: 



dl^ 



(drl-\-rl de^-\-rl sin^ 0 • diji^Y 


§ 112. The closed isotropic model 

Going on now to the study of the space-time metric of the isotropic model, we must 
first of all make a choice of our reference system. The most convenient is a “co-moving” 
reference system, moving, at each point in space, along with the matter located at that 
point. In other words, the reference system is just the matter filling the space; the velocity 
of the matter in this system is by definition zero everywhere. It is clear that this reference 
system is reasonable for the isotropic model—for any other choice the direction of the 
velocity of the matter would lead to an apparent nonequivalence of different directions in 
space. The time coordinate must be chosen in the manner discussed in the preceding 
section, i.e. so that at each moment of time the metric is the same over all of the space. 

In view of the complete equivalence of all directions, the components ^oa of the metric 
tensor are equal to zero in the reference system we have chosen. Namely, the three com¬ 
ponents ^oa can be considered as the components of a three-dimensional vector which, if it 
were different from zero, would lead to a nonequivalence of different directions. Thus ds^ 
must have the form ds^ = Qqq (dx^)^ — dl^. The component Qqq is here a function only of x^. 
Therefore we can always choose the time coordinate so that Qqq reduces to 1. Denoting it 
by r/, we have 

ds^ = c^dt^-dl\ (1I2.I) 

This time / is the synchronous proper time at each point in space. 

Let us begin with the consideration of a space with positive curvature; from now on we 
shall, for brevity, refer to the corresponding solution of the Einstein equations of gravitation 
as the "" closed moder\ For we use the expression (111.8) in which the “radius of curvature” 
a is, in general, a function of the time. Thus we write ds^ in the form 

ds^ = dt^ — a\t){dx^ + sin^ x(^^^ + sin^ 0 • d<f>^)}. 


( 112 . 2 ) 
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The function a{t) is determined by the equations of the gravitational field. For the solu¬ 
tion of these equations it is convenient to use, in place of the time, the quantity rj defined by 
the relation 

cdt = adrj. (112.3) 

Then ds^ can be written as 


ds^ = a^(rj){drj^— dx^— X(d9^O' dcf)^)}. 


(112.4) 


To set up the field equations we must begin with the calculation of the components of 
the tensor 7?,^ (the coordinates x\ are 0, (p). Using the values of the com¬ 

ponents of the metric tensor, 


000 = a^ 011 = -O^ 
we calculate the quantities Fh: 


922 = sin^ X. 


.^33 = Z sin^ 


r'O — ^ ^ ^ r*® ^ ro — f® — n 

1 00 “ 1 a/? “- 3 Oap^ ^ 0^ “ ^//» ^ aO ^ 00 “ 

Ct Cl Cl 

where the prime denotes differentiation with respect to rj. (There is no need to compute the 
components TJy explicitly.) Using these values, we find from the general formula (92.7): 

from the same symmetry arguments as we used earlier for the ^oa» *1 clear from the start 
that /?oa = 0- ihe calculation of the components Ri we note that if we separate in them 
the terms containing only (i.e. only the F^y), these terms must constitute the compo¬ 
nents of a three-dimensional tensor whose values are already known from (111.3) 
and (II 1.6): 

-Pi+ ... = -^di+ 

where the dots represent terms containing Qqq in addition to the g^^p. From the computation 
of these latter terms we find: 


so that 






Since the matter is at rest in the frame of reference we are using, w* = 0, = l/a, and 

we have from (94.9) Tq = 6, where e is the energy density of the matter. Substituting these 
expressions in the equation 


we obtain: 


Q 1 ^ ink Q 

^ 0 “ 2 ^ ~ ^ 


ink 3,2 , 2 n 


(112.5) 


Here there enter two unknown functions s and a; therefore we must obtain still another 
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equation. For this is convenient to choose (in place of the spatial components of the field 
equations) the equation Tq.^ = 0, which is one of the four equations (94.7) contained, as 
we know, in the equations of gravitation. This equation can also be derived directly with 
the help of thermodynamic relations, in the following fashion. 

When in the field equations we use the expression (94.9) for the energy-momentum 
tensor, we are neglecting all those processes which involve energy dissipation and lead to an 
increase in entropy. This neglect is here completely justified, since the auxiliary terms which 
should be added to T) in connection with such processes of energy dissipation are negligibly 
small compared with the energy density e, which contains the rest energy of the material 
bodies. 

Thus in deriving the field equations we may consider the total entropy as constant. We 
now use the well-known thermodynamic relation dS — T dS—p dV, where cf, S, K are 
the energy, entropy, and volume of the system, and /?, T, its pressure and temperature. At 
constant entropy, we have simply d<^ = —pdV. Introducing the energy density c = 
we easily find 


dV 

ds= -(e+p)--. 


The volume V of the space is, according to (111.9), proportional to the cube of the radius of 
curvature a. Therefore dV/V = 3dala =3r/(ln a), and we can write 


ds _ _. 

- — = 3J(ln n), 

or, integrating, 

. , C de 

3 In c = —-hconst 

J P + s 


( 112 . 6 ) 


(the lower limit in the integral is constant). 

If the relation between e and p (the “equation of state” of the matter) is known, then 
equation (112.6) determines 6 as a function of a. Then from (112.5) we can determine rj 
in the form 



Equations (112.6-7) solve, in general form, the problem of determining the metric in the 
closed isotropic model. 

If the material is distributed in space in the form of discrete macroscopic bodies, then to 
calculate the gravitational field produced by it, we may treat these bodies as material particles 
having definite masses, and take no account at all of their internal structure. Considering 
the velocities of the bodies as relatively small (compared with r), we can set £ = where 
p is the sum of the masses of the bodies contained in unit volume. For the same reason 
the pressure of the “gas” made up of these bodies is extremely small compared with £, 
and can be neglected (from what we have said, the pressure in the interior of the bodies has 
nothing to do with the question under consideration). As for the radiation present in space, 
its amount is relatively small, and its energy and pressure can also be neglected. 
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Thus, to describe the present state of the Universe in terms of this model, we should use 
the equation of state for “dustlike” matter, 

£ = /ic^, /? = 0. 

The integration in (112.6) then gives = const. This equation could have been written 
immediately, since it merely expresses the constancy of the sum M of the masses of the bodies 
in all of space, which should be so for the case of dustlike matter.f Since the volume of space 
in the closed model is F = const = MI2n^, Thus 

^ar = const = (112.8) 

2n 


Substituting (112.8) in equation (112.7) and performing the integration, we get: 

a = flo(l““COS rj), (112.9) 


where the constant 


fln — 


2kM 


Finally, for the relation between t and rf we find from (112.3): 


t = 


^0 

c 


(rj-sin rjl 


( 112 . 10 ) 


The equations (112.9-10) determine the function a(t) in parametric form. The function 
a(t) grows from zero at / = 0 (^ = 0) to a maximum value of a = 2ao» which is reached 
when t = ticqIc (rj = tt), and then decreases once more to zero when t = 2naolc (fj = 2n). 
For ^ <1 1 we have approximately a = aQr\^l2, t = aQrj^jSc, so that , 

. 1/3 


(¥)' 


. 2/3 


The matter density is 




6nkt 


8x10^ 


( 112 . 11 ) 


( 112 . 12 ) 


(where the numerical value is given for density in gm-cm"^ and fin sec). We call attention 
to the fact that in this limit the function fi{t) has a universal character in the sense that it 
does not depend on the parameter Cq. 

When “► 0 the density /i goes to infinity. But as // -► oo the pressure also becomes large, 
so that in investigating the metric in this region we must consider the opposite case of 
maximum possible pressure (for a given energy density a), i.e. we must describe the matter 
by the equation of state 


P = 


£ 

3 


(see the footnote on p. 87). From formula (112.6) we then get: 


£ = const = 


Snk 


(112.13) 


t To avoid misunderstandings (that might arise if one considers the remark in § 111 that the total four- 
momentum of a closed universe is zero), we emphasize that M is the sum of the masses of the bodies taken 
one by one, without taking account of their gravitational interaction. 
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(where a, is a new constant), after which equations (112.7) and (112.3) give the relations 


a = sin rj, 



(I-cos rj). 


Since it makes sense to consider this solution only for very large values of s (i.e. small a), 
we assume rj Then a ^ rj, t y\^I1c, so that 


Then 


a 


yjlai ct. 


(112.14) 


32nkt^ 


(112.15) 


(which again contains no parameters). 

Thus, here too a 0 for r 0, so that the value / = 0 is actually a singular point of the 
space-time metric of the isotropic model (and the same remark applies in the closed model 
also to the second point at which a = 0). We also see from (112.14) that if the sign of / is 
changed, the quantity a{t) would become imaginary, and its square negative. All four 
components go, in (112.2) would then be positive, and the determinant g would be positive. 
But such a metric is physically meaningless. This means that it makes no sense physically 
to continue the metric analytically beyond the singularity. 


§ 113. The open isotropic model 

The solution corresponding to an isotropic space of negative curvature {"'open model'") 
is obtained by a method completely analogous to the preceding. In place of (112.2), we now 
have 

ds^ = dt^ — a^{i)[dx^+ s\nh^ X(<^®‘ + sin^ 0 dcf)^)}. (113.1) 

Again we introduce in place of t the variable ?/, according io c dt = a dr}\ then we get 

ds^ =■ a\rj){drj^ — dx^--sinh^ X(^®^ + sin^ 0-d(f)^)}. (113.2) 


This expression can be obtained formally from (112.4) by changing t], o respectively to 
!>;, /‘x, ia. Therefore the equations of the field can also be gotten directly by this same sub¬ 
situation in equations (112.5) and (112.6). Equation (112.6) retains its previous form: 


31na = 


/ 


de 

-+ const, 

s + p 


while in place of (112.5), we have 


Corresponding to this we find, instead of (112.7) 

da 




a 

V 3c* 


ea* + i 


(113.3) 


(113.4) 


(113.5) 
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For material in the form of dust, we iind:t 


a 


ao(cosh -1), 


t = (sinh rj — rj)y 
c 


fia 


3 


4nk 


(113.6) 

(113.7) 


The formulas (113.6) determine the function a(t) in parametric form. In contrast to the 
closed model, here the radius of curvature changes monotonically, increasing from zero 
at / - 0 (^/ = 0) to infinity for /-►oo co). Correspondingly, the matter density decreases 
monotonically from an infinite value when / = 0 (when rj<^\, the monotonic decrease 
is given by the same approximate formula (112.12) as in the closed model). 

For large densities the solution (113.6-7) is not applicable, and we must again go to the 
case p = e/3. We again get the relation 

. 3c^a} 

c = const = — , (113.8) 

Stt/c 

and find for the function a{t): 

a* 

a = sinh rj, t = — (cosh rj— 1) 
c 

or, when ^ 1, 

a = y/2a^ct (113.9) 


[with the earlier formula (112.15) for £(0]- Thus in the open model, also, the metric has a 
singularity (but only one, in contrast to the closed model). 

Finally, in the limiting case of the solutions under consideration, corresponding to ah 
infinite radius of curvature of the space, we have a model with a flat (euclidean) space. The 
interval ds^ in the corresponding space-time can be written in the form 

ds^ = dt^ — b\t)(dx^dy^4-dz^) (113.10) 

(for the space coordinates we have chosen the “cartesian” coordinates x, y, z). The time- 
dependent factor in the element of spatial distance does not change the euclidean nature of 
the space metric, since for a given t this factor is a constant, and can be made unity by a simple 
coordinate transformation. A calculation similar to those in the previous paragraph leads to 


t Wc note that, by the transformation 

r Ae^ sinh ct = cosh 

= V tanh / = —, 

CT 

the expression (113.2) is reduced to the “conformal-galilean” form 

ds^ == /(r, r)[c^ dx^—dr^^r^(dd^-\ sin^ B d^^)]. 

Specifically, in the case of (113.6), setting A equal to ao/2, 

= ( 1 - - V[c» rfr»-rfr»-r sin’ 0 

• \ 2Vc*r»-rV 

(V. A. Fock, 1955). For large values of c^r^—r^ (which correspond to 17 ^ 1), this metric tends toward a 
galilean form, as was to be expected since the radius of curvature tends toward infinity. 

In the coordinates r, 0 , t, the matter is not at rest and its distribution is not uniform; the distribution 
and motion of the matter turns out to be centrally symmetric about any point of space chosen as the origin 
of coordinates r, 6, 
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nk 3 /clb\^ ^ , r de 

-^-£ = 771 — , 31n6=— -hconst. 

b^\dtj J p+e 


the following equations: 

Snk 

For the case of low pressures, we find 

pb^ = const, b = const 

For small t we must again consider the case p = 6/3, for which we find 

= const, b = const \/7. 


(113.11) 

(113.12) 


Thus in this case also the metric has a singular point (/ = 0). 

We note that all the isotropic solutions found exist only when the matter density is 
different from zero; for empty space the Einstein equations have no such solutions.f We 
also mention that mathematically they are a special case of a more general class of solutions 
that contain three physically different arbitrary functions of the space coordinates (see the 
problem). 


PROBLEM 

Find the general form near the singular point for the metric in which the expansion of the space 
proceeds “quasihomogeneously”, i.e. so that all components yan = —gaB (in the synchronous 
reference system) tend to zero according to the same law. The space is filled with matter with the 
equation of state p = e/3 (E. M. Lifshitz and I. M. Khalatnikov, 1960). 

Solution: We look for a solution near the singularity (r = 0) in the form: 

yaB = taaB^-t^baB-^ y ( 1 ) 

where OaB and baB are functions of the (space) coordinates^; below, we shall set c = 1. The reciprocal 
tensor is 

i qOcB _ ^aB^ 


where the tensor is reciprocal to while = a^^a^^byi; all raising and lowering of indices 
and covariant differentiation is done using the time-independent metric UaB- 
Calculating the left sides of equations (97.11) and (97.12) to the necessary order in 1/r, we get 

3 1 8;r/: 

~ 1 " 

^ (b; a—bl.,e)=— eua «o 

(where b = bl). Also using the identity 

1 UiU^ //o — Ua ug 

we find: 


t For e = 0 we would get from (113.5) a=aoe^ = ct [whereas the equations (112.7) are meaningless 
because the roots are imaginary]. But the metric 

ds^ = dt^—c^t ^ {dx^ +sinh* x(d9^ 4- sin* 0 d4>^) } 
can be transformed by the substitution r = c/ sinh ;r, t = r cosh x* to the form 

d^ = sin* 0 d^^\ 

i.e. to a galilean space-time. 

t The Friedmann solution corresponds to a special choice of the functions Qagy corresponding to a space 
of constant curvature. 
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The three-dimensional Christoffel symbols, and with them the tensor Pa 5 , are independent of the 
time in the first approximation in 1//; thePa/* coincide with the expressions obtained when calculating 
simply with the metric Qub. Using this, we find that in equation (97.13) the terms of order 
cancel, while the terms 1/r give 


from which 


Pl+ I bi+ = 0, 

b: = - \pt+ Y^sip, 


(3) 


(where P = a'^'P^y). In view of the identity 


[see (92.10)] the relation 


Pa:B-:^P:.=0 




is valid, so that the //„ can be written in the form: 


"«= 


(4) 


Thus, all six functions Oas remain arbitrary, while the coefficients bae of the next term in the 
expansion (1) are determined in terms of them. The choice of the time in the metric (1) is completely 
determined by the condition / = 0 at the singularity; the space coordinates still permit arbitrary 
transformations that do not involve the time (which can be used, for example, to bring Oas to 
diagonal form). Thus the solution contains all together three “physically different” arbitrary 
functions. 

We note that in this solution the spatial metric is inhomogeneous and anisotropic, while the 
density of the matter tends to become homogeneous as /->0. In the approximation (4) the three- 
dimensional velocity v has zero curl, while its magnitude tends to zero according to the law 

yOB ^ 


§ 114. The red shift 

The main feature characteristic of the solutions we have considered is the nonstationary 
metric; the radius of curvature of the space is a function of the time. A change in the radius 
of curvature leads to a change in all distances between bodies in the space, as is already seen 
from the fact that the element of spatial distance dl is proportional to a. Thus as a increases 
the bodies in such a space “run away” from one another (in the open model, increasing a 
corresponds to ^ 7 > 0 , and in the closed model, to 0<ri<n). 

Frem the point of view of an observer located on one of the bodies, it will appear as if 
all the other bodies were moving in radial directions away from the observer. The speed of 
this “running away” at a given time t is proportional to the separation of the bodies. 

This prediction of the theory must be compared with a fundamental astronomical fact— 
the red shift of lines in the spectra of galaxies. If we regard this as a Doppler shift, we arrive 
at the conclusion that the galaxies are receding, i.e. at the present time the Universe is 
expanding.! 

t The conclusion that the bodies are running away with increasing a(t) can only be made if the energy of 
interaction of the matter is small compared to the kinetic energy of its motion in the recession; this condition 
is always satisfied for sufficiently distant galaxies. In the opposite case the mutual separations of the bodies 
is determined mainly by their interactions; therefore, for example, the effect considered here should have 
practically no influence on the dimensions of the nebulae themselves, and even less so on the dimensions of 
stars. 
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Let us consider the propagation of a light ray in an isotropic space. For this purpose it is 
simplest to use the fact that along the world line of the propagation of a light signal the 
interval ds = 0. We choose the point from which the light emerges as the origin of co¬ 
ordinates X, 0, (f). From symmetry considerations it is clear that the light ray will propagate 
“radially”, i.e. along a line 0 = const, (j) = const. In accordance with this, we set dO = dcj) = 0 
in (112.4) or (113.2) and obtain ds^ = a\dri^ — dx^). Setting this equal to zero, we find 
drj = ±dx or, integrating, 

X = ±i? + const. (114.1) 

The plus sign applies to a ray going out from the coordinate origin, and the minus sign to a 
ray approaching the origin. In this form, equation (114.1) applies to the open as well as to 
the closed model. With the help of the formulas of the preceding section, we can from this 
express the distance traversed by the beam as a function of the time. 

In the open model, a ray of light, starting from some point, in the course of its propaga¬ 
tion recedes farther and farther from it. In the closed model, a ray of light, starting out from 
the initial point, can finally arrive at the “conjugate pole” of the space (this corresponds to a 
change in x from 0 to tt); during the subsequent propagation, the ray begins to approach the 
initial point. A circuit of the ray “around the space”, and return to the initial point, would 
correspond to a change of x from 0 to 2n. From (114.1) we see that then rj would also have 
to change by 2n, which is, however, impossible (except for the one case when the light starts 
at a moment corresponding to = 0). Thus a ray of light cannot return to the starting point 
after a circuit “around the space”. 

To a ray of light approaching the point of observation (the origin of coordinates), there 
corresponds the negative sign on in equation (114.1). If the moment of arrival of the ray 
at this point is r(ijo), then for ty = we must have x = 0, so that the equation of propagation 
of such rays is 

X = rio-rj. (114.2) 

From this it is clear that for an observer located at the point x = 0, only those rays of light 
can reach him at the time T(iyo), which started from points located at “distances” not 
exceeding x = Ho- 

This result, which applies to the open as well as to the closed model, is very essential. 
We see that at each given moment of time at a given point in space, there is accessible 
to physical observation not all of space, but only that part of it which corresponds to 
X < Mathematically speaking, the “visible region” of the space is the section of the four¬ 
dimensional space by the light cone. This section turns out to be finite for the open as well 
as the closed model (the quantity which is infinite for the open model is its section by the 
hypersurface t = const, corresponding to the space where all points are observed at one and 
the same time t). In this sense, the difference between the open and closed models turns out 
to be much less drastic than one might have thought at first glance. 

The farther the region observed by the observer at a given moment of time recedes from 
him, the earlier the moment of time to which it corresponds. Let us look at the spherical 
surface which is the geometrical locus of the points from which light started out at the time 
^(^“X) and is observed at the origin at the time t(ri). The area of this surface is 4Ka^{rj—x) 
sin^ X (in the closed model), or 4na^(rj — x) sinh^ X (in the open model). As it recedes from 
the observer, the area of the “visible sphere” at first increases from zero (for x = 0) and then 
reaches a maximum, after which it decreases once more, dropping back to zero for x = ^ 
(where a(rj — x) = ^(0) = 0). This means that the section through the light cone is not only 
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finite but also closed. It is as if it closed at the point “conjugate” to the observer; it can be 
seen by observing along any direction in space. At this point c oo, so that matter in all 
stages of its evolution is, in principle, accessible to observation. 

The total amount of observed matter is equal in the open model to 


M, 


obs 


’I 

= 4;: J sinh^ x ‘ 


Substituting from (113.7), we get 


^obs 




2k 


(sinh f} cosh rj — rj). 


(114.3) 


This quantity increases without limit as -► oo. In the closed model, the increase of 
is limited by the total mass M; in similar fashion, we find for this case: 

M 

^obs = — (^“Sin cos rj). (114.4) 

7t 


As rj increases from 0 to tt, this quantity increases from 0 to Af; the further increase of Af^bs 
according to this formula is fictitious, and corresponds simply to the fact that in a “con¬ 
tracting” universe distant bodies would be observed twice (by means of the light “circling 
the space” in the two directions). 

Let us now consider the change in the frequency of light during its propagation in an 
isotropic space. For this we first point out the following fact. Let there occur at a certain 
point in space two events, separated by a time interval dt = (l/c)a (rj) drj. If at the moments 
of these events light signals are sent out, which are observed at another point in space, then 
between the moments of their observation there elapses a time interval corresponding to the 
same change drj in the quantity rj as for the starting point. This follows immediately from 
equation (114.1), according to which the change in the quantity tj during the time of propaga¬ 
tion of a light ray from one point to another depends only on the difference in the co¬ 
ordinates X for these points. But since during the time of propagation the radius of curvature 
a changes, the time interval t between the moments of sending out of the two signals and the 
moments of their observation are different; the ratio of these intervals is equal to the ratio of 
the corresponding values of a. 

From this it follows, in particular, that the periods of light vibrations, measured in terms 
of the world time t, also change along the ray, proportionally to a. Thus, during the propaga¬ 
tion of a light ray, along its path, 

0)0 = const. (114.5) 


Let us suppose that at the time t(rj) we observe light emitted by a source located at a 
distance corresponding to a definite value of the coordinate x- According to (114.1), the 
moment of emission of this light is /(^—x)- If is the frequency of the light at the time of 
emission, then from (114.5), the frequency co observed by us is 


O) = CUq 


ojn-x) 
oin) ■ 


(114.6) 


Because of the monotonic increase of the function a(rj), we have co < cuq, that is, a decrease 
in the light frequency occurs. This means that when we observe the spectrum of light coming 
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toward us, all of its lines must appear to be shifted toward the red compared with the spec¬ 
trum of the same matter observed under ordinary conditions. The “red shift” phenomenon 
is essentially the Doppler effect of the galaxies’ “running away” from each other. 

The magnitude of the red shift measured, for example, as the ratio co/coq of the displaced 
to the undisplaced frequency, depends (for a given time of observation) on the distance at 
which the observed source is located [in relation (114.6) there enters the coordinate x of 
the light source]. For not too large distances, we can expand a(rj — x) ^ power series in x, 
limiting ourselves to the first two terms: 

ii = 1-x — 

coo ^ a(jj) 

(the prime denotes differentiation with respect to tj). Further, we note that the product 
Xa(r}) is here just the distance / from the observed source. Namely, the “radial” line element 
is equal iodl^ a dx \ in integrating this relation the question arises of how the distance is to 
be determined by physical observation. In determining this distance we must take the values 
of a at different points along the path of integration at different moments of time (integration 
for Y\ = const would correspond to simultaneous observation of all the points along the 
path, which is physically not feasible). But for “small” distances we can neglect the change 
in a along the path of integration and write simply / = ax, with the value of a taken for the 
moment of observation. 

As a result, we find for the percentage change z in the frequency the following formula: 


^ CO —coq H ^ 

COo c 

where we have introduced the notation 

^ a^(ri) a dt 


(114.7) 


(114.8) 


for the so-called ''Hubble constant''. For a given instant of observation, this quantity is 
independent of /. Thus the relative shift in spectral lines must be proportional to the distance 
to the observed light source. 

Considering the red shift as a result of a Doppler effect, one can determine the corres¬ 
ponding velocity v of recession of the galaxy from the observer. Writing z = v/c, and 
comparing with (114.7), we have 

v = Hl (114.9) 

(this formula can also be obtained directly by calculating the derivative v = d(ax)ldt. 

Astronomical data confirm the law (114.7), but the determination of the value of the 
Hubble constant is hampered by the uncertainty in the establishment of a scale of cosmic 
distances suitable for distant galaxies. The latest determinations give the value 

H ^ 0.8x10"^= 0.25x10”'*^ sec”', (114.10) 

1/H«4 X 10^^ sec = 1.3 x lO'^yr. 

It corresponds to an increase in the “velocity of recession” by 75 km/sec for each mega¬ 
parsec distance.! 


t There also exist estimates leading to a smaller value of H, corresponding to an increase of the velocity 
of recession by 55 km/sec in each megaparsec; then x 10’ yr. 
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Substituting in equation (113.4), e = and H = caja^, we get for the open model the 
following relation: 


= /i. 

1 3 


Combining this equation with the equality 

c sinh Tf 


H = 


we obtain 


flo(cosh ij-1)^ a 


2 = - coth 


cosh - = H 
2 


/J_. 

%nkn 


For the closed model we would get: 


(114.11) 


(114.12) 




cos ^ = H 


Stt/c/j 


(114.13) 


(114.14) 


Comparing (114.11) and (114.13), we see that the curvature of the space is negative or 
positive according as the difference (87rA:/3)/i—is negative or positive. This difference 
goes to zero for where 

3H^ 


f^k = 


87r/c* 


(114.15) 


With the value (114.10), we get = 1 x g/cm^. In the present state of astronomical 
knowledge, the value of the average density of matter in space can be estimated only with 
very low accuracy. For an estimate, based on the number of galaxies and their average mass, 
one now takes a value of about 3 x 10”^^ g/cm^. This value is 30 times less than and thus 
would speak in favor of the open model. But even if we forget about the doubtful reliability 
of this number, we should keep in mind that it does not take into account the possible 
existence of a metagalactic dark gas, which could greatly increase the average matter 
density. 

Let us note here a certain inequality which one can obtain for a given value of the quantity 

, c sinh T] 

H. For the open model we have H = —--— 

Goicosh rj-\y 


and therefore 


t = — (sinh rj — rj) 
c 


sinh ^y(sinh rj — r]) 
//(cosh ^y-1)2 * 


Since 0 < < oo, we must have 


2 1 


(114.16) 


Similarly, for the closed model we obtain 


sin r]{r] — sm rj) 
//(I—cos rjy ‘ 
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0<t<—. 

3H 


(114.17) 


Next we determine the intensity I of the light arriving at the observer from a source 
located at a distance corresponding to a definite value of the coordinate x- The flux density of 
light energy at the point of observation is inversely proportional to the surface of the sphere, 
drawn through the point under consideration with center at the location of the source; in a 
space of negative curvature the area of the surface of the sphere equals 4na^ sinh^ x- 
Light emitted by the source during the interval dt = (]lc)a(r] — x)^^ reach the point 

of observation during a time interval 


dt 


ajri) 


= - ain) dr]. 

c 


Since the intensity is defined as the flux of light energy per unit time, there appears in / a 
factor a(r]’-x)I^M- Finally, the energy of a wave packet is proportional to its frequency 
[see (53.9)]; since the frequency changes during propagation of the light according to the 
law (114.5), this results in the factor ci(r] — x)la(r]) appearing in / once more. As a result, we 
finally obtain the intensity in the form 


/ = const 


a\ri-X) 

a\ri) sinh^ x 


For the closed model we would similarly obtain 


/ = 


const 


a\r]) sin^ x 


(114.18) 


(114.19) 


These formulas determine the dependence of the apparent brightness of an observed object 
on its distance (for a given absolute brightness). For small x we can set a(^y—x) — 
then 7^ 1/^^(^)X^ = that is, we have the usual law of decrease of intensity inversely 
as the square of the distance. 

Finally, let us consider the question of the so-called proper motions of bodies. In speaking 
of the density and motion of matter, we have always understood this to be the average 
density and average motion; in particular, in the system of reference which we have always 
used, the velocity of the average motion is zero. The actual velocities of the bodies will under¬ 
go a certain fluctuation around this average value. In the course of time, the velocities of 
proper motion of the bodies change. To determine the law of this change, let us consider a 
freely moving body and choose the origin of coordinates at any point along its trajectory. 
Then the trajectory will be a radial line, 0 = const, 0 = const. The Hamilton-Jacobi 
equation (87.6), after substitution of the values of takes the form 


Since x does not enter into the coefficients in this equation (i.e., x is a cyclic coordinate), the 
conservation law dS/dx = const is valid. The momentum /? of a moving body is equal, by 
definition, to p = dS/dl = dS/a dx- Thus for a moving body the product pa is constant: 

(114.21) 


pa = const. 
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we obtain 




( 114 . 22 ) 


The law of change of velocity with time is determined by these relations. With increasing a, 
the velocity v decreases monotonically. 


PROBLEMS 

1. Find the first two terms in the expansion of the apparent brightness of a galaxy as a function 
of its red shift; the absolute brightness of a galaxy varies with time according to an exponential 
law, labt = const (H. Robertson, 1955). 

Solution: The dependence on distance x of the apparent brightness of a galaxy at the “instant” 
17 , is given (for the closed model) by the formula 

a\>j) sm* X 

We define the red shift as the relative change in wave length: 

^0 CO a(rj-x) 

Expanding / and z in powers of x [using the functions a(rf) and t{tj) from ( 112 . 9 ) and (112 . 10 )] and 
then eliminating x from the resulting equations, we find the result: 


I = const- 


where we have introduced the notation 






H-COS7 /(» 


For the open model, we get the same formula with 

1+cosh 7 

2. Find the leading terms in the expansion of the number of galaxies contained inside a “sphere” 
of given radius, as a function of the red shift at the boundary of the sphere (where the spatial 
distribution of galaxies is assumed to be uniform). 

Solution: The number N of galaxies at “distances” < ;i: is (in the closed model) 


N =» const • J sin^ xcix = const • x^ 


Substituting the first two terms in the expansion of the function x(zX we obtain: 


r 3 

N = const - 2 ® 1 — 7 (2-\rg)z . 

4 


In this form the formula also holds for the open model. 
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Let us consider the question of the behavior of small perturbations in the isotropic model, 
i.e. the question of its gravitational stability (E. M. Lifshitz, 1946). We shall restrict our 
treatment to perturbations over relatively small regions of space—regions whose linear 
dimensions are small compared to the radius a.f 
In every such region the spatial metric can be assumed to be euclidean in the first approxi¬ 
mation, i.e. the metric (111.8) or (111.12) is replaced by the metric 

dl^ = -h dy^ -h dz^), (115.1) 


where x, y, z are cartesian coordinates, measured in units of the radius a. We again use the 
parameter rj as time coordinate. 

Without loss of generality we shall again describe the perturbed field in the synchronous 
reference system, i.e. we impose on the variations of the metric tensor the conditions 
Sqqq = SgQg, = 0. Varying the identity gucU'u^ = 1 under these conditions (and remembering 
that the unperturbed values of the components of the four-velocity of the matter are 

= 1/fl, = 0),t we get ^oo = 0,so that 5u^ = O.The perturbations (5w® are in general 

different from zero, so that the reference system is no longer co-moving. 

We denote the perturbations of the spatial metric tensor by = —5g^p. Then 

where the raising of indices on is done by using the unperturbed metric 

yap- 

In the linear approximation, the small perturbations of the gravitational field satisfy the 
equations 

SRl-^5i5R^^5Tl (115.2) 


In the synchronous reference system the variations of the components of the energy- 
momentum tensor (94.9) are: 

5Ti = (5rs = a(p + e)5u\ 5Tl = de. (115.3) 

Because of the smallness of 3s and 5p, we can write dp = {dplds)3s, and we obtain the 
relations: 

3T^,= -di^dK (115.4) 

de 

Formulas for 5R) can be gotten by varying the expression (97.10). Since the unperturbed 
metric tensor the unperturbed values are 

2d 2a' o 2a' - 

^ap ~ 7a/? “ y<ipy ‘5a, 

where the dot denotes differentiation with respect to c/, and the prime with respect to rj. The 
perturbations of and = Xg,yy^^ are: 

= Kp = ^ Kp> = hi =^hl' 

where /zf = y^'^h^y. For the euclidean metric (115.1) the unperturbed values of the three- 


t A more detailed presentation of this question, including the investigation of perturbations over regions 
whose size is comparable to a, is given in Adv, in Physics 12, 208 (1963). 

t In this section we denote unperturbed values of quantities by letters without the auxiliary superscript 
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dimensional are zero. The variations SP^ are calculated from formulas (108.3-4): it is 
obvious that SP^ is expressed in terms of the Sy^p just as the four-tensor dRu, is expressed 
in terms of the Sgn,, all tensor operations being done in the three-dimensional space with the 
metric (115.1); because this metric is euclidean, all the covariant differentiations reduce 
to simple differentiations with respect to the coordinates (for the contravariant deriva¬ 
tives we must still divide by a^). Taking all this into account (and changing from derivatives 
with respect to / to derivatives with respect to rj), we get, after some simple calculations: 




-h-f )—L /,#»_ ufi'. 







h\ 






(115.5) 


(/i = 111). Here both the upper and lower indices following the comma denote simple 
differentiations with respect to the x® (we continue to write indices above and below only to 
retain uniformity of the notation). 

We obtain the final equations for the perturbations /zf by substituting in (115.4) the 
components expressed in terms of the dR^ according to (115.2). For these equations 
it is convenient to choose the equations obtained from (115.4) for and those obtained 
by contracting on a, They are: 

{hi-/y+h^y:l-h:i-K:i)+h^''+ ^ h^' = o, 

= (. 15 . 6 ) 


The perturbations of the density and matter velocity can be determined from the known 
using formulas (115.2-3). Thus we have for the relative change of the density: 

de 

s Snke 




Among the solutions of equations (115.6) there are some that can be eliminated by a simple 
transformation of the reference system (without destroying the condition of synchronism), 
and so do not represent a real physical change of the metric. The form of such solutions can 
be established by using formulas (1) and (2) in problem 3 of § 97. Substituting the unper¬ 
turbed values Va/j = get from them the following expressions for fictitious perturba¬ 

tions of the metric: 

= /o; f J ^ + 5 fo K +(/.■ ^ +/"..), (115.8) 

where the /o,/* are arbitrary (small) functions of the coordinates x, y, z. 

Since the metric in the small regions of space we are considering is assumed to be euclidean, 
an arbitrary perturbation in such a region can be expanded in plane waves. Using x, y, z for 
cartesian coordinates measured in units of a, we can write the periodic space factor for the 
plane waves in the form \ where n is a dimensionless vector, which represents the wave 
vector measured in units of l/a (the wave vector is k = n/a). If we have a perturbation over 
a portion of space of dimensions /, the expansion will involve waves of length 



RELATIVISTIC COSMOLOGY 


378 


§ 115 


A = 2jra/« ~ /. If we restrict the perturbations to regions of size / < a, we automatically 
assume the number n to be quite large (n > 2n). 

Gravitational perturbations can be divided into three types. This classification reduces 
to a determination of the possible types of plane waves in terms of which the symmetric 
tensor can be represented. We thus obtain the follo\^ng classification: 

1. Using the scalar function 

e = (115.9) 

we can form the vector P = uQ and the tensorsf 

Qi = \^iQ, = ( 115 . 10 ) 

These plane waves correspond to perturbations in which, in addition to the gravitational 
field, there are changes in the velocity and density of the matter, i.e. we are dealing with per¬ 
turbations accompanied by condensations or rarefactions of the matter. The perturbation 
of h{ is expressed in terms of the tensors Q{ and Pf, the perturbation of the velocity is 
expressed in terms of the vector P, and the perturbation of the density, in terms of the 
scalar Q. 

2. Using the transverse vector wave 

S = sc'"", sn = 0, (115.11) 

we can form the tensor (n^S^+n^S^); the scalar corresponding to this does not exist, since 
n • S = 0. These waves correspond to perturbations in which, in addition to the gravita¬ 
tional field, we have a change in velocity but no change of the density of the matter; they 
may be called rotational perturbations. 

3. The transverse tensor wave 

gitif^O. (115.12) 

We can construct neither a vector nor a scalar by using it. These waves correspond to 
perturbations of the gravitational field in which the matter remains at rest and uniformly 
distributed throughout space. In other words, these are gravitational waves in an isotropic 
universe. 

The perturbations of the first type are of principal interest. We set 

H^mP^+Kn)Qi. h = ixQ. (115.13) 

From (115.7) we find for the relative change of the density 


5e _ c* 
z lAnkza} 


^ 3a' ,■ 

n^(A+p)-l- n 

a 


Q. 


(115.14) 


The equations for determining A and g. are gotten by substituting 


yA A A 


/ 


A''+ —A'-^(A+/x) = 0, 
a 5 




These equations have the following two partial integrals, corresponding to those fictitious 


t We write upper and lower indices on the components of ordinary cartesian tensors only to preserve 
uniformity of notation. 
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changes of metric that can be eliminated by transforming the reference system: 

A = — /i = const, 


J a J a a 


(115.16) 

(115.17) 


[the first of these is gotten from (115.8) by choosing/o = 0,/, = P,; the second by choosing 

/o=C,/. = 0]. 

In the early stages of expansion of the universe, when the matter is described by the 
equation of state p = e/3, we have a » aitj, tj I (in both the open and closed models). 
Equations (115.15) take the form: 

2 ^2 2 2n^ 

A"+-A'--(A+/i) = 0, /t''+-/i'+— (A+/i) = 0. (115.18) 

rj ^ rj 3 


These equations are conveniently investigated separately for the two limiting cases depend¬ 
ing on the ratio of the large quantities n and l/?y. 

Let us assume first that n is not too large (or that y\ is sufficiently small), so that nr\ 

To the order of accuracy for which the equations (115.18) are valid, we find from them for 
this case: 


n 




2n^ 

p= Cif/ + C2 


(‘-?4 


where Cj, C 2 are constants; solutions of the form (115.16) and (115.17) are excluded (in the 
present case these are the solution with X = —p = const and the one with A + // ~ l/ij2). 
Calculating dele from (115.14) and (112.15), we get the following expressions for the per¬ 
turbations of the metric and the density: 


e 


Y(Ciri + C 2 H^)Q for p = J, 



(115.19) 


The constants Cj and Cj must satisfy conditions expressing the smallness of the perturba¬ 
tion at the time rjo of its start: we must have IiJ < 1 (so that A < 1 and /x < 1) and Se/e < 1. 
As applied to (115.19) these conditions give the inequalities C, < rjo, C 2 < 1. 

In (115.19) there are various terms that increase in the expanding universe like different 
powers of the radius a = ait]. But this growth does not cause the perturbation to become 
large: if we apply formula (115.19) for an order of magnitude to ~ 1/n, we see that 
(because of the inequalities found above for Cj and Cj) the perturbations remain small 
even at the upper limit of application of these formulas. 

Now suppose that n is so large that nxj > 1. Solving (115.18) for this condition, we find 
that the leading terms in X and p are:t 

A = - ^ = const • \ 

2 t\^ 

We then find for the perturbations of the metric and the density: 


t The factor I// 7 * in front of the exponential is the first term in the expansion in powers of Xjnrj. To find 
it we must consider the first two terms in the expansion simultaneously [which is justified within the limits 
of accuracy of (115.18)]. 
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h'a = -2— (P'-2Q.V'”' 

n r\ 

for p = r. 


C ^ . 


<ri<h 


(115.20) 


where C is a complex constant satisfying the condition |C| 1. The presence of a periodic 

factor in these expressions is entirely natural. For large n we are dealing with a perturbation 
whose spatial periodicity is determined by the large wave vector k = nfa. Such perturbations 
must propagate like sound waves with velocity 

/ _ C 

V d(slc^) 

Correspondingly the time part of the phase is determined, as in geometrical acoustics, by 
the large integral ^ kudt = nril\/3. As we see, the amplitude of the relative change of 
density remains constant, while the amplitude of the perturbations of the metric itself 
decreases like a~^ in the expanding universe.! 

Now we consider later stages of the expansion, when the matter is already so rarefied 
that we can neglect its pressure (p = 0). We shall limit ourselves to the case of small rj, 
corresponding to that stage of the expansion when the radius a was still small compared to 
its present value, but the matter was already quite rarefied. 

For p = 0 and ^/ <^ 1, we have a ^ Qq rj^/2, and (115.15) takes the form: 

4 

4 

-- (X+p)^0. 


The solution of these equations is 
X fi — 2Ci 


X—p = 2n^ 


Also calculating Se/e by using (115.14) and (112.12), we find: 

hi = C,(Pi+Q^)+^-^(Pi-Qi) for 


(115.21) 


hi=^yri\Pi-Qi)+^-^{Pi-Qi) for (115.21; 

ID fj n 

■ fCinV C,n^ \ 

£ V 30 

We see that Sale contains terms that increase proportionally with a.t But if ntj < l,then 


t It is easy to verify that (for p — £/3) nrj^LIX, L^ul^kelc^. It is natural that the characteristic 
length L, which determines the behavior of perturbations with wave length X<^a, contains only hydro- 
dynamic quantities—the matter density e/c^ and the sound velocity u (and the gravitational constant k). 
We note that there is a growth of the perturbations when [in (115.19)]. 

X A more detailed analysis taking into account the small pressure p{e) shows that the possibility of neglect¬ 
ing the pressure requires that one satisfy the condition utjnlc<^\ (where u — cVdpIde is the small sound 
velocity); it is easy to show that in this case also it coincides with the condition X/L^l. Thus, growth of the 
perturbation always occurs if XjL ^ 1. 
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Seje does not become large even for rj ^ \/n because of the condition Ci 1 . If, however, 
rjnt> 1 , then for >7 ~ 1 the relative change of density becomes of order while the 

smallness of the initial perturbation requires only that C^n^rjl 1. Thus, although the 
growth of the perturbation occurs slowly, nevertheless its total growth may be considerable, 
so that it becomes quite large. 

One can similarly treat perturbations of the second and third types listed above. But the 
laws for the damping of these perturbations can also be found without detailed calculations 
by starting from the following simple arguments. 

If over a small region of the matter (with linear dimensions /) there is a rotational per¬ 
turbation with velocity 5v, the angular momentum of this region is ^ - l-v. During 

the expansion of the universe / increases proportionally with a, while e decreases like a~^ 
(in the case of /? = 0) or like (for p — e/3). From the conservation of angular momentum, 

we have 


6v = const for p = £/3,<5i? ^ - for /? = 0. 

a 


(115.22) 


Finally, the energy density of gravitational waves must decrease during the expansion 
of the universe like a~^. On the other hand, this density is expressed in terms of the pertur¬ 
bation of the metric by ^ k^(/if)^, where k = nja is the wave vector of the perturbation. 
It then follows that the amplitude of perturbations of the type of gravitational waves 
decreases with time like Ija. 


§ 116. Homogeneous spaces 

The assumption of homogeneity and isotropy of space determines the metric completely 
(leaving free only the sign of the curvature). Considerably more freedom is left if one assumes 
only homogeneity of space, with no additional symmetry. Let us see what metric properties 
a homogeneous space can have. 

We shall be discussing the metric of a space at a given instant of time t. We assume that 
the space-time reference system is chosen to be synchronous, so that t is the same synchro¬ 
nized time for the whole space. 

Homogeneity implies identical metric properties at all points of the space. An exact 
definition of this concept involves considering sets of coordinate transformations that trans¬ 
form the space into itself, i.e. leave its metric unchanged: if the line element before trans¬ 
formation is 

= yap(^\ dx^y 

then after transformation the same line element is 

with the same functional dependence of the on the new coordinates. A space is homo¬ 
geneous if it admits a set of transformations (a group of motions) that enables us to bring 
any given point to the position of any other point. Since space is three-dimensional the 
different transformations of the group are labelled by three independent parameters. 

Thus, in euclidean space the homogeneity of space is expressed by the invariance of the 
metric under parallel displacements (translations) of the cartesian coordinate system. Each 
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translation is determined by three parameters—the components of the displacement vector 
of the coordinate origin. All these transformations leave invariant the three independent 
differentials {dx, dy, dz) from which the line element is constructed. 

In the general case of a noneuclidean homogeneous space, the transformations of its 
group of motions again leave invariant three independent linear differential forms, which 
do not, however, reduce to total differentials of any coordinate functions. We write these 
forms as 

e[^^dx\ (116.1) 


where the Latin index {a) labels three independent vectors (coordinate functions); we call 
these vectors a frame. 

Using the forms (116.1) we construct a spatial metric invariant under the given group of 
motions: 

dl^ = rijei‘-^dx^){ef>dx>’), (116.2) 

i.e. the metric tensor is 

yap = ri..ei‘>^er. (116.3) 

where the coefficients which are symmetric in the indices a and b, are functions of the 
time. 

Thus we arrive at a “triad” representation of the spatial metric using a triple of coordi¬ 
nate vectors; all the formulas obtained in § 98 are applicable to this representation. The 
choice of basis vectors is dictated by the symmetry properties of the space and, in general, 
these basis vectors are not orthogonal (so that the matrix is not diagonal). 

As in § 98, along with the triple of vectors c**’* we introduce the reciprocal triple of vectors 
for which 

= = (116.4) 


In the three-dimensional case, the relation between the two vector triples can be written 
explicitly: 


■=(1) 


= - 
V 


^(2) 




e,3) = - e“’xe<^>. 


(116.5) 


where 


t; = U->| = 


and e(a) and should be regarded as cartesian vectors with components and 
respectively. The determinant of theTnetric tensor (116.3) is 

y = (116.6) 


where is the determinant of the matrix 

The invariance of the differential forms (116.1) means that 

e[^\x)dx^ = 4‘*V)dx'“, (116.7) 


where the on the two sides of the equation are the same functions of the old and new 

dx'^ 

coordinates, respectively. Multiplying this equation by ef^)(.x'), setting dx'^ = Jx®, 
and comparing coefficients of the same differentials Jx®, we find 


dx'^ 

3x® 




(116.8) 
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These equations are a system of differential equations that determine the functions x'^ (;c) 
for a given frame.t In order to be integrable, the equations (116.8) must satisfy identically 
the conditions 

d^x‘<‘ d^x'o 


Calculating the derivatives, we find 


dx’-dx^ dx^dx^ 


dx'‘ 




ix’)- 


deL{x') 


dx'* 


eUx') e<;>(x)el;\x) 


e(a)(x') 


V dx^ 


Sei->(x) \ 
dx^ j 


Multiplying both sides of the equations by e\i^{x)e\c-^{x)e^^ \x') and shifting the differentia- 
tion from one factor to the other by using (116.4), we get for the left side: 


«/•(«') 4,m] = (»•)[' 


be^P{x') deY\x' ) 
dx'^ 


dx'* 


r 


dx'> 8x^ 

and for the right, the same expression in the variable x. Since x and x' are arbitrary, these 
expressions must reduce to constants: 

/deP _ 

Vaxp 




( 116 . 9 ) 


The constants are called the structure constants of the group. Multiplying by we can 
rewrite (116.9) in the form 


oei 


^(a) ^{b) ^ g ^ ab^icy 

OX 


= CV^)- (116.10) 

These are the required conditions for homogeneity of the space. The expression on the 
left side of (116.9) coincides with the definition of the quantities (98.10), which are 
therefore constants. 

As we see from their definition, the structure constants are antisymmetric in their lower 
indices: 


= - CV (116.11) 

We can obtain still another condition on them by noting that (116.10) can be written in the 
form of commutation relations 


X,] = = r., X, 

for the linear differential operators{ 



( 116 . 12 ) 

(116.13) 


t For a transformation of the form x'^ 
(116.8) the equations 


= x'+f*, where the f* are small quantities, we obtain from 


dC 


= r 


K> 

dx^ 


(116.8a) 


The three linearly independent solutions of these equations, =1,2, 3), determine the infinitesimal 
transformations of the group of motions of the space. The vectors are called the Killing vectors. (Cf. 
the footnote on p. 271). 

t In the mathematical theory of continuous groups {Lie groups) the operators satisfying conditions 
of the form (116.12) are called the generators of the group. We mention, however (to avoid confusion when 
comparing with other presentations), that the systematic theory usually starts from operators defined using 
the killing vectors: 




dx^' 
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Then the condition mentioned above follows from the identity 

X,l XJ + [[X„ XJ, XJ + [[X„ XJ, XJ = 0 
(the Jacobi identity), and has the form: 

+ CV = 0. (116.14) 

It is a definite advantage to use, in place of the three-index constants a set of two- 
index quantities, obtained by the dual transformation 

(116.15) 

where e^tc = is the unit antisymmetric symbol (with 6^123 = +0* With these constants 
the commutation relations (116.12) are written as 

(116.16) 

The property (116.11) is already taken into account in the definition (116.15), while pro¬ 
perty (116.14) takes the form 

= 0 . (116.17) 

We also mention that the definition (116.9) for the quantities can be written in vector 
form: 

C'"’= Vxe*'", (116.18) 

V 

where the vector operations are again carried out as if the coordinates x® were cartesian. 

The choice of the three frame vectors in the differential forms (116.1) (and with them the 
operators XJ is, of course, not unique. They can be subjected to any linear transformation 
with constant coefficients: 

®(a) = ^a^(b)- (1 16.19) 

The quantities and behave like tensors with respect to such transformations. 

The conditions (116.17) are the only ones that the structure constants must satisfy. 
But among the constants admissible by these conditions, there are equivalent sets, in the 
sense that their difference is related to a transformation of the type (116.19). The question 
of the classification of homogeneous spaces reduces to determining all nonequivalent sets 
of structure constants. This can be done, using the “tensor” properties of the quantities 
C®^ by the following simple method (C. G. Behr, 1962). 

The unsymmetric “tensor” can be resolved into a symmetric and an antisymmetric 
part. We denote the first by a 7 ®^, and we express the second in terms of its “dual vector” a^: 

C®'’ = /i®^ + c®^"a,. (116.20) 

Substitution of this expression in (116.17) leads to the condition 

= 0 . (116.21) 

By means of the transformations (116.19) the symmetric “tensor” a?®^ can be brought to 
diagonal form: let a 72 , n^ be its eigenvalues. Equation (116.21) shows that the “vector” 
at, (if it exists) lies along one of the principal directions of the “tensor” a 2 ®^, the one corres¬ 
ponding to the eigenvalue zero. Without loss of generality we can therefore set = (a, 0, 0). 
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Then (116.21) reduces to an^ = 0, i.e. one of the quantities a or must be zero. The com¬ 
mutation relations (116..12) take the form: 

[ 2 ^ 2 , 2 ^ 3 ] ='«, X,, (116.22) 

[2^3, X,) = ^2 X^ + aX^. 

The only remaining freedom is a change of sign of the operators and arbitrary scale 
transformations of them (multiplication by constants). This permits us simultaneously to 
change the sign of all the and also to make the quantity a positive (if it is different from 
zero). We can also make all the structure constants equal to ± 1, if at least one of the 
quantities a, vanishes. But if all three of these quantities differ from zero, the scale 

transformations leave invariant the ratio ^^/w 2'?3 t 

Thus we arrive at the following list of possible types of homogeneous spaces; in the first 
column of the tabic we give the roman numeral by which the type is labelled according to 
the Bianchi classification (L. Bianchi, 1918)if 


Type 

a 

„«) 

„( 2 ) 

„( 2 ) 

I 

0 

0 

0 

0 

II 

0 

1 

0 

0 

VIIo 

0 

1 

1 

0 

VIo 

0 

1 

-1 

0 

IX 

0 

1 

1 

1 

VIII 

0 

1 

I 

-1 

V 

1 

0 

0 

0 

IV 

1 

0 

0 

I 

VII. 

a 

0 

1 

1 

Ill (a = I) 1 

a 

0 

1 

-I 

VI.(a?t I) 1 



Type I is euclidean space; all components of the spatial curvature tensor vanish (cf. 
formula (116.24) below). In addition to the trivial case of a galilean metric, this also includes 
the time-dependent metric that will be considered in the next section. 

Type IX contains, as a special case, the space of constant positive curvature. It is obtained 
if, in the line element (116.2), we set where 2 is a positive constant. In fact, 

calculating from (116.24) with = 1 (the structure constants for type IX) 

gives and so 

which just corresponds to such a space [cf. (111.3)]. 

In analogous fashion the space of constant negative curvature is contained as a special 


t Strictly speaking, to conform to the “tensor” properties of the C®*’ we should introduce a factor \/^ 
in the definition (116.15) (cf. the remarks in § 83, which describe how the antisymmetric unit tensor must be 
defined with respect to arbitrary transformations of coordinates). We shall not, however, enter on these 
details here: for our purpose we can extract the law of transformation of the structure constants directly 
from eqs. (116.22). 

t The parameter a runs through all positive values. The corresponding types are actually one-parameter 
families of different groups. Their assignment to types VI and Vll is a matter of convention. 
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caseintypeV. Settingand calculating/^^^^^^^ from (116.24) with = 1, 

we get 

which corresponds to a constant negative curvature. 

Finally, we show how the Einstein equations for a universe with a homogeneous space 
reduce to a system of ordinary differential equations containing only functions of the time. 
To do this we must resolve the spatial components of four-vectors and four-tensors along 
the triad of basis vectors of the space: 


^ia)ib) ^afi^ia)^(b)^ ^O(a) ^Oa 


= u"e: 


(a) 


where all these quantities are now functions of / alone; the scalar quantities, the energy 
density e and the pressure of the matter p, are also functions of the time. 

According to (97.11-13), the Einstein equations in the synchronous frame are expressed 
in terms of three-dimensional tensors and For the first we have simply 

X(,)(l.) = fiab> >‘(«) = nacn'" (116.23) 

(the dot denotes differentiation with respect to r). The components of P^a){b) can be expressed 
in terms of the quantities rj^^, and the structure constants of the group by using (98.14). 
After replacing the three-index symbols by two-index symbols and various 

transformations! we get: 

C,, + €"> - C/C”, + C/) + 

+ C,^]}. (116.24) 

Here, in accordance with the general rule, 

c." =Cab = n,cnbdC"'‘- 

We also note that the Bianchi identities for the three-dimensional tensor in the homo¬ 
geneous space take the form 

P^tC\. + P\C\b = 0. (116.25) 

The final expressions for the triad components of the Ricci four-tensor are:J 

Ro = 

= -Wd\(<^ca-S^aC'‘,a), 

-O- (116.26) 

We emphasize that in setting up the Einstein equations there is thus no need to use explicit 
expressions for the basis vectors as functions of the coordinates. 


t In which we use the formulas 




g 

abj a b a b 


Vadi Vcf ^ 

t The covariant derivatives which enter in P°, are transformed using the formulas derived in the 
footnote on p. 293. 
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§ 117. The flat anisotropic model 

The adequacy of the isotropic model for the description of the later stages of evolution 
of the universe is in itself no reason for expecting that it will be equally suited for the 
description of early stages of the evolution, near the time singularity. This question will 
be discussed in detail in § 119, but in this and the following sections we shall, as a prelimi¬ 
nary, consider solutions of the Einstein equations that also have a time singularity, but 
of an essentially different type from the Friedmann singularity. 

We shall look for solutions in which, for a suitable choice of reference frame, all compo¬ 
nents of the metric tensor are functions of a single variable, the time = /.t Such a 
question was already considered in § 109, where, however, we treated only the case when 
the determinant was shown in § 109, in such a case, we can, without loss of 

generality, set all the goa = 0- 

By a transformation of the variable t according to yj^dt-^dt, we can then make Qqq 
equal to unity, so that we obtain a synchronous reference system, in which 

000 = 1. 00 . = 0, 0 ./r = (117.1) 

We can now use the Einstein equations of gravitation in the form (97.11H97.13). Since 
the quantities and with them the components of the three-dimensional tensor 
do not depend on the coordinates x*, /?o*=0- For the same reason, and as a result 

the equations of the gravitational field in vacuum reduce to the following system: 


= 0 , 

(117.2) 

7^ (Vy = 0 

vy 

(117.3) 

From equation (117.3) it follows that 


y/yxi = 2AS, 

(117.4) 


where the are constants. Contracting on the indices a and P, we then obtain 




y Vy 


from which we see that y = const Without loss of generality we may set the constant 
equal to unity (simply by a scale change of the coordinates y*); then A® = 1. Substitution 
of (117.4) into equation (117.2) now gives the relation 

= l (117.5) 

which relates the constants Af. 

Next we lower the index P in equations (117.4) and rewrite them as a system of ordinary 
differential equations: 

(117.6) 

The set of coefficients XI may be regarded as the matrix of some linear substitution. By a 
suitable linear transformation of the coordinates xS x^ (or, what is equivalent, of 


t To simplify writing of formulas, we set r = 1 in §§ 117-118. 
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Qip, g 3 p), we can in general bring this matrix to diagonal form. We shall denote its principal 
values (roots of the characteristic equation) by and assume that they are all real 

and distinct (concerning other cases, cf. below); the unit vectors along the corresponding 
principal axes are and Then the solution of equations (117.6) can be written 

in the form 

Va/, = + + (I 17.7) 

(where the coefficients of the powers of t have been made equal to unity by a suitable scale 
change of the coordinates). Finally, choosing the directions of the vectors as 

the directions of our axes (we call them x,y, z), we bring the metric to the final form 
(E. Kasner, 1922): 

ds^ = dt^ - dx^ - dy^ - dz\ (117.8) 

Here Pi, P 2 and p^ are any three numbers satisfying the two relations 

Pl+P2 + P3 = U P? + P2 + P3 = l (117.9) 

[the first of these follows from —^ = /^, and the second—from (117.5)]. 

The three numbers /7j, P 2 and p^ obviously cannot all have the same value. The case 
where two of them are equal occurs for the triples 0,0,1 and — 1/3, 2/3, 2/3. In all other cases 
the numbers Pi, P 2 and /?3 are all different, one of them being negative and the other two 
positive. If we arrange them in the order Px<P 2 < P 3 » their values will lie in the intervals 

0^P2^h (117.10) 

Thus the metric (117.8) corresponds to a flat homogeneous but anisotropic space whose 
total volume increases (with increasing t) proportionally to /; the linear distances along two 
of the axes (y and z) increase, while they decrease along the third axis (x). The moment 
r = 0 is a singular point of the solution; at this point the metric has a singularity which 
cannot be eliminated by any transformation of the reference system where the invariants 
of the four-dimensional curvature tensor vanish at infinity.! 

The metric (117.8) is an exact solution of the Einstein equations for empty space. But 
near the singular point, for small /, it remains an approximate solution (to terms of highest 
order in 1/0 even for the case of matter uniformly distributed in space. How and how fast 
the matter density changes is then determined simply by its equations of motion in the 
given gravitational field, while the influence of the matter back on the field is negligible. 
As /-♦cx), the matter density tends to infinity—in accordance with the physical character 
of the singularity (cf. problem 3). 

t The only exception is the case where Pi =P 2 — ^yP 3 ^ F®*" these values we simply have a flat 

space-time; by the transformation t sinh z = 1^, t cosh z = t we can bring the metric (117.8) to galilean 
form. We also make reference to a paper that gives a variety of exact solutions of various types for the 
Einstein equations in vacuum, depending on a larger number of variables. B. K. Harrison, Phys. Rev. 116, 
1285 (1959). 

A solution of the type of (117.8) also exists in the case where the parameter is spacelike; we need only 
make the appropriate changes of sign, for example, 

dt^ — dx^ — x^’^^ dy^ — x^'*^ dz^. 

However, in this case there also exist solutions of another type, which occur when the characteristic equation 
of the matrix AJ in equations (117.6) has complex or coincident roots (cf. problems 1 and 2). For the case of 
a timelike parameter /, these solutions are not possible, since the determinant g in them would not satisfy 
the necessary condition g<0. 
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PROBLEMS 


1. Find the solution of equations (117.6) corresponding to the case where the characteristic 
equation of the matrix has one real (pa) and two complex {pi ,2 roots. 

Solution: In this case the parameter jc°, on which all the quantities depend, must have spacelike 
character; we denote it by x. Correspondingly, we must now have Qqq = —1 in (117.1). Equations 
(117.2-3) are not changed. 

The vectors in (117.7) become complex: = (n'±/n")/v'2, where n', n"" are unit 

vectors. Choosing the axes x^ along the directions n', n"", we obtain the solution in the 

form 


“^11 = 922 = cos ^2/?" In gi 2 = sin 

^33 = “ —g = —^ool^atfl = x'^. 



where ^7 is a constant (which can no longer be eliminated by a scale change along the x axis, without 
changing other coefficients in the expressions given). The numbers, pu P 2 , Pz again satisfy the rela¬ 
tions (117.9), where the real number p^ is either > —13 or > 1. 

2. Do the same for the case where two of the roots coincide (p 2 = ^ 3 )- 

Solution: We know from the general theory of linear differential equations that in this case the 
system (117.6) can be brought to the following canonical form: 


. _2/7i . _2p2 . lp2 , 2 

9ll - - 9iu 92a - 92ay 9Za - — 9Za-r “ ^2a, 


a = 2, 3. 


where 2 is a constant. If 2 = 0, we return to (117.8). If 2 ^ 0, we can put 2 = 1; then 
9\\ ^ (j 2 ^ = ^ \n X. 

From the condition ^23 = ^ 32 , we find that Oz = 0, ^3 = ^ 2 . By an appropriate choice of scale 
along the .v^ and .v*' axes, we finally bring the metric to the following form: 

(Is^ = ~clx^ Hdx^)^dx^ dx^\n xfa (dx^)^. 


The numbers Pi. p 2 can have the values 1,0 or —1,3, 2/3. 

3. In the neighborhood of the singular point t = 0 find the law of variation with time of the 
density of matter distributed uniformly in the space with metric (117.8). 

Solution: Neglecting the back influence of the matter on the field, we start from the hydrodynamic 
equations of motion 




/ \ ^ ^ i 1 I ^9^ * \ I 


dp 




( 1 ) 


contained in the equations 7',''.^ 0 (cf. Fluid Mechanics^ § 125). Here n is the entropy density; 

near the singularity we must use the ultrarelativisiic equation of state, p = fc/3, and then 
We denote the time factors in (117.8) by ^7 =- F \ h --- F', c = F\ Since all quantities depend 
only on the time, and \/-y - ahc, eqs. ( 1 ) give 


d , ,,, ^ . du de ^ 

— (ahcuoF'*) =0, 4- —^ + // -- = 0. 

dt dt • dt 

Then 

ahcuoF'* = const, 
const. 


( 2 ) 

(3) 


According to (3) all the covariant components //, are of the same order of magnitude. Of the contra- 
variant components, the largest (for r->0) is u^ = u^lc^. Keeping only the largest terms in the 
identity //,//' ^ 1 , we therefore get ul^u^iF = (uz)^!c^, and then, from (2) and (3): 


or 




0 i + P 2) _^-2(I-P3) ^ 


( 4 ) 
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As it should, e tends to infinity as r-^0 for all values of except /?3 = 1, in accordance with the 
fact that a singularity in the metric with exponents (0, 0, 1) is not physical. 

The validity of the approximations used is verified by estimating the components that were 
dropped on the right sides of Eqs. (117.2-3). Their main terms are: 

Tl ^eu2U^ 1 + 2 - p j j's ^ 

They all actually increase more slowly as t-^0 than the left sides of the equations, which grow like 
r\ 


§ 118. Oscillating regime of approach to a singular point 

Using the model of a universe with a homogeneous space of type IX we shall study the 
time singularity of the metric which has oscillatory character (V. A. Belinskii, E. M. Lifshitz, 
I. M. Khalatnikov, 1968). We shall see in the next section that such a situation has a very 
general significance. 

We shall be interested in the behavior of the model near the singularity (which we 
choose as the time origin t = 0). As in the Kasner solution treated in § 117, the presence 
of matter does not affect the qualitative properties of this behavior. For simplicity we shall 
therefore assume at first that the space is empty. 

We take the quantities in (116.3) to be diagonal, denoting the diagonal elements by 
we here denote the three frame vectors eS e^, by I, m, n. Then the spatial 
metric is written as: 

fafi - a^ljf + b^m,mp + c^n^np. (118.1) 

For a space of type IX the structure constants arerf 

C" = C“ = = 1 (118.2) 

(and C'„ = = C ^2 = 1). 


From (116.26) it can be seen that for these constants and a diagonal matrix the compo¬ 
nents of the Ricci tensor vanish identically in the synchronous reference system. 
According to (116.26), the nondiagonal components P^a)(b) ^^so vanish. The remaining 
components of the Einstein equations give the following system of equations for the func¬ 
tions a, b, c: 


(abc)- 

abc 


1 

2^? 




(abc)- 

abc 


1 

2?bh^ 




(118.3) 


(abc)- 

abc 


1 




t The frame vectors corresponding to these constants are: 

I = (sin a:®, - cos a:® sin jcS 0), m = (cos x®, sin .v® sin xS 0), n = (0, cos 1 ). 

The coordinates run through values in the ranges O^x^^An. The space is closed, 

and its volume 

y = dx^dx^dx^ = abc I sin x^dx^dx^dx^ = IbTT^abc. 

When ^ c it goes over into a space of constant positive curvature with radius of curvature la. 
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d 

-H- 

a 



( 118 . 4 ) 


[Equations (118.3) are the equation set = = 0; equation (118.4) is the 

equation /?o = 0. 

The time derivatives in the system (118.3-4) take on a simpler form if we introduce in 
place of the functions a, b, c, their logarithms a, p, y: 


a = e\ c = e\ (118.5) 

and in place of t, the variable t: 

cJt = abcdx. (118.6) 

Then: 

^P.r.r = (118.7) 

2r.,., = (a^-b^)^-c*\ 

i(oi + p+y),, = + + (118.8) 

where the subscript, t denotes differentiation with respect to t. Adding equations (118.7) 
and replacing the sum of second derivatives on the left by (118.8), we obtain: 


+ + = iia'^^b^-hc''-2a^b"-2ah^-2bh^y ( 118 . 9 ) 


This relation contains only first derivatives, and is a first integral of the equations (118.7). 

Equations (118.3-4) cannot be solved exactly in analytic form, but permit a detailed 
qualitative study in the neighborhood of the singular point. 

We note first that if the right sides of equations (118.3) or (118.7) were absent, the system 
would have an exact solution, in which 


(118.10) 

where pi, p,„, and p„ are numbers connected by the relations 

P/ + Pm + Pn = P/ + P^ + p" = l ( 118 . 11 ) 

[the analog of the Kasner solution (117.8) for a homogeneous flat space]. We have denoted 
the exponents by /?/, p^, p„, without assuming any order of their size; we shall retain the 
notation Pi, p^, Pz of § 117 for the triple of numbers arranged in the order Pi<P 2 <Pz 
and taking on values in the intervals (117.10) respectively. These numbers can be written 
in parametric form as 


Pi(") 


— w 

1 -f-w + 


Plw 


I + 1/ 
1 + 


PlW = 


U(\+U) 
1 + 


( 118 . 12 ) 


All the different values of the Pi, Pi, Pi (preserving the assumed order) are obtained if the 
parameter u runs through values in the range 1. The values u< 1 are reduced to this 
same region as follows: 


Pi 



Pi(w). 






Piiu). 


(118.13) 


Figure 25 shows graphs of /?,, p 2 and p:^ as functions of 1/w. 
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Fig. 25. 


We assume that the right sides of (118.7) are small over some time interval, so that they 
can be neglected and we have a “Kasner-like” regime (118.10). Such a situation cannot 
continue indefinitely as /->0, since some of the terms must be increasing. Thus, if the 
negative exponent belongs to the function a{t) (so that Pi = <0), then the disruption 

of the Kasner regime arises from the terms the other terms will drop off as t decreases. 

Keeping only these terms on the right of (118.7), we get the system of equations 

a,,, = = = (118.14) 

The solution of these equations should describe the evolution of the metric from the 
“initial” state,f in which it is described by (118.10) with a definite choice of exponents 
(with/7;<0); let/?/ = p^^p^= p^^p^ = p^^ so that 

a = b = c = 

(the proportionality coefficients in these expressions can be set equal to unity without any 
loss of generality in the result obtained below). Since abc = r, t = In / +const, the initial 
conditions for (118.14) are formulated in the form 

a.r = Pu /^.t = V.t = P3- 

The first of equations (118.14) has the form of the equation of one-dimensional motion 
of a particle in the field of an exponential potential wall, where a plays the role of the co¬ 
ordinate. In this analogy, to the initial Kasner regime there corresponds a free motion with 
constant velocity a ^ = /?/. After reflection from the wall, the particle will again move freely 
with the opposite sign of the velocity: = —/?/. We also note that from equations (118.14), 
= const, and + = const, hence we find that and y , take the values 

= F2+2pi, y, = P3+2pi. 

t We recall that we are considering the evolution of the metric as /->0, so that the initial conditions corres¬ 
pond to a later, and not to an earlier time. 
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i.e. 


where 


e® ^ ~ ^(P2 + 2p,)t^ ^ ^(P3 + 2p,)r 

t ^ ^(l + 2p,)t^ 

a \ b c ^ 


Pi = 


i-2|P.r 


P2-Api\ 

‘-2|pir 


Pn 


P3-2\Pi\ 

i-2|p,r 


(118.15) 


Thus the action of the perturbation results in the replacement of one Kasner regime 
by another, with the negative power of t shifting from one direction I to another m: if we 
had Pi <0, then now <0. In the course of the shift the function a{t) goes through a maxi¬ 
mum, and the function b{t) through a minimum: the quantity b{t) which previously de¬ 
creased, begins to increase, the rising function ^(0 starts to drop, while c{t) continues to fall 
off. The perturbation itself [the terms in (118.7)] which were rising, begin to drop and are 
damped out. Further evolution of the perturbation leads in an analogous way to increase 
of the perturbation due to the terms in (118.7), another shift of Kasner regime, etc. 

The rule for the shift of exponents (118.15) is conveniently represented by the parametriza- 
tion (118.12): if 


then 


Pi = Pl(w), Pm = P2(w). Pn = P3(w), 


P/' = P2(W-1), Pm = Pliu-^h Pn = P3(W“0- (118.16) 

The larger of the two positive exponents remains positive. 

This process of shifting of Kasner regimes is the key to understanding the character of the 
evolution of the metric as we approach the singularity. 

The successive shifts (118.16) with bouncing of the negative exponent between the direc¬ 
tions I and m continues so long as the integral part of the initial value of u is not exhausted 
and M becomes less than unity. The value w< 1 is transformed into w> 1, according to (118.13); 
at that moment, either Pi or p„ is negative, while p„ becomes the smaller of the two positive 
numbers {p„ = P 2 ). The following series of shifts will now bounce the negative exponent 
between the directions n and 1 or between n and m. For an arbitrary (irrational) initial value 
of w, the process of shifting continues without end. 

In an exact solution the exponents Pi, Pi and p;^ will, of course, lose their literal meaning. 
We note that the smearing that this produces in the definition of these numbers (and with 
them, the parameter u) although small, makes it meaningless to consider any special (e.g. 
rational) values of u. This is why it is only meaningful to consider those regularities that are 
typical of the general case with irrational w, 

Thus the process of evolution of the model toward the singular point is made up of 
successive series of oscillations, during which the distances along two of the space axes 
oscillate, while they fall off monotonically along the third; the volume drops off according 
to a law that is close to In going from one series to the next, the direction along which 
there is a monotonic dropoff of distances shifts from one direction to another. Asymptoti¬ 
cally the order of these shifts takes on the character of a random process. The order of 
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succession of lengths of successive series of oscillations (i.e. the number of Kasner epochs 
in each series)t also takes on stochastic character. 

The successive series of oscillations crowd together as we approach the singularity. An 
infinite number of oscillations are contained between any finite world time / and the mo¬ 
ment t = 0. The natural variable for describing the time behavior of this evolution is 
not the time /, but its logarithm, In /, in terms of which the whole process of approach 
to the singular point is spread out to — oo. 

In the solution described here we simplified the problem from the very start, assuming 
that the matrix (116.3) is diagonal. The inclusion of nondiagonal components of 

does not change the oscillatory character of the evolution of the metric or the law (118.16) 
for the shift of the exponents /?/, /?„ of successive Kasner epochs. It leads, however, 

to the appearance of an additional property: the shifting of the exponents is also accom¬ 
panied by a change in the directions of the axes to which the exponents apply.J 


§ 119. The time singularity in the general cosmological solution of the Einstein equations 

It has already been pointed out that the adequacy of the Friedmann model for describing 
the present state of the Universe is no basis for expecting that it is equally suitable for 
describing its early stages of evolution. One may even ask to what extent the existence of a 
time singularity is a necessary general property of cosmological models, or whether it is 
really caused by the specific simplifying assumptions on which the models are based (in 
particular, symmetry assumptions). We emphasize that when we speak of a singularity, 
we have in mind a physical singularity, a place where the density of matter and the invariants 
of the curvature tensor become infinite. 

If the presence of the singularity were independent of these assumptions, it would mean 
that it is inherent not only to special solutions, but also to the general solution of the 
Einstein equations. The criterion of generality of the solution is the number of “physically 
arbitrary” functions contained in it. In the general solution the number of such functions 
must be sufficient for arbitrary assignment of initial conditions at any chosen time [4 for 
empty space, 8 for space filled with matter (cf. § 95)].§ 

t If the “initial" value of the parameter u is Uq = ko+Xo (where ko is an integer and a:o< 1) the length 
of the first series of oscillations will be/co, while the initial value for the next series will be = llxo=ki-{-Xi, 
etc. From this it is easy to conclude that the lengths of successive series will be given by the elements ^o, 
ki . . . of the expansion of uo in an infinite (for irrational Uq) continued fraction 


^li - 

1 

k 2 - 

k^- ... 

The succession of values of further elements in such an expansion is distributed according to statistical laws. 

t Concerning this and other details of the behavior of homogeneous cosmological models of this type, 
cf. V. A. Belinskii, E. M. Lifshitz and L M. Khalatnikov, Adv. in Physics 19, 525 (1970); Adv. in Physics. 31, 
639 (1982). 

§ We emphasize that for a system of nonlinear equations, such as the Einstein equations, the notion of a 
general solution is not unambiguous. In principle more than one general integral may exist, each of the 
integrals covering not the entire manifold of conceivable initial conditions, but only some finite part of it. 
The existence of a general solution possessing a singularity docs not therefore preclude the existence of 
other general solutions that do not have a singularity. For example, there is no reason to doubt the existence 
of a general solution, without singularities, that describes a stable, isolated body with not too large mass. 
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Finding such a solution in exact form, for all space and over all time, is clearly impossible. 
But to solve our problem it is sufficient to study the form of the solution only near the 
singularity. 

The singularity of the Friedmann solution is characterized by the fact that the vanishing 
of spatial distances occurs according to the same law in all directions. This type of singula¬ 
rity is not sufficiently general: it is typical of a class of solutions that contain only three 
physically arbitrary coordinate functions (cf. the problem in § 113). We also note that these 
solutions exist only for a space filled with matter. 

The singularity of oscillatory type, considered in the preceding section, is general in 
character—there exists a solution of the Einstein equations with such a singularity and 
containing the required set of arbitrary functions. We shall briefly describe the way to 
construct such a solution, without going into the details of the calculation.f 

As in the homogeneous model (§ 118) the regime of approach to the singularity consists 
of successive series of Kasner epochs replacing one another. In the course of each epoch, 
the main terms (in 1//) in the spatial metric tensor (in the synchronous reference frame) 
have the form (118.1) with functions of the time a, b, c from (118.10), but the vectors 
1, m, n are now arbitrary functions of the space coordinates (and not definite functions, 
as in the homogeneous model). Now the p„ are also functions (and not simply 

numbers), again related by the formulas (118.11). The metric constructed in this way satisfies 
the equations /?o = 0 and = 0 for the vacuum field (at least, their leading terms) over 
a certain finite time interval. The equations = 0 give rise to three relations (not contain¬ 
ing the time) that must be imposed on the arbitrary functions of the space coordinates 
that are contained in the These relations connect ten different functions: three compo¬ 
nents of each of the three vectors I, m, n and one function of the time exponents (since the 
functions p,, p„, p„ are connected by two conditions (118.11). In determining the number of 
physically arbitrary functions we must also consider that the synchronous reference frame 
still admits transformations of the three spatial coordinates that do not affect the time. 
Thus the metric contains altogether 10 — 3 — 3 = 4 arbitrary functions—^just the number 
one should have in the general solution for the field in vacuum. 

The replacement of one Kasner regime by another occurs (just as in the homogeneous 
model) because of the presence in three of the six equations = 0 of terms which, with 
decreasing r, increase more rapidly than the others, thus playing the role of a perturba¬ 
tion destroying the Kasner regime. These equations, in the general case, have a form differing 
from (118.14) only in a factor depending on the space coordinates (1 • curl 1/1 m x n) on 
their right sides (where it is understood that of the three exponents p„, p^ is negative). + 
Since, however, eqs. (118.14) are a system of ordinary differential equations with respect 
to the time, this difference in no way affects their solution or the law that follows from 
this solution concerning the shift of Kasner exponents (118.16), or any of the further 
conclusions presented in § 118.§ 

The degree of generality of the solution is not reduced if matter is introduced: the matter 


t They can be found in V. A. Belinskii, E. M. Lifshitz and I. M. Khalatnikov, Adv. in Physics. 31, 639 (1982). 
t For the homogeneous model, this factor coincides with the square of the structure constant and 
is constant by definition. 

$ If we impose on the arbitrary functions in the solution the supplementary condition Fcurll = 0, 
the oscillations disappear, and the Kasner regime will continue right up to the point t = 0. Such a solution, 
however, contains one function fewer than is required in the general case. 
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"inscribes" itself on the metric through all of the four new coordinate functions that are 
needed for assigning the initial distribution of its density and its three velocity components. 
The energy-momentum tensor T- of the matter introduces terms in the field equations 
that are of higher order in I// than the leading terms (in precise analogy to what was shown 
in problem 3 of § 117 for the plane homogeneous model). 

Thus the existence of a singular point in the time is an extremely general property of 
solutions of the Einstein equations, where the process of approach to the singular point in 
the general case is oscillatory in character.! We emphasize that this character is not related 
to the presence of matter (and therefore not related to its equation of state), and is already 
typical of the empty space-time itself. The singularity of the monotonic, isotropic type, 
typical of the Friedmann solution, and dependent on the presence of matter, has only 
special significance. When we speak of singularities in the cosmological sense, we have 
in mind a singular point that is reached over all the space and not just over some limited 
part, as in the gravitational collapse of a finite body. But the generality of the oscillatory 
solution gives one a basis for assuming that the singularity reached by a finite body in its 
collapse below the event horizon in the comoving reference frame has this same character. 

We have continually spoken of the direction of approach to the singular point as the 
direction of decreasing time; but in view of the symmetry of the Einstein equations under 
time reversal, we could with equal justification speak of approach to the singularity in the 
direction of increasing time. Actually, however, in view of the physical nonequivalence 
of future and past, there is an essential difference between these two cases in the very 
formulation of the question. A singularity in the future can have physical meaning only 
if it is reachable for arbitrary initial conditions assigned at some preceding moment of time. 
Clearly there is no reason why the distribution of matter and field that was reached at some 
moment in the process of evolution of the universe should have corresponded to the precise 
conditions required for the appearance of some particular solution of the Einstein equations. 

Concerning the question of the type of singularity in the past, an investigation based 
solely on some equations of gravitation can hardly give a general answer. It is natural to 
think that the choice of solution corresponding to the real world is related to some pro¬ 
found physical requirements, whose establishment on' the basis of the existing theory of 
gravitation alone is impossible, and whose explanation will come only as the result of a 
further synthesis of physical theories. In this sense it could in principle turn out that this 
choice corresponds to some particular (e.g. isotropic) type of singularity. 

Finally, it is necessary still to make the following remark. The domain of applicability 
of the Einstein equations in themselves is in no way limited in the region of small distances 
or large densities of matter in the sense that the equations in this limit do not lead to any 
internal contradictions (in contrast, for example, to the classical equations of electro¬ 
dynamics). In this sense, the investigation of the singularity of the space-time metric on 
the basis of the Einstein equations is entirely correct. There is no doubt, however, that in 
this limit quantum phenomena become important, and we can say nothing about them 
in the present state of the theory. Only in a future synthesis of the theory of gravitation 
and quantum theory will it become clear which of the results of classical theory remain 
meaningful. At the same time there is no doubt that the very fact of the appearance of a 

t The fact that a singular point exists in the general solution of the Einstein equations was first shown by 
R. Penrose, 1965, by topological methods, which, however, do not enable one to establish the specific 
analytic character of the singularity. A presentation of these methods and the theorems obtained using them 
is given in R. Penrose, Structure of Space-Time^ W. A. Benjamin, N.Y., 1968. 
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singularity in the solutions of the Einstein equations (both in their cosmological aspect 
and for the collapse of finite bodies) has a profound physical meaning. One must not forget 
that the achievement during gravitational collapse of densities so enormous and, yet, 
still undoubtedly correctly described by the classical theory of gravitation, is enough for 
us to speak of a physically '‘singular” phenomenon. 




INDEX 


Aberration of light 13 
Absolute future 6 
Absolute past 6 
Action function 24, 67, 268, 341 
Adiabatic invariant 54 
Airy function 150, 184, 203 
Angular momentum 40, 79 
Antisymmetric tensor 16, 21 
Astigmatism 137 
Asymptotic series 153 
Axial vector 18, 47 


Babinet’s principle 156 
Bessel functions 183 
Bianchi classification 315 
Bianchi identity 261 
Binding energy 30 
Biot-Savart law 104 
Black hole 313 
Bremsstrahlung 180 
magnetic 199 


Caustic 134, 149 
Center of inertia 41 
Center-of-mass system 31 
Centrally symmetric gravitational field 299, 
Characteristic vibrations 142 
Charge 44 
density 69 

Christoffel symbols 239 
Circular polarization 115 
Circulation 67 
Classical mechanics 2 
Closed model 362 
Coherent scattering 221 
Collapsar 313 

Combinational scattering 221 
Comoving reference system 288, 362 
Conformal-galilean system 367 
Contraction 
of a field 93 
of a tensor 16 


Contravariant 
derivative 240 
tensor 16, 230 
vector 14 
Coriolis force 253 
Coulomb field 89 
Coulomb law 89 
Covariant 
derivative 236 
tensor 230 
vector 14 

Cross section 34, 218 
C-system 31 
Current four-vector 69 
Curvature tensor 259 
canonical forms of 265 
Curved space-time 228 
Curvilinear coordinates 230 


D’Alembert equation 110 
D’Alembertian 110 
Decay of particles 30 
Degree of polarization 122 
Delta function 29, 70 
Depolarization, coefficient 123 
Diffraction 146 
306 Dipole 

moment 97 
radiation 174 
Displacement current 75 
Distribution function 29 
Doppler effect 117, 255 
Drift velocity 55, 59 
Dual tensor 17 
Dustlike matter 288, 316, 365 


Effective radiation 178 
Eikonal 130, 146 
angular 135 
equation 131 
Elastic collision 36 
Electric dipole moment 97 


399 



400 


INDEX 


Electric field intensity 47 
Electromagnetic field tensor 60 
Electromagnetic waves 109 
Electromotive force 67 
Electrostatic energy 90 
Electrostatic field 89 
Element of spatial distance 234 
Elementary particles 26, 43 
Elliptical polarization 116 
Energy 26 
density 75 
flux 75 

Energy-momentum pseudotensor 280 
Energy-momentum tensor 77, 80, 270 
for macroscopic bodies 98 
Equation of continuity 71 
Era 363 

Euler constant 186 
Event horizon 312 
Events 3 


Fermat’s principle 133, 253 
Field 

constant 50 

Lorentz transformation of 62 
quasiuniform 54 
uniform electric 52 
uniform magnetic 53 
Flat space-time 228 
Flux 66 
Focus 134 
Four-acceleration 22 
Four-dimensional geometry 4 
Four-force 28 
Four-gradient 19 
Four-momentum 27 
Four-potential 45 
Four-scalar 15 
Four-vector 14 
Four-velocity 21 
Fourier resolution 120, 125, 126 
Frame vector 356 
Fraunhofer diffraction 154 
Frequency 115 
Fresnel diffraction 151, 155 
integrals 153 
Friedmann solution 359 


Galilean system 229 
Galileo transformation 9 
Gamma function 186 
Gauge invariance 49 
Gauss’ theorem 20 
Gaussian curvature 264 
Gaussian system of units 69 
General cosmological solution 394 
Generalized momentum 45 


Geodesic line 245 
Geometrical optics 130 
Gravitational collapse 309, 316 
Gravitational constant 268 
Gravitational field 226, 276 
centrally symmetric 299 
Gravitational mass 334 
Gravitational potential 227 
Gravitational radius 301 
Gravitational stability 376 
Gravitational waves 345 
Group of motions 381 
Guiding center 55, 59 


Hamiltonian 26 

Hamilton-Jacobi equation 28, 46, 94, 113, 131, 
308 

Hankel function 150 
Heaviside system 69 
Homocentric bundle 137 
Homogeneous space 381 
Hubble constant 372 
Huygens’ principle 147 
Hypersurface 19, 73 


Impact parameter 96 
Incoherent scattering 221 
Incoherent waves 123 
Inertial mass 334 
Inertia] system 1 
Interval 3 

Invariants of a field 63 
Isotropic coordinates 304 
Isotropic space 358 


Jacobi identity 384 


Kasner solution 388 
Kerr metric 323 
Killing equations 271 
Killing vector 383 


Laboratory system 31 
Lagrangian 24, 69 
density 77 
to fourth order 237 
to second order 166 
Laplace equation 89 
Larmor precession 108 
Larmor theorem 106 
Legendre polynomials 99 
Lens 138 
Lie group 383 

Lienard-Wiechert potentials 161, 172, 180 



INDEX 


401 


Light 

aberration of 13 
cone 7 
pressure 113 

Linearly polarized wave 117 
Locally-geodesic system 241, 261 
Locally-inertial system 245 
Longitudinal waves 126 
Lorentz condition 110 
Lorentz contraction 11 
Lorentz force 48 
Lorentz frictional force 207 ^ 

Lorentz gauge 110 
Lorentz transformation 9, 62 
L-system 31 


MacDonald function 184 
Macroscopic bodies 85 
Magnetic bremsstrahlung 200 
Magnetic dipole radiation 189 
Magnetic field intensity 47 
Magnetic lens 141 
Magnetic moment 104 
Magnification 143 
Mass current vector 83 
Mass density 82 

Mass quadrupole moment tensor 296 
Maupertuis’ principle 51, 133 
Maxwell equations 66, 73, 255 
Maxwell stress tensor 82, 113 
Metric 
Kerr 323 
space-time 228 
tensor 16, 231 
Mirror 138 
Mixed tensor 231 
Moment-of-inertia tensor 296 
Momentum 25 
density 79 
four-vector of 27 
space 29 

Monochromatic wave 115 
Multiple moment 98 


Natural light 123 
Near zone 191 
Newtonian mechanics 2 
Newton’s law 295 
Nicol prism 121 
Null vector 15 


Observed matter 371 
Open model 366 
Optic axis 137 
Optical path length 135 


Optical system 135 
Oscillator 55 


Parallel translation 238 
Partially polarized light 120 
Pascal’s law 85 
Petrov classification 265 
Phase 115 
Plane wave 111, 130 
Poisson equation 89 
Polarization 
circular 116 
elliptic 116 
tensor 121 
Polar vector 18, 47 
Poynting vector 76 
Principal focus 139 
Principal points 139 
Principle 

of equivalence 226 
of least action 24, 27 
of relativity 1 
superposition 68 
Proper 

acceleration 52 
length 11 
time 7 
volume 11 

Pseudo-euclidean geometry 4, 10 
Pseudoscalar 17, 68 
Pseudotensor 17 


Quadrupole moment 99 
Quadrupole potential 98 
Quadrupole radiation 189 
Quantum mechanics 91 
Quasicontinuous spectrum 203 


Radiation 
damping 207, 210 
of gravitational waves 352 
Radius of electron 91 
Rays 130 
Real image 137 
Recession of nebulae 369 
Red shift 250, 369 
Reference system 1 
Renormalization 91, 211, 341 
Resolving power 145 
Rest energy 26 
Rest frame 34 
Retarded potentials 159 
Ricci tensor 263 
Riemann tensor 260 
Rotation 254 
Rutherford formula 96 



402 

Scalar curvature 63 
Scalar density 233 
Scalar potential 45 
Scalar product 15 
Scattering 217 
Schwarzschild sphere 309 
Secular shift 
of orbit 335 
of perihelion . 342 
Self-energy 90 
Signal velocity 2 
Signature 229 
Singular point 390 
Space component 15 
Spacelike interval 6 
Spacelike vector 15 
Spatial 

curvature 303 
distance 234 
metric tensor 251 
Spectral resolution 119, 164, 213 
Spherical harmonics 99 
Static gravitational field 248 
Stationary gravitational field 248 
Stokes’ parameters 123 
Stokes’ theorem 20 
Stress tensor 80 
Structure constants 383 
Symmetric tensor 16, 21 
Synchronization 237 
Synchronous reference system 286 
Synchrotron radiation 200, 205 


Telescopic imaging 140 
Tensor 15 

angular momentum 41 
antisymmetric 16, 21 
completely antisymmetric unit 17 
contraction of 16 
contra variant 16, 230 
covariant 16, 230 
density 233 


INDEX 

dual 17 

electromagnetic field 60 
hermitian 121 
irreducible 99 
mixed 231 

moment-of-inertia 296 
symmetric 16, 21 
Tetrad 291 
Thomson formula 218 
Time component 15 
Timelike interval 5 
Transverse vector 15 
wave 112 

Trochoidal motion 57 


Ultrarelativistic region 27, 197, 
Unit four-tensor 16 
Unpolarized light 122 


Vector 
axial 18, 47 
density 233 
polar 18, 47 
potential 45 
Poynting 76 
Velocity space 35 
Virial theorem 84 
Virtual image 137 


Wave 

equation 109 
length 115 
packet 132 
surface 130 
vector 117 
zone 171 
World 
line 4 
point 4 
time 248 



CORSE OF THEORETICAL PHYSICS 

by L. D. LANDAU and E. M. LIFSHITZ 

Institute of Physical Problems, USSR Academy of Sciences 

The complete Course of Theoretical Physics by Landau and Lifshitz, recognised as two of the world's 
outstanding physicists, is published in full by Butterworth Heinemann. It comprises nine volumes, covering all 
branches of the subject; translations from the Russian are by leading scientists. 

Typical of the many statements made by experts, reviewing the series, are the following : 

"The titles of the volumes in this series cover a vast range of topics, and there seems to be little in 
physics on which the authors are not very well informed." Nature 

'7he remarkable nine-volume Course of Theoretical Physics . . . the dearness and accuracy of the 
authors' treatment of theoretical physics is well maintained ." 

Proceedings of the Physical Society 


THE CLASSICAL THEORY OF FILDS 

Independent opinion of earlier editions: 

"This is an excellent and readable volume. It is a valuable and unique addition to the literature of theoretical 
physics." 

Science 

"The clarity of style, the concisement of treatment, and the originality and variety of illustrative problems 
make this a hook which can be highly recommended." 

Proceedings of the Physical Society 
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